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ANDREWS' SERIES OF LATIN SCHOOL ROOKS. 

PUBLISHED BY CROCKER & BREWSTER,. 

47 WASHINGTON STREET, BOSTON. 



The Latin School Books prepared by Prof. E. A. Andrews, exclusive of his 
Latin-English Lexicon, founded on the Latin-German Lexicon of Dr. Freund, 
constitute two distinct series, adapted to different and distinct purposes. The 
basis of the First Series is Andrews* First Latin Book ; of the Second, An* 
drews and Stoddard's Latin Qrammar. 

FIRST SERIES. 

This Series is designed expressly for those who commence the study of 
Latin at a very early age, and for such as intend to pursue it to a limited ex- 
tent only, or merely as subsidiary to the acquisition of a good English educa- 
tion. It consists of the following works, viz. : — 

1. Andrews' First Latin Book; or Progressive Les- 
sons in Reading and Writing Latin. This small volume contains most of the 
leading principles and grammatical forms of the Latin language, and, by the 
logical precision of its rules and definitions, is admirably fitted to serve as an 
introduction to the study of general grammar. The work is divided into les- 
sons of convenient length, which are so arranged that the student will, in all 
cases, be prepared to enter upon the study of each successive lesson, by pos- 
sessing a thorough knowledge of those which preceded it. The lessons gen- 
erallv consist of three parts : — 1st. The statement of important principles in 
the U)rm of rules or definitions, or the exhibition of orthographical or etymo- 
logical forms ; 2d. Exercises, designed to illustrate such principles or forms ; 
and 3d. Questions, intended to assist the student in preparing his lesson. In 
addition to the grammatical lessons contained in this volume, a few pages of 
Reading Lessons are annexed, and these are followed by a Dictionary com- 
prising all the Latin words contained in the work. This book is adapted to 
the use of all schools above the grade of primary schools, including also 
Academies and Female Seminaries. It is prepared in such a manner that it 
can be used with little difficulty by any intelligent parent or teacher, with no 
previous knowledge of the language. 

2. The Latin Reader, with a Dictionary and Notes, 

containing explanations of difficult idioms, and numerous references to the 
Lessons contained in the First Latin Book. 

3. The Viri Rom®, with a Dictionary and Notes, re- 
ferring, like those of the Reader, to the First Latin Book. This series of 
three small volumes, if faithfully studied according to the directions contained 
in them, will not onl^ render the student a very tolerable proficient in the 
principles of Ihe Latin language and in the knowledge of its rootSi from 
which so many words of the JSnglish language are derived, but will constitute 
the best preparation for a thorough study of English grammar. 

SE€0]VD SERIES. 

This Series is designed more especially for those who are intending to be- 
come thoroughly acquainted with the Latin language, >and with the principal 
classical authors of that language. It consists of the following works: — 

1. Latin Lessons. This small volume is designed for 
the younger classes of Latin students, who intend ultimately to take up the 
larger Grammar, but to whom that work would, at first, appear too formida- 
ble. It contains the prominent principles of Latin gramniar, expressed in 
the same . language as in the larger Grammar, and likewise Reading and 
Writing Lessons, with a Dictionary of the Latin words and phrases occurring 
in the Lessons. 
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2. Latin Grammar. A Grammar of the Latin Lan- 
guage, for the use of Schools and Colleges. By Professors E. A. Ani»re*'8 
and S. Stoddabd. This work, which for many years has been the ttxt-book 
in the department of Latin Grammar in a large portion of American schools 
and colleges, and which claims the merit of having first introduced into the 
schools of this country the subject of grammatical analysis, which now occu- 
pies a conspicuous place in so many grammars of the English language, has 
been recently revised and carefully corrected in every part. 

3. Questions on the Grammar. This little volume 

is intended to aid the student in preparing his lessons, and the teacher in 
conducting his recitations. 

4. A Synopsis of Latin Grammar, comprising the 

Latin Paradigms, and the Principal Rules of Latin Etymology and Syntax. 
The few pages composing this work contain those portions of the Grannniir 
to which the student has occasion to refer most frequently in the preparation 
of his daily lessons. 

5. Latin Reader. The Reader, by means of two sepa- 
rate and distinct sets of notes, is equally adapted for use in connection either 
with the First Latin Book or the Latin Grammar. 

6. Viri RomeB. This volume, like the Reader, is fur- 
nished with notes and references, both to the First Latin Book and to the 
Latin Grammar. The principal difference in the two sets of notes found in 
each of these volumes consists in the somewhat greater fulness of those 
which belong to the smaller series. 

7. Latin Exercises. This work contains exercises in 

Bvery department of the Latin Grammar, and is so arranged that it may be 
studied in connection with the Grammar through ever^ stage of the prepara- 
tory course. It is designed to prepare the way for original composition in the 
Latin language, both in prose and verse. 

8. A Key to Latin Exercises. This Key, in which 

all the exercises in the preceding volume are fully corrected, is intended for 
the use of teachers only. 

9. CsBsar's Commentaries on the Gallic War, with a 

Dictionary and Notes. The text of this edition of Caesar has been formed b^ 
reference to the best German editions. The Notes are principally grammati< 
cal. The Dictionary, which, like all the others in the series, was prepared 
with great labor, contains the usual significations of the words, together with 
an explanation of all such phrases as might otherwise perplex the student. 

10. Sallust. Sallust's Jugurthine War and Conspiracy of 

Catiline, with a Dictionary and Notes. The text of this work, which was 
based upon that of Cortius, has been modified by reference to the best modern 
editions, especially by those of Kritz and Geriach ; and its orthography is, in 

general, conformed to that of Pottier and Planche. The Dictionaries of 
sesar and Sallust connected with this series are original works, and, in con 
nection with the Notes in each volume, furnish a Very complete and satisfac 
tory apparatus for the study of these two authors. 

11. Ovid. Selections from the Metannorphoses and Hero 

ides of Ovid, with Notes, Grammatical References, and Exercises in Scanning 
These selections from Ovid are designed as an introduction to Latin poetry. 
They are accompanied with numerous brief notes expliinatory of aiffiou'lt 
phrases, of obscure historical or mythological allusions, and especially of 
grammatical difficulties. To these are added such Exercises in Scanning as 
serve fully to introduce the student to a knowledge of Latin prosody, and 
especially of the structure and laws of hexameter and pentameter verse. 
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Andrews and Stoddard's Latin Grammar has long since been intro- 
daced into the Latin School of the City of Boston, and into moat 
of the other principal Classical Schools in this country, it is adopted by 
all the Colleges in New England, viz.. Harvard, Yale, Dartmouth, 
Amherst, Williams, Bowdoin, Watbrville, Middlebury, Borlino- 
ton, Brown University at Providence, Wesleyan University at Mid- 
dletown,and Washington College at Hartford; also at Hamilton Col- 
lege, New York, New York University,' city of New York, Cincinnati 
College and Marietta College, Ohio, Randolph Macon College, 
Virffinia, Mount Hope College, near Baltimore, Maryland Institute 
of Instruction and St. Mary's College, Baltimore, and the Univer- 
8ITIES OF Michigan and Alabama; and has been highly recommended 
by Professors Kingsley, Woolsey, Olmstead, and Gibbs, of Yale College; 
Professor Beck, of Harvard College ; President Penney and Professor North, 
of Hamilton College; Professor Packard, of Bowdom College; Professor 
Holland, of Washington College ; Professor Fisk, of Amherst College, and 
by Professor Hackett, of Brown University ; — also by Messrs. Dillaway 
and Gardner, of the Boston Latin School ; Rev. Lyman Colman, of the 
English High School, Andover; Hon. John Hall, Principal of the Elling- 
ton School, Conn. ; Mr. Shaler, Principal of the Connecticut Literary 
Institution, at Suffield ; Simeon Hart, Esq., Farmington, Conn. ; Pro- 
fessor Cogswell, of Round Hill School, Northampton ; President Shan 
non, of Louisiana College, and by various periodicals. 

As a specimen of the communications received from the above sources, 

the following extracts are given : — 

It gives me great pleasure to bear my testimony to the superior merits of the 
Latin Grammar lately edited by Professor Andrews and Mr. Stoddard. I express 
most cheerfully, unhesitatingly, and decidedly, my preference of this Grammar 
to that of Adam, which has, for so long a time, kept almost undisputed sway 
in our schools. — Or. C Beck, Prqfeasor qf Latin in Harvard Umoentity. 

I know of no grammar published in this country, which promises to answer so 
well the purposes of elementary classical instructioiu and shall be glad to see it 
introduced into our best schools. •— Mr. Charles K, DiUaioay, Master qf the 
FubHc Latin Sdu}olf Boston. 

Your new Latin Grammar appears to me much better suited to the use of 
students than any other grammar I am acauainted with. — JPrqfessor William 
M. HoUandy Washington CoUegSf Hartfora, Conn. 

I can with much pleasure say that yoUr Grammar seems to me much better 
adapted to the present condition and wants of our schools than any one with which 
I am acquainted, and to supply that which has long been wanted — a good Latin 
grammar for common use. — Mr. F. Gardnery one qfthe Masters Boston Lat. Sch. 

The Latin Grammar of Andrews and Stoddard is deserving, in my opinion, of 
the approbation which so many of our ablest teachers have bestowed upon it. 
It is believed that, of all the grammars at present before the public, this has 
greatly the advantage, in regard both to the excellence of its arrangement, and 
Uie accuracy and copiousness of its information; and it is earnestly hoped that 
its merits will procure for it that general favor and^ use to which it is entitled. 
— H. H. Hackett, Professor of Biblical lAterature in Newton Tkeol. Sem. 

The universal favor with which this Grammar is received was not unexpected. 
1^ will bear a thorough and dhcriminating examination. In the use of well- 
nefined and expressive terms, especially in the syntax, we know of no Latin or 
Greek grammar which is to be compared to this. — Amer. Quarterly Register. 

The Latin Grammar of Andrew* and Stoddard I consider a woik of great 
merit. I have found in it several principles of the Latin language corT«<^\v^ «v« 

e lamed which I had myself learnod from a twenty ^eaxa* %\xiaL>| q!( Vti'^Va.'Q!^*^]^^^ 
ut had never seen iJJustrated in any grammar. ATidTeYf«i^a¥vt%\.\Awa^%v^^3^ 
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aider a valuable work for beginners, and in the sphere wt^ch it is designed to 
occupy, I know not that I have met its equal. •— Rev. James Shannon, Prendeni 
of College of Louisiana, 

These works will furnish a series of elementary publications for the study of 
Latin altogether in advance of any thing which has hitherto appeartd, either in 
this country or in England. — American Biblical Repontory, 

We have made Andrews and Stoddard's Latin Grammar the subject both of 
reference and recitation daily for several months, and I cheerfully and i ecidedly 
bear testimony to its superior excellence to any manual of the kind with which 
1 am acquainted. Every part bears the impress of a careful compiler. The 
principles of syntax are happily developed in the rules, whilst those relating to 
the moods and tenses supply an important deficienc;^ in our former grammars. 
The rules of prosody are also clearly and fully exhibited. — Rev, Lyman Cole- 
man, Principal of Burr Seminary, Manchester, Vt. 

I have examined Andrews and Stoddard's Latin Grammar, and regard it as 
superior to any thing of the kind now in use. It is what has long been needed, 
and will undoubted^ be welcomed by every one interested in the philology of 
the Latin language. We shall herean.er use it as a text-book in this institution 
— Mr. Wm. H. Shaler, Principal of the Connecticut Lit. Institution at Suffield. 

This work bears evident marks of great care and skill, and ripe and accurate 
scholarship in the authors. It excels most grammars in this particular, that, 
while by its plainness it is suited to the necessities of most beginners, by its 
fulness and aetail it will satisfy the inquiries of the advanced scholar, and will 
be a suitable companion at all stages of his progress. We cordially commend 
't to the student and teacher. — Biblical Repository. 

Your Grammar is what I expected it would be — an excellent book, and just the 
thing which was needed. We cannot hesitate a moment in laying aside the 
books now in use, and introducing thia. — Rev. J. Penney, D. D., President qf 
HamtUon College, New York. 

Your Grammar bears throughout evidence of original and thorough investiga* 
tion and sound criticism. I hope, and doubt not, it will be adopted in our schools 
and colleges, it being, in my apprehension, so far as simplicity is concerned, on 
the one hand, and philosophical views and sound scholarship on the other, far 
preferable to other grammars ; a work at the same time highly creditable to your- 
selves and to our country. — Professor A. Packard, Boivdoin College, Maine. 

This Grammar appears to me to be accommodated alike to the wants of the 
new beginner and the experienced scholar, and, as such, well fitted to supply 
what has long been felt to be a great desideratum in the department of classical 
learning. — Professor 8. Nbrth, Hamilton College, New Ymk. 

From such an examination of this Grammar as I have been able to give it, 1 
do not hesitate to pronounce it superior to any other with which I am acquainted. 
I have never seen, any where, a greater amount of valuable matter compressed 
within limits equally narrow. — Hon. John Hall, Prin. of Ellington ScImoI, Conn. 

We have no hesitation in pronouncing this Grammar decidedly superior to 
any now in use. — Boston Recorder, 

I am ready to express my great satisfaction with your Grammar, and do not 
hesitate to say, that I am better pleased with such portions of the syntax as I 
have perused, than with the corresponding portions in any other grammar wit^; 
which I am acquainted. — Prqf'essor N. W. Fiske, Amherst College, Mass. 

1 know of no grammar in the Latin language so well adapted to answer the 
purpose for which it was designed as this. The book of Questions is a valuable 
attendant of the Gran\)nar. — Simeon Hart, Esq., Farmington, Conn. 

This (jrammar has received the labor of years; and is the result of much re 
flection and experience, and mature scholarship. As such, it claims the atteo 
tion of alt who are interested in the promotion of sound learning. — N, Y. Ob*. 

I'his Grammar is an original work. Its arrangement is philosophical, and it« 
rules clear and precise, beyond those of any oUier grammar we have seen •• 
Foriland Christian Mirror, 
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PREFACE. 



I HAD three main objects in the preparation of this Treatise, 
namely, 1. So to simplify the arrangement of the subject as to 
give a clear general view, to enable the student to grasp the 
science as a whole ; 2. To save his time by the introduction of 
shorter and more rapid processes ; and, 3. To develop his rea- 
soning powers by constant practice. 

I. Simplicity of arrangement. The most inattentive ob- 
server can hardly have failed to notice the present confused 
classification of Arithmetic. Who among the brightest of our 
scholars can tell us the principles on which it is arranged ? 
can, at one view, take a clear and definite survey of the whole 
ground ? In the present work, the science has been analyzed 
into a few simple principles, traced back, indeed, to one 
grand element, into which all others can be resolved ; being, in 
fact, nothing more than mere abbreviations, by the omission of 
steps become superfluous by practice. 

II. Bapid computation, — The present method of calculating 
in our schools has been aptly characterized as an awkward 
mode of spelling figures by taking them singly, in place of read^ 
ing them in groups. The pupil is so shackled with the multi- 
tude of words SUPPOSED to be irtdispensaliile^ that his progress is 
necessarily slow and limping. If this work is used agreeably 
to the directions in p. viii. and elsewhere, these incumbrances 
will be almost entirely avoided from the outsetf and a degree 
of rapidity quickly attained, which, at first sight, would hardly 
appear credible. This rapidity of operation, too, is much 
increased by a very great diminution in the yumber of figures 
employed, amounting, in many cases, to more than a half. 

III. Intellectual culture, — One of the principal objects in 
the study of the mathematics is the mental culture it afibrds; 
and undoubtedly arithmetic cannot be acquired at all without 
soTne improvement of the mind. The difference in this respect 
between the present work and all others is simply this : In the 
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latter, the pupil reads or commits to memory the reasonings of 
another mind ; in the former, his rules are the result of hi$ 
own mental processes. He is led forward by appropriate ques- 
tions ; but he cannot take a single step without active intellect- 
ual employment, thus continually eliciting energy of thought, 
clearness of expression, and fruitfulness of invention. 

In the Oral Arithmetic^ the lessons should be short, and the 
questions read slowly, till the pupils become prompt with their 
answers. Every section should be repeated till it is thoroughly 
mastered. Answers are occasionally given in the book ; but 
this is merely to indicate the^br^ of expression. None of the 
exercises will be found too difficult when taken in regular order. 
Obstacles can only arise from omissions. 

In the Written Arithmetic^ one question is generally 
answered by the adjoining one. At other times the answer is 
given, iinless rendered unnecessary by the mode of proof being 
pointed out. The exemplifications tnay be studied on the slate, 
when the teacher is unable to find time to use the black-board ; 
but such a course is by no means to be recommended. A few 
of the illustrations may appear obscure when read unconnected 
with the computations. But all such obscurities will vanish 
when they are read in their proper connection. 

The paragraphs within brackets, [ ], are intended chiefly for 
the teacher. 

In p. 199, 1. 16 &om the bottom, a question will be found 
leading^ the formation of a formal rule by the pupil. This, 
or a similar question, can be repeated wherever the teacher may 
consider such formulas of any importance. But, where the 
pupil has acquired clear ideas of the privicijies of Arithmetic, 
which. he cannot fail to do if he studies this book properly, 
formal rules will rarely, if ever, be found necessary. See p. 
203 and 308 — 14, for another method of forming rules. 

When the pupil is at a loss at a computation, the teacher 
should neither work it out for him, nor directly instruct him 
how to proceed. He should merely ask one or more leading 
questions, or refej; him to the proper passage in the book, in 
order to elicit thought, and lead the pupil to rely on his own 
resources. 

See p. viii. for particular instructions as to the method of 
using the book. 
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familiar with a few sections in this chapter, he may commence the study 
of the first chapter in Written Arithmetic , pp. 108--124. The oral and 
written Exercises should now proceed simultaneously ; the former clear- 
ing the way and facilitating the operations in the latter. Chaps. IL and 
III. Oral Arithmetic, should be fully mastered before the pupil commences 
Chap. III. Written Arithmetic. 

Those who have already made some progress in Arithmetic should 
pursue pretty much the same course, omitting, or passing rapidly oyer 
such- parts as may seem familiar to them, if any such there be. It is 
believed, however, that this will seldom be found to be the case. 

See the Preface for the general Object of the work. 



The following paragraphs on " Exchange " have been omitted by mis- 
take in their proper place at p. 248. 

Sterling may be changed to Canada money by adding J. to its amount; 
Why ? [See Table of Provincial Currencies, p. 227.] It may be changed 
to New England by adding | ; Why ? To New York by adding 2. ; 
Why ? To Pennsylvania by adding J ; Why ? To South Carolina by 
adding _i^ ; Why ? 

Canada may be changed to New England money by adding i ; to New 

York by adding ^ ; to Pennsylvania by adding J. 

New England may be changed to New York by adding | ; to Penn- 
sylvania, |. 
Pennsylvania may be changed to New York by adding JU. 

South Carolina may be changed to Canada by adding Ji- > ^ ^^"^ 

England by adding 2. ; to New York by adding 1. $ to Pennsylvania by 

adding ^J. 

Every one of these operations may be reversed by subtracting instead 
ot adding the proportionate part» after changing the respective fraction 
by adding the numerator to the denominator for a new denominator, and 
allowing the numerator to remain as before. Thus in changing Canada 

to Sterling money, the fraction ^ must be changed to ^^ ; while New 

York to Sterling requires |. to be changed to ^. Why is this so ? The 

reason will be readily discovered by attentively operating with a fractioii 
that has 1 for numerator, and then enlarging it to 2, 8, &c. 
The same principles are applicable to Foreign Exchange. 



ARITHMETIC. 



ADDRESSED TO TEACHERS. 

Arithmetic is the science of numbers, or that branch of 
mathematics which teaches us to comMne and separate rmmbers 
with ease and rapidity. The propriety of this definition appears 
evident, when it is considered that there are only two operations 
in arithmetic, irvcrease and decrease. A number may be in- 
creased by one or more additions. It may be diminished by 
one or more subtractions. Such is the whole sum and substance 
of arithmetic. Now both these operations may be performed by 
Numeration, that is, by the successive addition or subtraction 
of a unit at a time. If, for instance, a child wishes to know the 
amount of 4 and B, he enumerates five^ six, seven ; if he wants 
to know how many of 7 apples will remain after parting with 
three, he also enumerates, six j five, four. 

But practice makes perfect. These slow though sure move- 
ments seem every day more tedious. The child's numeration, 
therefore, is transformed into Addition and Subtraction, by 
the omission of superfluous steps. Four and 3 at one step 
make 7 ; 3 from 7, in the same manner, make 4. 

One more progressive movement completes the system. When 
several equal numbers are to be added or subtracted, the same 
desire for economy in time and space prompts to a similar omis- 
sion of superfltwus steps. In place of three steps to reckon 3, 
and 3, and 3, and 3, one is made to suffice, by saying 4 times 3 ; 
and the operation is reversed, by finding at once how many times 
3 is contained in 12, in place of subtracting at three different 
times. Thus another important improvement is introduced, by 
substituting, when the numbers are identical, Multiplication 
for addition. Division for subtraction ; and the whole secret lies, 
as before, in the omission of superfhious steps. 

Inyolution and Evolution are merely slight modifications of 
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multiplication and division. The former differs in no other 
respect from multiplication, save that of the factors being iden- 
tical. In the latter, the divisor and (fuotient being also equal 
factors, both are required to be found by arudysis of the dividend. 

Such, in all its beautiful simplicity, is our system of Decimal 
Arithmetic. The whole science may be considered a mere enu- 
meration of numbers, with wider and more rapid steps, as the 
subject becomes more and more familiar. We shall endeavor to 
follow up this natural mode of improving the science, by sug- 
gesting to the pupil from time to time very many other cases in 
which both time and labor may be saved by the emission of su^ 
perfluous steps. 

For the sake of convenience, arithmetic is commonly ar- 
ranged under two heads, viz., Oral Arithmetic and Written 
Arithmetic. 



PART I. 
ORAL ARITHMETIC. 



INTRODUCTION, 

ADDKESSED TO TEACHERS. 

Although oral and written arithmetic occupy separate places 
in this book, it is intended that they should be taught simulta- 
neously. By this means, while the pupil is acquiring a knowl- 
edge of Notation and Numeration in written arithmetic, he is 
mentally practising the elementary operations, preparatory to 
the larger processes on the slate ; and thus, if care be taken to 
proceed with equal steps in both parts of the science, the oral 
operations precede, and smooth, and facilitate the progress of 
the pupil in tcritten arithmetic, and enable him wholly to dis- 
pense with artificial rtdest or, should these be thought necessary, 
to form them for himself. 

Arithmetic is suited to the capacity of the youngest child that 
attends school. At a very early age children understand. 
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and delight to operate with; abstract as well as concrete num- 
bers. Indeed, within certain limits, the effort is less in young 
than in older children. Experience shows that, of two boys of 
equal capacity, the one of seven, the other of nine or ten years 
of age, when commencing arithmetic, their progress is more 
nearly in an inverse than in a direct ratio to their respective 
ages. Nor is this all. The faculty of attetition, one of the 
most important powers of the mind, is thus surely, yet easily 
and gradually, developed by oral arithmetic when properly 
taught. Indeed, children in the habitual practice of such opera- 
tions, acquire the art of reading and orthograpki/ much more 
rapidly than those who delay the study of arithmetic to a later 
period. 

This work commences with the most simple elements. The 
very first lessons may not, therefore, be necessary to all. The 
teacher should use a proper discretion in this respect. His judg* 
ment, indeed, must be relied on throughout the oral division of 
the subject, as well in the supply of additional questions for a 
dull class, as in the omission of such as may be superfluous for 
brighter scholars. No treatise can be formed exactly to suit 
every degree of mental capacity. It is believed, however, that 
it will be beneficial for all to proceed regularly through the 
book, and more especially through the ^ndamental exercises on 
the firame given below. Probably no other means would convey 
to the mind of childhood such clear and exact conceptions of the 
nature of our decimal arithmetic. 

Description of the Improved Numeral Frame, 

A numeral frame is an indispensable tool for a good teacher 
of arithmetic. No contrivance could be better adapted to con- 
vey clear ideas of the first principles of that science. But, as 
commonly arranged, with twelve wires, and twelve beads on 
each wire, its worth, if it has any, must be exceedingly limited. 
To fit it for our decimal system, it should be pierced for eleven 
wires only, ten of which should be at equal distances, the eleventh 
farther apart. In one already formed, the eleventh wire may 
be taken out, which will leave the otliers properly arranged. 
The beads, as in the old-fashioned frame, should be of two dis- 
similar colors, such as Mack and white, or blue and yellow. 
There should be ten beads on each wire, arranged as follows : 
three dark, two light, and two dark, three light. By this dis- 
position of the beads, any number, not exceeding eleven hundred, 
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cftB be recLd from the frame at a glance. Of the upper 100 
beads, each stands for a single unit, while each of the 10 beads 
on the lower wire represents 100. By this simple arrangement 
into units^ tenSy and hundreds, our decimal system of arithmetio 
is distinctly presented to the eye, and is readily comprehended 
by tiie youngest pupil, and read off as easily and rapidly as by 
the use of figures. 

The first lesson for beginners should be as follows : Let the 
teacher hold the frame so that all the beads fall to one side, and, 
passing one of those on the lyjper wire across, say, " There is 
one bead. Kepeat after me, one bead [passing another across], 
tu>o beads" &c., till the first ten beads are all passed across and 
named. 

The chief object of the second lesson is to qualify the pupil 
to read off any number, from one to ten, upon the frame at a 
glance, for which the arrangement of the beads upon the wires 
(8 and 2, and 2 and 3) renders it eminently qualified. The 
teacher should ctnnmence by a repetition of the first lesson, 
and, when that is perfectly known, proceed further, thus : Pass 
three beads across separately^ and name as before, adding, 
" Now try to recollect three." Then pass those across at once 
on a different wire, and ask the number. If the child does not 
know, let this part of the lesson be repeated till the number 
three on the frame becomes familiar to the eye. Use four, 
five, six, and seven beads, till these numbers also can be readily 
named on the frame, without counting them. For eight, nine, 
and ten, direct attention to the opposite end of the wire ; eight 
being known at first by two beads opposite, nine by one, ten by 
none. 

When the pupil or class has become familiar with the first 
ten numbers, and able to name them on the frame at a glance, 
the difficulty of the nomenclature is nearly surmounted; the 
names of the others being chiefly a repetition of the first ten. 
It wUl be found most cwivenient and useful to give these larger 
numbers their original appellation before introducing their 
common or contracted names, as the former explains and sim- 
plifies the whole system of arithmetic. Let the class, therefore, 
be informed that ten has three different names, viz. 

I. Ten, standing by itself, is called .... ten. 
II. Ten, added to another number, .... teen. 

III. In the plural, i. e., more than one ten, . . ty. 

Applying this to the frame, when the beads on the first wire 
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are passed across, we may say, " There is one ten.** Then, 
passing one across on the second wire, *' There is oneteen; 
another will make tvxteen ; three, threeteen ; four, fourteen ; " 
&c., to nineteen ; and passing the last one across, " Now we 
have ttvoty,^* Again, by passing the beads of the third wire 
singly across we shall have twoty-obOj twoty-two, &c., to 
threety ; and, continuing the operation, fourty, Jivety, sixty^ 
&e., to ninety-nine, the last bead giving tenty, or a hundred. 

When the class has thus become familiar with the nomencla- 
ture, the abbreviations, which are few and simple, should be 
explained. The most difficult are the first two, oneteen, two» 
teen, which somehow have been changed to eleven^ ttvelve. The 
rest are mere abbreviations. Thus, ^^reeteen and threety have 
been shortened to ^^irteen and thirty ; Jiveteen and fiveiy to 
j^een and ^ty ; lastly, trwty (originally twainty) is now 
twenty, and fnurty is forty. 

This exercise is chiefly intended for those who have no knowl- 
edge of arithmetic. But it would be well for the whole school 
to go over the frame once or twice, as few children have such 
a clear and abiding idea of the meaning of teen or ty as may 
be thence derived. 

When a child is at a loss for a reply to a question, it is not 
advisable to give him direct assistance. Such a course is apt 
to foster a habit of leaning on the teacher instead of his own 
resources. It is far better to aid him by a few suggestive 
questions. Suppose, for instance, he is at a loss for the amount 
of 62 and 27, it would be appropriate to ask, "How many are 
50 and 20 ? " « Well, then, how many are 52 and 27 ? " 
Again, if he cannot answer, " Twelve are four times what num- 
ber?" he might be asked, "How many fours in twelve?" 
" Well, then, twelve are four times what number ? " Such 
instances, however, will rarely occur where the attention of a 
class is kept ^lly engaged during these exercises. 

Every class in oral arithmetic should clearly understand 
that, during recitations, no question is to be repeated ; a rule, 
indeed, that should never be broken. At the commencement 
of the study it might be proper for one of the class by turns to 
repeat each question after the teacher. But even this practice 
should not be continued too long. It is more important that 
children should be good listeners than apt arithmeticians. Let 
them learn, then, to listen with sufficient attention to hold on 

2 
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to what ihey hear, and they will acquire a habit that will exert 
a beneficial influence on the whole. of after life.^ 

The questions should not be addressed to an individual, but 
to a class, so that every mind may be steadily engaged during 
the whole recitation. Children should never be fatigued with 
long lessons, but, while they are engaged, they should be tJioT' 
oughly engaged. Let no habits of dreamy wandering of mind 
be ajcquired in school. If already acquired, they cannot too 
soon be broken up. Every week's delay will add to the diffi- 
culty. Let each question, then, be solved mentally by every 
individual in the class, and let the teacher wait till all have 
given the signal, before any one is called on to state the result, 
and this call should be made promiscuously^ not in regular 
order, the more certainly to ensure the attention of all. 

When an answer is given, the class should be asked if all 
agree ; if not, every one who differs should give the result of 
his solution. Let the teacher then ask the first who spoke, 
" How do you know it to be so and so ? '* requiring an explana- 
tion of the manner in which it has been solved ; those who 
differ being called on for the same purpose. The children 
should be required to give these explanations in a distinct and 
lucid style. Suppose, ^r instance, the question to be this : John 
has 6 nuts, Mary has 2, and James 4; how many nuts have 
the three children in all ? The answer, " 12 nuts," being given, 
and a child called on to state why it is so, may say, " If John 
has 6 nuts, and Mary 2, John and Mary together have 8, because 
6 and 2 make 8 ; and, if we add James's 4, there will be 12, 
because 8 and 4 make 12." Such minuteness of detail may to 
some seem tedious and imnecessary ; but, if the inappreciable 

* -At a convention of teachers, where the subject of oral arithmetic in 
schools was in discussion, a clergyman rose to give his experience in the mat- 
ter. All are aware, said he, of the difficulty of maintaining the undivided 
attention of an auditory, even on subjects on which they feel a deep interest. 
The opening of a door, the restlessness of a child, the fall of a book : either 
of these is sufficient to distract the thoughts of a whole congregation. Now 
a course of oral arithmetic, properly conducted, presents a sure remedy for 
this serious evil. To classes thus trained, he continued, he could talk or 
read for half an hour at a time, and receive unwavering attention, although 
persons were going out and in, backwards and forwards, nearly the wholo 
time. 

Surely, when we consider how prone are mankind to wandering thoughts, 
how common it is for all " to hear a little, and guess the rest," we can scarcely 
overvalue so simple a cure for this vicious habit, which obstructs education 
alike in the primary school and the college, and exhibits its baneful effects 
in every grade of social life. 
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value of habits of close attention and of clearness of diction be 
taken into view, the labor will not be considered in vain. Let 
this system, then, of questioning by the teacher, and demonstra- 
tion by the class, be steadily persevered in wherever practi- 
cable. 

Finally, let this plan be thoroughly executed, without hurry, 
and success may be relied on. What man has done, man can 
do. A child taught thus will possess an immense, an obvious 
superiority over his fellows. In such practice, the mind is 
continually on the alert. That sluggish mental inactivity, 
which is the bane of our schools, and which nullifies most of 
their good effects, is completely banished. The powers of 
thought are kept constantly awake, steadily in employment. 
The pupil is not merely made an expert mathematician, but, 
what is of infinitely more importance, he is preparing the way 
for self-edtijcation, — he is acquiring the control aoer his own 
mind, one of the rarest and most valuable of all acquisitions. 

N. B. None of the questions in this part of the book are 
to be worked out on the slate. It is to be, strictly speaking, 
oral arithmetic, with occasional illustrations by the teacher on 
the Frame and Black-board. 



CHAPTER I. 

INCBEASB AND DECREASE OF INTEGERS, OR WHOLE NUMBERS. 
EXERCISES ON THE NUMERAL FRAME. 



Section I. Increase and Decrease by Unity. 

1. One bead and one bead are how many beads? Two 
beads and one bead ? Three beads and one bead ? &c. [Con- 
tinue to nine beads and one bead.] 

2. If one bead be taken from ten beads, how many are left ? 
One bead from nine beads, how many ? One bead from eight 
beads, how many? &c. [Continue to one bead from one 
bead.] 
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3. One bead and one bead, bow many ? One bead and two 
beads ? One bead and three beads ? &c. [Continue to one 
bead and nine beads.] 

[Kepeat the above till it becomes sufficiently familiar with- 
out the frame. Then repeat it again in abstract numbers, by 
omitting the word bead, till equally familiar. To a dull dass, 
the word bead may be occasionally used in the following lessons.] 

4. One and one are how many ? Take one from two, and 
how many remain ? Two from two ? How many are two 
times one? [Here separate the two beads a little.] One 
time two ? Are two times one and one time two the same 
number, then ? How many ones in two ? Twos in two ? 

6. Two and one are how many ? Take one from three, and 
how many remain ? Three from three ? How many are three 
times one ? One time three ? Are three times one and one 
time three the same, then ? How many ones in three ? Twos 
in three ? [One two and one over.] Threes in three ? 

6. Three and one, how many ? Take one from four, how 
many remain ? Two from four ? How many are two and two, 
then ? Four from four ? How many are four times one ? 
One time four ? Are four times one and one time four the 
same, then ? How many ones in four ? Twos in four ? Threes 
in four ? [Separate the beads, or rather let one of the class 
separate them, at all such questions as the last two, till the 
class can separate them by the eye.] Fours in four ? 

7. Four and one, how many ? Take one from five, how 
many ? Two from five ? Three from ^ve ? How many are 
two and three, the^: ? Three and two ? Four from five ? 
Five from five ? How many are five times one ? One time 
five ? Are five times one and one time five the same, then ? 
How many ones in five ? Twos ? Threes ? Fours ? Fives ? 

8. Five and one, how many ? One from six, how many ? 
Two from six ? How many are two and four, then ? How 
many are four and two ? Are two and four, then, the same as 
four and two ? Take three from six, how many ? Three and 
three, how many, then ? How many threes in six, then ? Take 
four from six ? Five from six ? Six from six ? How many 
are six times one ? One time six? Are six times one and 
one time six the same, then ? How many ones in six ? Twos ? 
Threes ? Fours ? Fives ? Sixes ? 

9. Six and one, how many ? One from seven, how many ? 
Two from seven ? How many are two and five, then ? Five 
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and two ? Are two and five the same as five and two, tben ? 
Three from seven, how many ? How many are three and four, 
then ? Four and three ? Are three and four, th^i, the same 
as four and three ? Take four from seven ? Five from seven ? 
Six from seven ? Seven from seven ? How many ones in 
seven ? Twos ? Threes ? Fours ? Fives ? Sixes ? Sevens ? 

10. Seven and one, how many ? Take one from eight, how 
many ? Two from eight ? How many are six and two, then ? 
Two and six ? Take three from eight ? How many are five 
and three, then? Three and five? Take four from eight? 
How many are four and four, then ? Two fours ? Take five 
from eight ? Six from eight ? Seven from eight ? Eight from 
eight ? How many ones in eight ? Twos ? Threes ? Fours ? 
Fives? Sixes? Sevens? Eights? 

11.- Eight and one, how many? Take one from nine, how 
many ? Two from nine ? How many are seven and two, then ? 
Two and seven? Take three from nine? How many are 
three and six, then ? Six and three ? Take four from nine ? 
How many are four and five, then ? Five and four ? Take 
six from nine ? Seven ? Eight ? Nine ? How many ones in 
nine? Twos? Threes? Fours? Fives? Sixes? Sevens? 
Eights? Nines? 

12. Nine and one, how many ? Take one from ten ? Two 
from ten ? How many are ei^t and two, then ? Two and 
eight ? Take three from ten ? How many are three and seven, 
then ? Seven and three ? Take four from ten ? How many 
are six and four, then ? Four and six ? Take five from ten ? 
How many fives in ten, then ? Six from ten ? Seven from 
ten ? Eight ? Nine ? Ten ? How many ones in ten ? Twos ? 
How many are five twos, then ? Two fives ? How many threes 
in ten ? Fours ? Fives ? Sixes ? Sevens ? Eights ? Nines ? 
Tens ? 

13. Ten and one, how many? One from eleven, how many? 
Two from eleven ? How many are nine and two, then ? Two 
and nine ? Three from eleven ? How many are eight and 
three, then? Three and eight? Four from eleven? How 
many are seven and four? Four and seven? Five from 
eleven? How many are six and five, then ? Five and six? 
Six from eleven ? Seven from eleven ? Eight ? Nine ? Ten ? 
Eleven ? How many ones in eleven ? Twos ? Threes ? Fours ? 
Fives ? Sixes ? Sevens, &c., to Elevens ? 

14. Eleven and one, how many ? One from twelve ? Two 

2* 
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from Iw^e ? Ten and two ? Three from twelve ? Nine and 
three? Three and nine? Four from twelve? Eight and 
four ? Pour and eight ? Five from twelve ? Seven and five ? 
Five and seven ? Six from twelve ? Six and six ? How many 
sixes in twelve ? How many twos ? Seven from twelve ? Eight 
from twelve ? Nine ? Ten ? Eleven ? Twelve ? How many 
ones in twelve ? Threes ? Fours ? Fives ? Sevens ? Eights ? 
Nines? Tens? Elevens? Twelves? 

15. Twelve and one, how many ? Take one from thirteen ? 
Take two ? Eleven and two, then ? Two and eleven ? Take 
three from thirteen ? Ten and three, then ? Four from thir- 
teen ? Nine and four, then ? Four and nine ? Five from 
thirteen ? Eight and five ? Five and eight, then? Nine from 
thirteen ? Nine and four, then ? Four and nine? Ten from 
thirteen? Three and ten, then? Ten and three? Eleven 
from thirteen ? Two and eleven, then ? Twelve from thirteen ? 
Thirteen from thirteen ? How many ones in thirteen ? Twos ? 
Threes? Fours? Fives? Sixes? Sevens, &c., to Thirteens? 

16. Thirteen and one, how many ? One from fourteen ? 
Two from fourteen ? Twelve and two^ then ? Two and twelve ? 
Three from fourteen ? Eleven and three, then ? Three and 
eleven ? Four from fourteen ? Ten and four? Four and ten? 
Five from fourteen ? Nine and five ? Five and nine ? Six 
from fourteen ? Eight and six ? Six and eight ? Seven from 
fourteen ? Seven and seven, then ? How many sevens in four- 
teen? Eight from fourteen ? Nine? Ten? Eleven? Twelve? 
Thirteen ? Fourteen ? How many ones in fourteen ? Twos ? 
Sevens, then? Threes? Fours? Fives? Sixes? Eights? 
Nines? Tens? Elevens? Twelves? Thirteens? Fourteens? 

17. How many are fourteen and one? Two from fifteen? 
Thirteen and two, then ? Two and thirteen ? Three from fif- 
teen ? Twelve and three, then ? Three and twelve ? Four 
from fifteen? Eleven and four, then? Four and eleven? 
Five from fifteen ? Ten and five then ? Five and ten ? Six 
from fifteen ? Nine and six, then ? Six and nine ? Seven 
from fifteen ? Eight and seven ? Seven and eight ? Eight 
from fifteen ? Nine from fifteen ? Ten ? Eleven ? Twelve ? 
Thirteen ? Fourteen ? Fifteen ? How many ones in fifteen ? 
Fifteen times one, then ? How many twos in fifteen ? Threes ? 
Five times three, then ? Three times five ? Is three times five 
the same as five times three ? Sixes in fifteen ? Sevens, &c., 
to fifteens in fifteen ? 
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18. Fifteen and one, how many ? Take one from sixteen I 
Two ? Fourteen and two, then ? Two and fourteen ? Three 
from sixteen ? Thirteen and three, then ? Three and thirteen ? 
Four from sixteen ? Twelve and four, then ? Four and twelve ? 
Five from sixteen ? Eleven and 6^6, then ? Five and eleven ? 
Six from sixteen ? Ten and six, then ? Six and ten ? Seven 
from sixteen? Nine and seven, then? Seven and nine? 
Eight from sixteen ? Eight and eight, then ? How many 
eights in sixteen ? Twos in sixteen, then ? Nine from sixteen ? 
Ten, &c., to sixteen from sixteen? How many ones in six- 
teen ? Twos ? Threes ? Fours ? How many are four times 
four, then ? Fives, &c., to sixteens in sixteen ? 

19. Sixteen and one, how many? One from seventeen? 
Two ? How many are two and fifteen, then ? Fifteen and 
two ? Three from seventeen ? Fourteen and three, then ? 
Three and fourteen ? Four from seventeen ? Thirteen and 
four, then ? Four and thirteen ? Five from seventeen ? 
Twelve and five, then ? Five and twelve ? Six from seven- 
teen ? Eleven and six, then ? Six and eleven ? Seven from 
seventeen ? Ten and seven, then ? Seven and ten ? Eight 
from seventeen ? Nine and eight, then ? Eight and nine ? 
Ten from seventeen ? Eleven ? Twelve, &c., to seventeen 
from seventeen ? How many ones in seventeen ? Twos ? 
Threes ? Fours, &c., to seventeens ? 

20. Seventeen and one, how many ? One from eighteen ? 
Two ? Sixteen and two, then ? Two and sixteen ? Three 
from eighteen ? Fifteen and three, then ? Three and fifteen? 
Four from eighteen ? Fourteen and four, then ? Four and 
fourteen ? Five from eighteen ? Thirteen and five, then ? 
Five and thirteen ? Six from eighteen ? Twelve and six, 
then ? Six and twelve ? Seven from eighteen ? Eleven and 
seven, then ? Seven and eleven ? Eight from eighteen ? Ten 
and eight, then ? Eight and ten ? Nine from eighteen ? Nine 
and nine, then ? How many nines in eighteen ? How many 
are two times nine, then ? Ten from eighteen ? Eleven ? 
Twelve, &c., to eighteen from eighteen ? How many ones in 
eighteen ? Twos, &c., to eigh teens in eighteen ? 

[The last seventeen lessons should now be repeated, over 
and over, without the frame, till perfectly familiar. The in- 
strument, however, should always be at hand for illustration. 
For, let it be steadily borne in mind, that all the answers are 
to be results of the workings of the child's own mind, though, 
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occasionally, the teacker may put tb^m into a better form of 
words for him, some instances of which appear in this book. 
The frame will still be usefiil in many of die following lessons, 
especially when they are first recited. It should not, boweyer, 
be used more frequently than is absolutely necessary. Per- 
haps it would be well that the members of the class should 
manage the frame by turns during the recitations.] 



Section II. Explanatory. 

1. What is the meaning of teen in the words fourteen, six- 
teen, kQ,^ What does fourteen signify, then ? Ans, Four 
and ten. Sixteen? Eighteen? What is the contracted, or 
common name for oneteen ? For twoteen ? Threeteen ? Five- 
teen ? What is the meaning of ?y, in the words sixty, seventy,* 
&c. ? What is the contracted name for twoty, or twainty ? 
For threety ? For fivety ? How many tens in fifty, then ? In 
twenty ? Forty ? Ninety ? Thirty ? [Repeat the above at 
tbe commencement of each lesson, till perfectly familiar.] 

2. How many are twenty and ten ? [Show 20 on the upper 
two wires, and 10 on the fourth wire of the frame.] Twenty 
and twenty ? [Show 20 on first and second, and 20 on ninth 
and tenth wires.] Twenty and thirty ? Twenty and fifty ? 
Thirty and ten ? Thirty and fifty ? Thirty and twenty ? 
Thirty and sixty ? Forty and twenty ? Forty and ten ? Forty 
and thirty ? Fifty and thirty ? Fifty and ten ? Sixty and 
twenty ? Ten and fifty ? Thirty and fifty ? Ten from twenty, 
how many ? Twenty from forty ? Thirty from seventy ? Fifty 
from sixty ? One hundred and two hundred ? Two hundred 
and two hundred ? Two hundred and five hundred ? Four 
hundred and two hundred ? Three hundred and four hundred ? 
One hundred and eight hundred ? Two hundred from eight 
hundred ? Three hundred from seven hundred ? Two hundred 
from one thousand ? Two hundred from seven hundred ? 

3. Show ten on the frame. [Let the class show this by 
turns.] Twenty. Forty. Fifty. Seventy. Ninety. Sixteen. 
Eleven. Thirteen. Fifteen. Fourteen. Twelve. A hundred 
and sixteen. A hundred and twenty-three. Two hundred and 

* See Xntrodu^ilbioQ, page 12, near the bottom. 
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thirty-four. Three hundred and twenty-six. Six hundred and 
forty-five. [Continue and vary this exercise as far as neces- 
sary.] 



Section III. hvcrease and Decrease hy a Small Number ^ 
toithout caicsing a change in the ty or tens, 

1. Six and one, how many ? Sixteen and one ? Twenty-six 
and one ? Sixty-six and oiie ? Thirty -six and one ? A hun- 
dred and twenty-six and one ? Take one from seven ; from 
seventeen; from thirty-seven; twenty-seven; fifty-seven; a 
hundred and thirty-seven. 

2. Five and three, how many ? Twenty-five and three ? 
Fifteen and three ? Fifty-five and three ? A hundred and 
twenty-five and three ? Two hundred and thirty-five and 
three ? Take three from eight. Three from eighteen. Three 
from thirty-eight. Three from fifty-eight. Three from a hun- 
dred and twenty-eight. Three from a hundred and eight. 
Three from five hundred and sixty-eight. Three from two 
hundred and eighteen. 

3. Four and two, how many ? Fourteen and two ? Fifty- 
four and two ? Ninety-four and two ? A hundred and four 
and two ? Two hundred and fourteen and two ? A thousand 
and four and two ? Two from six ? Two from sixteen ? From 
thirty-six ? From sixty-six ? From a hundred and sixteen ? 

4. Two and two, how many ? Twelve and two ? Seventy- 
two and two ? Thirty-two and two ? Fifty-two and two ? 
Twenty-two and two ? A hundred and forty-two and two ? 
Three hundred and forty-two and two ? A thousand and forty- 
two and two ? Two from four ? From fourteen ? From 
seventy-four ? From ninety-four ? From twenty-four ? From 
a hundred and forty -four ? 

5. Two and three, how many ? Twelve and three ? Sixty- 
two and three ? Forty-two and three ? Eighty-two and three ? 
A hundred and fifty-two and three? Three hundred and 
twenty-two and three ? Two from five ? From fifteen? From 
sixty-five ? From forty-five ? From a hundred and fifty-five ? 
From three hundred and twenty-five ? 

6. Three and three, how many ? Thirteen and three ? Fif- 
ty-three and three ? Ninety-three and three ? Twenty-three 
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and three ? Three hundred and sixty-three and three ? Take 
three front six ? From sixteen ? From thirty-six ? From 
seventy-six ? From a hundred and six ? From a hundred and 
sixteen ? From a thousand and sixteen ? 

7. One and four, how many ? Eleven and four ? Forty- 
one and four ? Twenty-one and four ? Fifty-one and four ? 
Ninety-one and four? A hundred and one and four? Six 
hundred and eleven and four ? Take four from five ? From 
fifteen ? From forty-five ? From two hundred and fifteen ? 
From two hundred and sixty-five ? 

8. Six and two, how many? Sixteen and two? Eighty- 
six and two? Twenty-six and two? Five hundred and six 
and two ? Take two from eight ? From eighteen ? From 
ibrty -eight ? From three hundred and eighteen ? 

9. Two and seven, how many ? Twelve and seven ? Thirty- 
two and seven ? SeVenty-two and seven ? Four hundred and 
two and seven ? Seven hundred and twelve and seven ? Five 
hundred and thirty-two and seven ? Take seven from nine 1 
From nineteen? From thirty-nine? From a hundred and 
nine ? From five hundred and nineteen ? 

10. Two and five, how many? Twelve and five? Twenty- 
two and five ? Eighty-two and five ? Sixty-two and five ? A 
hundred and two and five ? Two hundred and twelve and five ? 
Take five from seven ? From seventeen ? From twenty-seven ? 
From fifty-seven? From a hundred and seventeen? From 
five hundred and seventeen ? 

11. One and seven, how many ? Eleven and seven ? Thir- 
ty-one and seven ? Sixty-one and seven ? Two hundred and 
twenty-one and seven ? Five hundred and eleven and seven ? 
Take seven from eight? From eighteen? From seventy- 
eight ? From three hundred and eighteen ? 

12. Five and four, how many ? Fifteen and four ? Fifty- 
five and four? Two hundred and fifteen and four? Take 
four from nine ? From nineteen ? From forty-nine ? From 
two hundred and nineteen ? 

13. One and eight, how many ? . Ele^n and eight ? Forty- 
one and eight? Seventy-one and eight? Ninety -one and 
eight ? Three hundred and one and eight ? Four hundred 
and eleven and eight ? Take eight frmn nine ? From nine- 
teen? From ninety-nine? From two hundred and nine? 
From five hundred and nineteen ? 
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.Section IV. Increase and Tkcreiise by a SmcJl Numhert 

causing a change in the ty or tens. 

[Let the Teacher show here, bj means of the &ame, that in 
this, as in other successive lessons, the sum of the units in- 
creases the number of tens by one ; and that, in the subtraction, 
the number of tens is, for a similar reason, decreased bj one.] 

1. Four and six are how manj ? Fourteen and six ? Twen- 
tj-four and six ? Forty-four and six ? Sixty-four and six ? 
Two hundred and thirty-four and six ? Take four from ten ? 
From twenty? From fifty? From a hundred? From two 
hundred and fifty ? From two hundred and ten ? From a 
thousand and ten ? 

2. Four and seven, how many? Fourteen and seven? 
Twenty-four and seven ? A hundred and fifty-four and seven ? 
Five hundred and thirty -four and seven ? Nine hundred and 
sixty-four and seven ? Take four from eleven ? Four from 
twenty-one ? Thirty-one ? Fifty-one ? Eighty-one ? Sixty- 
one ? A hundred and eleven ? Two hundred and twenty-one ? 
Three hundred and forty-one ? Five hundred and fifty-one ? 
One thousand and twenty-one ? 

3. Nine and five, how many ? Nineteen and five ? Twenty- 
nine and five ? Thirty-nine and five ? Fifty-nine and five ? 
Seventy-nine and five ? A hundred and nine and five ? Three 
hundred and nineteen and five ? Take five from fourteen ? 
From twenty-four ? From forty-four ? Sixty-four ? A hun- 
dred and four ? Two hundred and thirty-four ? Three hun- 
dred and fourteen ? A thousand and fourteen ? 

4. Eight and three, how many ? Eighteen and three ? 
Twenty-eight and three ? Fifty-eight and three ? Eighty- 
eight and three ? Two hundred and seventy-eight and three ? 
Nine hundred and forty-eight and three ? One thousand and 
eighteen and three ? Take three from eleven ? Three from 
twenty-one ? From thirty-one ? Sixty-one ? Eighty-one ? 
A hundred and twenty-one ? A thousand and twenty-one ? 

5. Four and nine, how many ? Fourteen and nine ? Twen- 
ty-four and nine? Forty-four and nine? Eighty-four and 
nine? Three hundred and twenty-four and nine? Nine 
hundred and eighty-four and nine ? Take four from thirteen ? 
Four from twenty-three? Thirty-three? Sixty-three? .A 
hundred and thirteen ? A thousand and twenty-three ? 

6. Six and eight, how many ? Sixteen and eight ? Twenty- 
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BIX and eight? Fif^y-six and eight? Eighty-six and eight? 
Sixty-six and eight ? Nine hundred and seventy -six and eight ? 
Take six from fourteen ? Six from twenty-four ? Thirty-four ? 
Eighty-four ? Fifty-four ? A hundred and fourteen ? Seven 
hundred and twenty-four? Eight hundred and sixty-four? 
Nine hundred and twenty-four ? A thousand and fourteen ? 



Section V. Increase and Decrease by a Small Number y cauS' 
ing a change in the Tens and the Hundreds, 

1. Five and seven are how many ? Twenty-five and seven ? 
Fifteen and seven ? Forty-five and seven ? Eighty-five and 
seven? Fifty-five and seven ? Thirty-five and seven ? Ninety- 
five and seven ? Two hundred and ninety-five and seven ? 
Seven hundred and ninety-five and seven ? Nine hundred and 
ninety-five and seven ? Take seven from twelve ? Seven from 
twenty-two ? Seven from fifty-two ? Seven from ninety-two ? 
Seven from a hundred and two ? From four hundred and two ? 
A thousand and two ? Eight hundred and two ? 

2. Two and nine, how many ? Thirty-two and nine ? Twelve 
and nine ? Fifty-two and nine ? Eighty-two and nine ? Ninety- 
two and nine ? A hundred and forty -two and nine ? Five 
hundred and ninety -two and nine ? Nine hundred and ninety- 
two and nine ? A thousand and twelve and nine ? Take nine 
from eleven ? Nine from a hundred and one ? Nine from 
twenty-one? From fifty-one? From two hundred and one ? 
From a thousand and one? From five hundred and twenty- 
one? 

3. Six and four, how many ? Thirty-six and four ? Sixteen 
and four ? Ninety-six and four ? Nine hundred and ninety- 
six and four? Eighty-six and four ? A thousand and six and 
four ? Two hundred and sixteen and four ? Take four from 
ten? Four from twenty? From a hundred? From three 
hundred ? From two hundred and sixty ? From a thousand ? 
From five hundred and ten ? From nine hundred and eighty ? 

4. Seven and five, how many? Ninety -seven and five? 
Two hundred and seventeen and five ? Three hundred and 
ninety-seven and five ? Five hundred and seventeen and five ? 
Eight hundred and seven and five ? Seven hundred and seven 
and five ? Take five from twelve ? From twenty-two ? From 
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a hundred and two ? From a thousand and two ? From two 
hundred and twentj-two? From eight hundred and ninetj- 
two? 

5. Eight and seven, how many? Twenty-eight and seven? 
Eighteen and seven ? Forty-eight and seven ? Ninety-eight 
and seven ? A hundred and eight and seven ? Eight hundred 
and eight and seven ? Nine hundred and eighteen and seven ? 
Nine hundred and ninety-eight and seven? A thousand and 
eight and seven ? Take seven from fifteen ? From twenty- 
five ? From ninety-five ? From a hundred and five ? From 
three hundred and fifteen ? From six hundred and five ? 
From four hundred and twenty-five ? From a thousand and 
five ? From a thousand and ninety-five ? 

6. Eight and nine, how many? Forty-eight and nine? 
Eighteen and nine ? Ninety-eight and nine ? Sixty-eight and 
nine? Eighty-eight and nine? A hundred and eight and 
nine ? Two hundred and twenty-eight and nine ? Six hundred 
and fifty-eight and nine ? A thousand and eight arid nine ? 
Nine hundred and ninety-eight and nine? Take nine from 
seventeen ? From eighty -seven ? From twenty -seven ? From 
a hundred and seven ? From two hundred and twenty-seven ? 
From three hundred and seven? From eight hundred and 
eighty -seven ? From a thousand and seven ? From a thou- 
sand and twenty-seven ? 

7. Seven and four, how many? Forty-seven and four? 
Seventeen «and four ? Ninety -seven and four ? A hundred 
and seven and four ? Eighty-seven and four ? Three hundred 
and ninety-seven and four ? Nine hundred and ninety-seven 
and four ? A thousand and seventeen and four ? Take four 
from eleven ? From twenty -one ? From sixty-one ? From a 
hundred and one? From a thousand and one? From six 
hundred and eleven? From nine hundred and twenty-one? 
From three hundred and one ? 



Section VI. Increase and Decrease hy Larger Numbers, the 
Units causing na change in the Tens or Hundreds, 

1. Two and two, how many ? Twelve and twelve ? [Let 
the units occupy a wire in the frame between the two series of 
wires representing the tens.] How many are twelve and 

3 
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twenty-two? Twenty-two and twenty-two? Thirty-two and 
twenty-two? Thirty-two and fifty-two? A hundred and 
twenty-two and forty-two ? Two hundred and thirty-two and 
two hundred and forty-two ? Take two from four ? Twelve 
from twenty-four? Twelve from thirty-four? Twenty-two 
from thirty-four ? Twenty-two from forty-four ? Twenty-two 
from fifty-four ? Thirty-two from fifty-four ? Thirty-two from 
eighty-four ? Fifty-two from eighty-four ? A hundred and 
twenty-two from a hundred and sixty-four ? Forty-two from a 
hundred and sixty-four ? Two hundred and thirty-two from 
four hundred and seventy -four ? Two hundred and forty-two 
from four hundred and seventy-four ? 

2. One and two, how many ? Eleven and two ? Eleven 
and twelve ? Eleven and fifty-two ? Eleven and twenty-two ? 
Eleven and forty-two ? Eleven and sixty-two ? Eleven and 
eighty-two ? Eleven and a hundred and twelve ? Eleven and 
a thousand and two ? Eleven from thirteen ? Two from thir- 
teen ? Eleven from twenty-three ? Twelve from twenty-three ? 
Eleven from sixty-three ? Fifty-two from sixty-three ? Eleven 
from thirty-three ? Twenty-two from thirty-three ? Eleven 
from fifty-three ? Forty-two from fifty-three ? Eleven fi-om 
seventy-three ? Sixty-two from seventy-three ? Eleven from 
a hundred and twenty-three ? A hundred and twelve from a 
hundred and twenty-three ? Eleven from a thousand and thir- 
teen ? A thousand and two from a thousand and thirteen ? 

3. Four and three, how many ? Fourteen ani thirteen ? 
Thirty -four and thirteen ? Thirty-four and fifty-three ? A 
hundred and twenty-four and a hundred and fifty-three ? Four- 
teen from twenty-seven ? Thirteen from twenty-seven ? Thir- 
teen from forty -^even ? Thirty -four from forty-seven ? Thir- 
ty-four from eighty-seven ? Fifty-three from eighty-seven ? 
A hundred and twenty-four from two hundred and seventy- 
seven? A hundred and fifty-three from two hundred and 
seventy-seven ? 

4. Two and six, how many ? Twelve and sixteen ? Twelve 
and thirty-six ? Twenty-two and fifty-six ? Forty-two and 
fifty-six ? Thirty-two and forty-six ? A hundred and twenty- 
two and two hundred and forty -six ? Six from eight ? Two 
from eight ? Twelve from twenty-eight ? Sixteen from twenty- 
eight ? Twelve from forty-eight ? Thirty-six from forty-eight ? 
Twenty-two from seventy-eight ? Fifty-six from seventy-eight ? 
Forty-two from ninety-eight ? Fifty-six from ninety-eight ? 
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Thirty-two from seventy-eight ? Forty-six from seventy-eight ? 
A hundred and twenty-two from three hundred and sixty- 
eight ? Two hundred and forty-six from three hundred and 
sixty-eight ? 

5. Three and six, how many ? Thirteen and sixteen ? Twen- 
ty-three and thirty-six ? Twenty-six and fifly-three ? Forty- 
three and forty-six ? A hundred and thirty-three and forty-six ? 
Two hundred and twenty-six and three hundred and fifty-three ? 
Three from nine? Six from nine? Thirteen from twenty- 
nine ? Sixteen from twenty-nine ? Twenty-three from fifty- 
nine ? Thirty-six from fifty-nine ? Twenty-six from seventy- 
nine? Fifty-three from seventy-nine? Forty-three from 
eighty-nine ? Forty-six from eighty-nine ? Forty-six from a 
hundred and seventy-nine ? A hundred and thirty-three from 
a hundred and seventy-nine? Two hundred and twenty-six 
from five hundred and seventy-nine ? Three hundred and fifty- 
three from five hundred and seventy-nine ? 

6. Two and three, how many ? Twelve and thirteen ? Twelve 
and twenty-three ? Thirty-two and forty -three ? Twenty-two 
and fifty-three ? A hundred and thirty-two and forty-three ? 
Two hundred and seventy-three and twelve? Two from five? 
Three from five ? Twelve from twenty-five ? Thirteen from 
twenty-five? Twelve from thirty-five? Twenty-three from 
thirty-five ? Thirty-two from seventy-five ? Forty-three from 
seventy-five ? Twenty-two from seventy-five ? Fifty-three 
from seventy-five ? A hundred and thirty-two from a hundred 
and seventy-five ? Forty-three from a hundred and seventy- 
five ? Two hundred and seventy-three from two hundred and 
eighty-five ? Twelve from two hundred and eighty-five ? 

7. Eight and one, how many? Eighteen and eleven? 
Twenty-eight and thirty-one ? Seventy-eight and eleven ? 

JPwo hundred and eleven and three hundred and eight ? Two 
hundred and twenty-one and eighteen? Eight from nine? 
One from nine ? Eighteen from twenty-nine ? Eleven from 
twenty-nine ? Twenty-eight from fifty-nine ? Thirty-one from 
fifty-nine? Seventy-eight from eighty-nine? Eleven from 
eighty-nine ? Two hundred and eleven from five hundred and 
nineteen ? Three hundred and eight from five hundred and 
nineteen? Two hundred and twenty -one from two hundred 
and thirty-nine ? Eighteen from two hundred and thirty-nine ? 

8. Four and two, how many ? Fourteen and twelve ? Twen- 
ty-four and twelve ? Twenty-two and seventy-four ? A hun- 
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drfed and twelve and two hundred and fourteen ? Two hundred 
and two and eight hundred and forty-four ? Two from six ? 
Four from six? Fourteen from twenty -six? Twelve from 
twenty-six ? Twenty -four from thirty-six ? Twelve from thir- 
ty-six? Twenty-two from ninety-six? Seventy-four from 
ninety-six ? A hundred and twelve from three hundred and 
twenty-six ? Two hundred and fourteen from three hundred 
and twenty-six ? Two hundred and twenty-two from a thou- 
sand and sixty-six? Eight hundred and forty -four from a 
thousand and sixty-six ? 

9. Five and four, how many ? Fifteen and fourteen ? Thir- 
ty-four and fifteen ? Twenty-four and thirty -five ? Two hun- 
dred and twenty -five and three hundred and fourteen ? Three 
hundred and seventy-five and seven hundred and fourteen? 
Five from nine ? Four from nine ? Fifteen from twenty-nine ? 
Fourteen from twenty-nine? Thirty-four from forty-nine? 
Fifteen from forty-nine ? Twenty-four from fifty -nine ? Thir- 
ty-five from fifty -nine? Two hundred and twenty-five from 
five hundred and thirty-nine? Three hundred and fourteen 
from five hundred and thirty-nine ? Three hundred and seven- 
ty-five from a thousand and eighty-nine ? Seven hundred and 
fourteen from a thousand and eighty-nine ? 

10. Two and five, how many ? Twelve and fifteen ? Twen- 
ty-two and thirty-five ? Sixty-two and fifteen ? Two hundred 
and thirty- two and fifteen ? Four hundred and twelve and six 
hundred and fifteen? Two from seven? Five from seven? 
Twelve from twenty-seven ? Fifteen from twenty-seven ? Twen- 
ty-two from fifty-seven ? Thirty-five from fifty-seven ? Sixty- 
two from seventy-seven ? Fifteen from seventy-seven ? Two 
hundred and thirty-two from two hundred and forty-seven? 
Fifteen from two hundred and forty-seven ? Four hundred 
and twelve from a thousand and twenty-seven ? Six hundred 
and fifteen from a thousand and twenty-seven ? 

11. Five and three, how many? Fifteen and thirteen? 
Twenty-five and thirty-three ? A hundred and fifteen and a 
hundred and fifty-three? Two hundred and forty-five and 
eight hundred and thirteen? Five from eight? Three from 
eight? Fifteen from twenty-eight? Thirteen from twenty- 
eight ? Twenty-five from fifty-eight ? Thirty-three from fifty- 
eight ? A hundred and fifteen from two hundred and sixty- 
eight? A hundred and fifty-three from two hundred and 
eixty-eight ? Two hundred and forty-five from a thousand and 
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Bizty-eight ? Eight hundred and thirteen from a thousand and 
sixtj-eight? 



Section VIL Practical Questions. 

[This section is the first that requires very close attention 
on the part of the pupils. The class, therefore, should once 
more be warned that the questions are not to be repeated, one 
of the main objects of the course being to make good and 
correct listeners.] 

1. John picked up an apple in the orchard. His father gave 
him another. How many apples had he then ? Ans, John 
had then two apples. How do you know ? Because he picked 
up one in the orchard, and his father gave him one, and one 
and one make two. [Let the Practical Questions be resolved 
in this manner throughout. Use the frame when the child is 
at a loss.] 

2. William's father gave him two plums, and his mother 
gave him two. How many plums did they both give him ? 
Ans, They both gave him plums. How do you know ? 

3. If an orange cost five cents, and an apple two cents, how 
many cents will both cost ? How do you know ? How many 
will the orange cost more than the apple ? How do you know ? 
Ans, Because the orange cost five cents, and the apple two, 
and the diflference between five and two is three. 

4. Kobert had six nuts, and gave two of them to his sister. 
How many had he left ? Why ? 

5. If you had seven nuts in the one hand, and four in the 
other, how many would you have in the one more than in the 
other ? How many in both hands ? [Repeat " Why ? " after 
every question.] 

6. A man had four apples, which he divided equally be- 
tween his two boys. How many did he give them apiece ? 

7. A lady gave two apples to each of her three children. 
How many did she give to them all ? 

8. A man bought six peaches, and divided them equally 
among his three children. How many did they get apiece ? 

9. William gave two nuts to each of his three brothers. 
How many did he give to them all ? 

10. If you had six cents in one pocket, and five cents in 
another, how many would you have in both ? 

3* 
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. 11. If you had eleven cents, and were to pay away tliree, 
how many would you have remaining ? 

12. There were four boys, each of whom had three cents. • 
How many had they altogether ? 

13. A lady, who had five children, wished to divide fifteen 
apples equally among them. How many would they get apiece ? 

14. A man, who had twenty-eight dollars in his pocket, paid 
away five of them for a barrel of flour. How much had he 
left? 

15. John had sixteen marbles in a bag, and four in one of 
his pockets. How many were in both ? How many nwre in 
the bag than in the pocket ? 

16. James gathered nineteen apples, and put them in a bas- 
ket to carry them home ; but, when he got there, he found 
only fifteen in the basket. How many had he lost out ? 

17. A man owing thirty-seven dollars, paid all but seven 
dollars. How much did he pay ? 

18. A man bought three calves for six dollars each. What 
did they cost him ? If he were to sell them for twenty dollars, 
how much would he gain ? 

19. A merchant bought a firkin of butter for twelve dollars ; 
but, as it was found to be damaged, he had to sell it for eight 
dollars. How much did he lose ? 

20. Three girls one day counted their needles, and put them 
into one cushion : one had five, another four, and the third 
eight. How many needles had they amongst them ? 

21. When the girls had finished sewing, they found that six 
of the needles had been broken, and agreed to share the loss 
equally among them. How many did each of them get, and 
how many had they in the whole ? 

22. A boy had twenty apples, which he divided among his 
companions as follows : to one he gave three ; to another two ; 
to another four ; and to another five. How many did he give 
away, and how many had he left ? 

23. A man went to a provision store, and bought three 
pounds of beef for eighteen cents, and four pounds of mutton ^ 
for twenty cents. He gave the man fifty cents. How much 
change should he receive ? v 

24. A man bought a cabbage for five cents, some turnips for 
eight cents, some carrots for six cents, and a head of celery for 
five cents, and gave the owner a twenty-five cent piece to pay 
for them. What was his change ? 



t 
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25. A man bought a skigh for fifteen dollars, and gave nine 
dollars to have it repaired and painted. He hired it to one of 
his neighbors for a few days for a dollar, and to another for a 
month for four dollars. He then sold it for twenty dollars. 
Did he gain or lose by the bargain, and how much ? 

26. Dick had twenty-five plums ? He gave seven of them 
to Harry, and half of the rest to John. How many had each 
of them then ? 

27. A boy had twenty-five cents. He bought two oranges 
at six cents each, four apples at one cent each, and a lemon for 
four cints. How much money had he left ? 

28. Dick had ten peaches, Harry twelve, and Charles thir- 
teen : Dick gave three to Stephen, Harry gave him six, and 
Charles gave him five. How many had Stephen, and how many 
had each left ? 

29. A boy, having received fifty cents for his work, bought 
a slate for ten cents, two pencils for a cent, a book of arithme- 
tic for fifteen cents, and a book of geography for twenty cents. 
How many cents had he left ? 

80. John, having received fifty cents from his father, bought 
one of the Bollo books for twenty cents. His mother then 
gave him twenty-five cents, after which he bought for his sister 
one of the Lucy books for twenty cents, and a ribbon for six 
cents. How many cents had he left, and how many more did 
he spend for his sister than for himself? 



Section VII. — Increase and Decrease by Large Numbers j 
the Units causing a change in the Tens, 

1. Four and six, how many? Fourteen and sixteen? 
[Show, on the frame, that, when the units amount to ten or more, 
the number of ty or tens is increased by one.] Thirty-four 
and sixteen ? Twenty-four and twenty-six ? Thirty-four and 
twenty-six ? Fifty-four and twenty-six ? Forty-four and thir- 
ty-six ? Thirty-four and twenty-six ? Eighty-six and four- 
teen ? A hundred and twenty-four and sixteen ? Five hun- 
dred and fourteen and a hundred and sixteen ? Fourteen from 
thirty ? [Here show, on the frame, that, when there are not a 
sufficiency of units for the subtraction, one of the tens must be 
broken. Eopeat illustrations of this kind on the frame wher- 



32 OUAL ABrCBM SnO. [CBAP. X. 

ever necessary.] Sixteen from thirty? Sixteen from fifty? 
Thirty-four from fifty ? Twenty-six from fifty ? Thirty-four 
from sixty? Twenty-six from eighty? Forty-four from 
eighty ? Thirty-four from ninety ? Eighty -six from a hun- 
dred ? A hundred and twenty-four from a hundred and forty ? 
A hundred and sixteen from six hundred and thirty ? 

2. Eight and five, how many ? Eighteen and fifteen ? Twen- 
ty-eight and thirty-five ? Forty-eight and forty-five ? Twenty- 
eight- and sixty-five ? Sixty-eight and fifteen ? A hundred 
and eighteen and a hundred and fifteen ? Five hundred and 
twenty-eight and a hundred and fifteen ? Five from thirteen ? 
Eight from thirteen ? Eighteen from thirty-three ? Twenty- 
eight from sixty "three ? Forty-five from ninety-three ? Twen- 
ty-eight from ninety-three? Fifteen from eighty -three? A 
hundred and eighteen from two hundred and thirty-three ? A 
hundred and fifteen from six hundred and forty-three ? 

3. Seven and four, how many ? Seventeen and fourteen ? 
Twenty-seven and fifty-four? Thirty-seven and fifty-four? 
Thirty-seven and twenty-four ? Sixty-seven and twenty-four ? 
A hundred and seventeen and thirty-four ? A hupdred and 
fifty-seven and thirty-four? Two hundred and thirty-seven 
and three hundred and fourteen ? Fourteen from thirty-one ? 
Twenty-seven from eighty-one ? Thirty-seven from sixty-one ? 
Twenty-four from sixty-one? Twenty-four from ninety-one? 
A hundred and seventeen from a hundred and ninety-one ? A 
hundred and seventeen from a hundred and fifty-one? Thirty- 
four from a hundred and ninety-one ? Two hundred and thir- 
ty-seven from five hundred and fifty-one ? Three hundred and 
fourteen from ^ye hundred and fifty-one ? 

4. Six and six, how many ? Sixteen and twenty-six ? Six- 
teen and sixteen? Thirty-six and forty-six? Fifty-six and 
twenty -six ? Sixteen and fifty -six ? A hundred and sixteen 
and a hundred and twenty-six ? Three hundred and sixteen 
and two hundred and fifty-six ? Six from twelve ? Sixteen 
from forty-two ? Forty-six from eighty-two ? Fifty-six from 
eighty-two? Sixteen from seventy-two? A hundred and 
twenty-six from two hundred and forty-two ? Three hundred 
and sixteen from five hundred and seventy -two ? Two hundred 
and fifty-six from five hundred and seventy-two ? 

5. Seven and eight, how many ? Seventeen and eighteen ? 
Seventeen and forty-eight ? Twenty-seven and fifty-eight ? A 
hundred and twenty-seven and eighteen ? Two hundred and 
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Beventeen and fivef hundred and thirty-eight ? Five hundred 
and thirty-seven and three hundred and forty-eight ? Seven 
from fifteen ? Eighteen from thirty-five ? Seventeen from 
sixty-five? Fifty-eight from eighty-five? Twenty-seven from 
eighty-five ? Eighteen from a hundred and forty-five ? Two 
hundred and seventeen from seven hundred and fifty-five? 
Five hundred and thirty-seven from eight hundred and eighty- 
five ? Three hundred and forty-eight from eight hundred and 
eighty.five? 

6. Nine 'and four, how many? Nineteen and fourteen? 
Nineteen and twenty -four ? Thirty-nine and thirty-four ? A 
hundred and twenty-nine and a hundred and fourteen ? Two 
hundred and nineteen and three hundred and thirty-four ? Nine 
from thirteen ? Four from thirteen ? Nineteen from thirty- 
three ? Twenty-four from forty-three ? Thirty-nine from sev- 
enty-three ? Thirty-four from seventy-three ? A hundred and 
fourteen from two hundred and forty-three ? Two hundred and 
nineteen from five hundred and fifty-three? Three hundred 
and thirty-four from five hundred and fifty-three ? 

7. Six and eight, how many ? Sixteen and eighteen ? Six- 
teen and thirty-eight ? Seventy-six and eighteen ? A hundred 
and sixteen and nine hundred and eighteen ? Two hundred and 
thirty-six and two hundred and thirty-eight ? Six hundred and 
sixteen and a hundred and twenty-eight ? Six from fourteen ? 
Eight from fourteen ? Sixteen from thirty-four ? Sixteen from 
fifty -four? Eighteen from ninety-four? Seventy-six from 
ninety-four? A hundred and sixteen from a thousand and 
thirty-four ? Two hundred and thirty-leight from four hundred 
and seventy-fi)ur ? Six hundred and sixteen from seven hun- 
dred and forty-four ? A hundred and twenty -eight from seven 
hundred and forty-four ? 

8. Nine and seven, how many ? Nineteen and seventeen ? 
Forty-nine and seventeen ? Sixty-nine and twenty-seven ? 
Thirty-nine and forty-seven ? Two hundred and nineteen and 
a. hundred and forty -seven? Four hundred and nineteen and 
five hundred and seventeen ? Nine from sixteen ? Seven 
from sixteen? Nineteen from thirty-six? Seventeen from 
thirty-six ? Seventeen from sixty-six ? Sixty-nine from nine- 
ty-six ? Forty -seven from eighty-six ? A hundred and forty- 
seven from three hundred and sixty-six ? Four hundred and 
nineteen from nine hundred and thirty-six ? Five hundred and 
Boventeen from nine hundred and thirty-six? 
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9. Two and nine, how many ? Twelve and nineteen ? Thir- 
ty-two and nineteen? Sixty-two and twenty-nine? A hun- 
dred and twelve and nineteen ? Two hundred and fifty-two and 
two hundred and thirty-nine ? Three hundred and thirty-two 
and three hundred and thirty-nine ? A hundred and twelve 
and nine hundred and nineteen? Two from eleven? Nin^ 
from eleven ? Nineteen from thirty-one ? Thirty-two from 
fifty-one ? Sixty-two from ninety -one ? A hundred and twelve 
from a hundred and thirty-one ? Two hundred and fifty-two 
from four hundred and ninety-one ? Three hundred and thirty- 
nine from six hundred and seventy -one ? • A hundred and 
twelve fi-om a thousand and thirty-one ? Nine hundred and 
nineteen from a thousand and thirty-one ? 

10. Five and nine, how many? Fifteen and nineteen? 
Twenty-five and thirty-nine ? Sixty-five and twenty-nine ? A 
hundred and five and three hundred and nineteen ? Six hun- 
dred and fifteen and two hundred and fifty-nine ? Five from 
fourteen? Nine from fourteen? Fifteen from thirty-four? 
Thirty-nine from sixty-four ? Twenty-nine from ninety-four ? 
A hundred and five from four hundred and twenty-four ? Six 
hundred and fifteen from eight hundred and seventy-four? 
Two hundred and fifty-nine from eight hundred and seventy- 
four ? 



Section YIII. — Addition Circles, 

[Explanation. — Addition circles are formed by adding a 
number confinually to itself, dropping the hundreds, till we 
return to the number with which we conunenced. Take, for 
instance, 9, 18, 27, 36, 45, 54, 63, 72, 81, 90, 99, 108, then 
omit the hundreds, 17, 26, &c. Each circle should be recited 
again and again, till it can be repeated as fast as the words can 
be spoken. The circles for 7 and 3 may be formed in the same 
manner as for 9. The even numbers and 5 must be managed 
somewhat difierently, to insure sufficient variety. As the repe- 
tition of 5 will only give fives and ciphers in the unit's place, 
after repeating the circle sufficiently with that number, com- 
mence the circle again with the other digits. Thus, commencing 
with 1 gives 6, 11, 16, &e., with 2 gives 7, 12, 17, &c., and so 
with the other digits. In forming oircles with the even num- 
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bers, in order that tihere may be sufficient yarietj, it will 
be necessary to commence at least twice, namely, once with an 
odd figure, and once with an even one. The exercises that fol- 
low increase in difficulty, nearly in the order in which they are 
arranged. They will be formed with more ease, if the pupil 
observes that the addition of 9, 19, 29, &c., to any number 
diminishes the number of units by 1 ; the addition of 8, 18, 
&c., by 2, and 7, &c., by 3. It may also be noticed that 
the addition of 1, 11, 21, &c., 2, 12, 22, &c., 3, 13, 23, &c., 
increase the units by 1, 2, and 3, respectively.] 

1. Form an addition circle with 9 ; with 7 ; with 3 ; drop- 
ping the hundreds ; and continuing the process till the pupil 
again arrives at the number 9, or 7, or 3, with which he com-r 
menced. 

2. Form a circle with 5, commencing with that number. 
Form it again, commencing with 6 ; with 7 ; with 8 ; with 9. 

3. Form addition circles with 2, 4, 6, 8 ; commencing, the 
first time, with these numbers severally ; afterwards, with an 
additional 1, 3, 5, or 7. 

4. Form addition circles with 11, 12, 13, 19, 18, 17, 16, 15, 
in a similar manner as with the single digits. 

5. Form circles with the numbers 21 to 29, varying the 
commencement by the addition of other numbers as above, 
especially the even numbers and 25. 

[These exercises ought to be repeated till the circles can be 
recited rapidly and without hesitation.] 



Section IX. — Increase and Decrease by Large Numbers, the 
Tens causing a change in tJie Hundreds, 

1. Seventy and seventy, how many ? [A hundred and forty. 
Why? Because seventy and seventy m&ke fourteentjy and as 
ten ty make a hundred, fourteen ty are a hundred and forty. 
Bepeat this idea in the following questions, till the principle is 
sufficiently familiar to the class, when the questions may bo 
answered in the 2isiud terms,] Ninety and forty ? [Ans, A 
hundred and thirty. Why, &c. ? Some pupils will add num- 
bers like these more rapidly by subtracting a sufficient number 
of ty from the smaller number to increase the larger number to 
100. Thus, 80+70=170—20=150; 90+40=140—10=-*. 
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130; 84+42=146—20=126; 365+253=668—40=618. 
Observe, however, that omt of the tioo steps in each of the above 
operations should be dropped as superflaous after a little prac- 
tice.] Sixty and fifty ? Eighty and ninety ? Forty-two and 
eighty-four ? Thirty-six and eighty-two ? Fifty-four and six- 
ty-two ? Seventy-eight and eighty-one ? A hundred and fifty 
and seventy ? [Explain again, if any hesitation here.] Two 
hundred and eighty and a hundred and sixty ? Three hun- 
dred and sixty-five and two hundred and fifty-three ? 

2. Seventy from a hundred and forty ? [A hundred and 
forty being the same as fourteen ty, this question is, in fact, 
seventy from fourteenij, which is seventy,] Ninety from a 
hundred and thirty ? Forty-two from a hundred and twenty- 
six ? Fifty-four from a hundred and sixteen ? Seventy -eight 
from a hundred and fifty-nine ? A hundred and sixty from 
four hundred and forty ? Three hundred and sixty -four from 
six hundred and eighteen ? 

3. Sixty and eighty, how many ? Seventy-three and forty- 
five ? Seventy-two and seventy-six ? Thirty-six and ninety- 
three? Five hundred and forty-six and two hundred and 
ninety-one ? Five hundred and forty-six and two hundred and 
ninety-two ? [Seven hundred and thirteenty-eight, or, &c.] 
Three hundred and eighty-eight and two hundred and forty- 
one ? [Five hundred and tivelvety-mne, or, &c.] Sixty from 
a hundred and forty ? [or faurteenty .] Forty-five from a hun- 
dred and eighteen ? [or deventy 'eight.] Seventy-two from a 
hundred and forty-eight? Thirty -six from a hundred and 
twenty-nine? [twelvety-nine.] Two hundred and ninety-two 
from eight hundred and thirty-eight? [seven hundred and 
thirte^nty-eight.] Three hundred and eighty-eight from six 
hundred and twenty-nine ? [five hundred and twelvety-nine.] 

4. Ninety and eighty, how many ? Seventy-three and sixty- 
two ? Eighty-three and ninety-six ? A hundred and fifty-four 
and two hundred and eighty-two ? Three hundred and twenty- 
nine and two hundred and ninety ? Four hundred and twenty- 
two and five hundred and thirty-three ? Ninety from a hun- 
dred and seventy? [seventeen ty.] Eighty from a hundred 
and seventy? Sixty-two from a hundred and thirty-five? 
[thirteenty-five.] Eighty-three from a hundred and seventy- 
nine ? [seventeenty-nine.] Two hundred and eighty-two from 
four hundred and thirty-six ? [three hundred and thirteen ty- 
six.] Two hundred and ninety from six hundred and nine- 



S£CT. IX.] ORAL ASITHMSTIC. 37 

teen? [five hundred and eleventy-nineu] Four hundred and 
twenty-two from a thousand and fifty-five ? [nine hundred and 
fifteenty-five.J 

5. Seventy and sixty, how many ? Sixty-two and eighty-two ? 
Two hundred and thirty-six and a hundred and eighty-two ? 
Two hundred and seventy-one and two hundred and eighty-four? 
Six hundred and ninety-five and three hundred and seventy- 
three? Seventy from a hundred and thirly? [thirteenty.] 
Sixty-two from a hundred and forty-four ? Two hundred and 
eighty-two from four hundred and eighteen ? [three hundred 
and eleventy-eight.] Two hundred and seventy-one from five 
hundred and fifty-five ? Six hundred and ninety-five from a 
thousand and sixty-eight? [nine hundred and sixteenty- 
eight.] 

6. Sixty-three and seventy-two, how many ? Two hundred 
and fifty-four and three hundred and sixty-five ? Four hun- 
dred and seventy-two and two hundred and fifty-three ? Eight 
hundred and fifteen and a hundred and ninety-four? Sixty- 
three from a hundred and thirty-five? Two hundred and 
fifty -four from six hundred and nineteen ? Four hundred and 
seventy- two from seven hundred and twenty-five ? A hundred 
and ninety-five from a thousand and nine? Eight hundred 
and fifteen from a thousand and nine ? 

7. Forty-two and ninety-three, how many? Two hundred 
and sixty-seven and three hundred and sixty-one ? Four hun- 
dred and forty-three and three hundred and ninety-four ? Five 
hundred and seventy-eight and three hundred and sixty-one ? 
Forty-two from a hundred and thirty-five ? Two hundred and 
sixty-seven from six hundred and twenty-eight ? Three hun- 
dred and ninety-four from eight hundred and thirty-seven ? 
Five hundred and seventy-eight from nine hundred and thirty- 
nine ? 

8. Seventy-six and forty-three, how many ? Two hundred 
and fifty -six and six hundred and eighty-three ? Four hun- 
dred and ninety-six and two hundred and sixty-three ? Eight 
hundred and seventy-six and ninety-three ? Two hundred and 
forty-six and six hundred and eighty-three ? Seventy-six from 
a hundred and nineteen ? Forty-three from a hundred and 
nineteen ? Six hundred and eighty-three from nine hundred 
and thirty-nine? Four hundred and ninety -six from seven 
hundred and fifty-nine? Ninety-three from nine hundred 
and sixty-nine ? Six hundred and eighty-three from nine hun- 

4 



{ 
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dred and thirty-nine ? Two hundred and fortj-siz from nine 
hundred and thirty-nine ? 



Section X. — Increase arid Decrease by Large Numbers^ the 
Units causing a change in the Tens, and the Tens in the 
Hundreds. 

1. SEVENTT-nino and sixty-five, how many ? Two hundred 
and thirty-nine and three hundred and eighty-five ? A hundred 
and fifty -nine and three hundred and eighty-five ? Three hun- 
dred and seventy-nine and two hundred and eighty-five ? Four 
hundred and fifly-nine and four hundred and fifty -five ? Sev- 
enty-nine from a hundred and forty-four ? Sixty-five from a 
hundred and forty-four ? Three hundred and eighty-five from 
six hundred and twenty-four ? Three hundred and eighty -five 
from five hundred and forty-four ? Two hundred and eighty- 
five from six hundred and sixty-four ? Four hundred and 
fifty -five from nine hundred and fourteen ? Four hundred and 
fifby-nine from nine hundred and fourteen ? 

2. Sixty-three and eighty-seven, how many ? Two hundred 
and seventy-three and ninety -seven ? Five hundred and 
twenty -three and two hundred and eighty-seven ? Seven hun- 
dred and fifty-three and two hundred and sixty-seven ? Six 
hundred and forty-three and two hundred and eighty-seven ? 
Seven hundred and fifty-three and two hundred and sixty- 
seven? Six hundred and forty-three and two hundred and 
eighty-seven ? Five hundred and thirty-three and four hun- 
dred and sixty-seven ? Sixty-three from a hundred and fifty ? 
Eighty-seven from a hundred and fifty ? Two hundred and 
seventy-three from three hundred and seventy ? Two hundred 
and eighty-seven from eight hundred and ten ? Two hundred 
and sixty-seven from a thousand and twenty ? Six hundred 
and forty-three from nine hundred and thirty ? Four hundred 
and sixty-seven from a thousand ? 

3. Fifty-six and sixty-seven, how many? Two hundred and 
sixty-six and a hundred and eighty -seven ? Three hundred and 
thirty-six and two hundred and eighty-seven ? Four hundred 
and forty-six and two hundred and ninety-seven ? Eight hun- 
dred and eighty-six and fifty-seven ? Four hundred and seven- 
ty-six and three hundred and eighty-seven ? Fifty-six from a 
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hundred and twenty-three ? Sixty-seven from a hundred and 
twenty-three ? A hundred and eighty-seven from four hundred 
and fifty-three ? Three hundred and thirty-six from six hun- 
dred and forty -three? Two hundred and ninety-seven from 
seven hundred and forty-three ? Fifly-seven from nine hundred 
and forty-three ? Three hundred and eighty-seven from eight 
hundred and sixty -three ? Four hundred and seventy-six from 
eight hundred and sixty-three ? 

4. Eighty-nine and thirty-six, how many ? Two hundred and 
fifty-nine and two hundred and fifty-six ? Five hundred and 
nineteen and three hundred and eighty-six ? Seven hundred 
and thirty-nine and two hundred and ninety-six ? Six hundred 
and sixty -nine and two hundred and thirty-six ? Five hundred 
and forty-nine and four hundred and eighty-six ? Thirty-six 
from a hundred and twenty-five ? Eighty-nine from a hundred 
and twenty-five ? Two hundred and fifty-six from five hundred 
and fifteen ? Three hundred and eighty-six from nine hundred 
and five ? Two hundred and ninety-six from a thousand and 
thirty-five? Six hundred and sixty-nine from nine hundred 
and five ? Four hundred and eighty-six from a thousand and 
thirty-five ? Five hundred and forty-nine from a thousand and 
thirty-five ? 

5. Twenty-seven and ninety-four, how many ? Three hun- 
dred and thirty-seven and three hundred and sixty-four? 
Five hundred and seventy-seven and three hundred and fifry- 
four ? Two hundred and seven and two hundred and ninety- 
four? Three hundred and sixty-four and two hundred and 
forty-seven? Ninety-four from a hundred and twenty-one? 
Twenty-seven from a hundred and twenty-one ? Three hun- 
dred and thirty-seven from seven hundred and one ? Three 
hundred and fifty-four from nine hundred and thirty-one ? Two 
hundred and ninety-four from five hundred and one? Two 
hundred and forty-seven from six hundred and eleven ? Three 
hundred and sixty-four from six hundred and eleven ? 

6. Thirty-four and eighty-eight, how many ? Two hundred 
and sixty-four and a hundred and fifty-eight ? Three hundred 
and ninety -four and two hundred and sixty-eight ? A hundred 
and seventy-four and two hundred and seventy-eight? A hun- 
dred and fourteen and six hundred and eighty-eight ? Thirty- 
four from a hundred and twenty-two ? Eighty-eight from a 
hundred and twenty-two ? Two hundred and sixty-four from 
four hundred and twenty-two? Three hundred and ninety- 
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four from six hundred and sixty-two? Two hundred and 
seventy-eight from four hundred and fifty-two ? A hundred 
and fourteen from eight hundred and two ? 

7. Thirty-four and nineteen, how many ? Ninety-four and 
ninety-nine? Two hundred and sixty-four and two hundred 
and thirty-nine? Five hundred and twenty -four and three 
hundred and eighty-nine ? Two hundred and seventy-four and 
three hundred and sixty-nine ? Six hundred and eighty-four 
and two hundred and forty-nine ? A hundred and four and 
three hundred and ninety-nine ? Thirty-four from fifty-three ? 
Nineteen from fifty-three ? Ninety-four from a hundred and 
ninety-three ? Two hundred and sixty-four from five hundred 
and three? Three hundred and sixty-nine from six hundred 
and forty-three ? Two hundred and forty-nine from nine hun- 
dred and thirty-three ? A hundred and four from five hun- 
dred and three? Three hundred and ninety-nine from five 
hundred and three ? 

8. Sixty-five and forty-seven, how many ? Thirty -five and 
a hundred and eighty-seven ? Two hundred and sixty-five and 
three hundred and seventy-seven ? Four hundred and ninety- 
five and five hundred and forty-seven ? A hundred and fifteen 
and two hundred and ninety-seven ? Three hundred and forty- 
five and a hundred and sixty-seven ? Two hundred and eighty- 
five and six hundred and forty-seven ? Sixty -five from a hun- 
dred and twelve ? Forty-seven from a hundred and twelve ? 
Two hundred and sixty-five from six hundred and forty-two ? 
Four hundred and ninety-five from a thousand and forty-two ? 
Three hundred and forty-five from five hundred and twelve ? 
Six hundred and forty-seven from nine hundred and thirty- 
two ? Two hundred and eighty-five from nine hundred and 
ihirty-two ? 

9. Thirty-six and eighty-eight, how many ? Two hundred 
and fifty-six and seventy-eight ? Three hundred and forty-six 
and a hundred and seventy-eight ? A hundred and ninety -six 
and four hundred and eighteen? Six hundred and forty-six 
and three hundred and fifty-eight ? Two hundred and sixteen 
and three hundred and eighty-eight ? Five hundred and twen- 
ty-six and three hundred and ninety -eight ? Thirty-six from a 
hundred and twenty-four? Eighty-eight from a hundred and 
twenty -four ? Two hundred and fifty -six from three hundred 
and thirty-four ? Three hundred and forty-six from five hun- 
dred and twenty-four ? A hundred and ninety-six from six 
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Hundred and fourteen ? Three hundred and fifty-eight from a 
1,41V, sand id four ? Three hundred and eight j-eight from six 
hundi^w. and four ? Three hundred and ninety-eight from nine 
hundred and twenty-four ? Five hundred and twenty-six from 
nine hundred and twenty-four ? 

10. Forty-five and seventy-five, how many ? A hundred and 
twenty^ve and a hundred and ninety-five? Sixty-five and 
eight hundred and eighty-five ? Two hundred and thirty-five 
and three hundred and seventy-five ? Six hundred and fifty- 
five and three hundred and forty-five ? Eight hundred and 
sixty-five and a hundred and seventy-five ? Four hundred and 
SQventy-five and two hundred and eighty -five ? Forty-five from 
a hundred and tweiity? Eighty-five from a hundred and 
twenty ? A hundred and twenty-five from three hundred and 
twenty ? Sixty-five from nine hundred and fifty ? Two hun- 
dred and thirty-five from six hundred and ten? Six hundred 
and fifty-five from a thousand ? Eight hundred and sixty-five 
from a thousand and forty ? Four hundred and seventy-five 
from seven hundred and sixty ? Two hundred and eighty-five 
irom seven hundred and sixty ? 



Section XI. — MisceUa^ieous. 

1. NiNETT-ssvEN and six, how many ? A hundred and forty- 
four and two hundred and forty-three? Two hundred and 
sixty-five and three hundred and seventy-two ? Five hundred 
and ninety-seven and two hundred and forty-eight ? Two hun- 
dred and sixty-five and six hundred and forty-seven ? Two 
hundred and fifty-eight and four hundred and fifty-seven ? Six 
from a hundred and three? Ninety-seven from a hmidred 
and three ? A hundred and forty-four from three hundred and 
eighty-seven ? Three hundred and seventy -two from six hun- 
dred and thirty-seven ? Two hundred and forty-eight from 
eight hundred and forty -five? Six hundred and forty-seven 
from nine hundred and twelve ? Four hundred and fifty -seven 
from seven hundred and fifteen ? Two hundred and fifty -eight 
from seven hundred and fifteen ? 

2. Seventy-five and eighty-seven, how many ? Two hundred 
and five and three hundred and ninety-seven ? Three hundred 
and fifty-four and five hundred and twenty-three? Two hun- 

4# 
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dred and sixty-eight and seven hundred and thirt j-six ? Three 
hundred and thirty-two and two hundred and fifty-four ? Four 
hundred and twenty-nine and three hundred and eighty-eight ? 
Seventy-five from a hundred and sixty-two? ^I^ghty-seven 
from a hundred and sixty-two? Three hundred and ninety- 
seven from six hundred and two ? Five hundred and twenty- 
three from eight hundred and seventy-seven ? Seven hundred 
and thirty-six from a thousand and four ? Two hundred and 
fifty-four from five hundred and eighty-six? Three hundred 
and eighty-eight from eight hundred and seventeen? Three 
hundr^ and twenty-nine from eight hundred and seventeen ? 

3. Thirty-six and ninety-eight, how many ? Four hundred 
and eleven and two hundred and seventeen? Five hundred and 
thirty-six and two hundred and eighty-eight ? Three hundred 
and five and six hundred and eighteen? Five hundred and 
fifty-two and four hundred and eighty-nine ? Six hundred and 
thirty-seven and two hundred and eighty^eight ? Thirty-six 
from a hundred and thirty-four ? Ninety-eight firom a hundred 
and thirty-four ? Two hundred and seventeen from six hundred 
and twenty-eight ? Two hundred and eighty-eight from ei^t 
hundred and twenty-four ? Six hundred and eighteen from nine 
hundred and twenty-three ? Four hundred and eighty-nine from 
a thousand and forty-one ? Two hundred and eighty-eight from 
nine hundred and twenty-five ? Six hundred and thirty-seven 
from nine hundred and twenty-five ? 

4. Ninety-eight and seventy -four, how many ? Three hun- 
dred and fifty-seven and three hundred and sixty-two ? Two 
hundred and forty^eight and three hundred and eighty-five? 
Five hundred and twenty-six and four hun(ked and twenty-one ? 
Seven hundred and thirty-eight and two hundred and eighty- 
nine ? Seventy-four from a hundred and seventy-two ? Ninety- 
eight from a hundred and seventy-two ? Three hundred and 
sixty-two from seven hundred and nineteen? Three hundred 
and eighty-five from six hundred and forty-three ? Four hun- 
dred and twenty-one from nine hundred and forty-seven ? Two 
hundred and eighty-nine from a thousand and twenty-seven ? 
Seven hundred and thirty-eight from a thousand and twenty- 
seven ? 

5. Seventy-two and ninety-nine, how many ? A hundred and 
fifty-six and a hundred and forty-two ? A hundred and fifty- 
si^ and two hundred and eighty-seven ? Two hundred and 
9eventy-6ix aiid three hundred and forty-eight ? Eight hundred 
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and seventeen and two hundred and fifteen ? A handled and 
forty-six and two himdred and twenty-two? Three hundred 
and fifty-seven and two hundred and forty-nine ? Ninety-nine 
from a hundred and seventy-one ? Seventy-two from a hundred 
and seventy-one ? A hundred and forty-two from two hundred 
and ninety-eight? Two hundred and eighty-seven from four 
hundred and ^rty-three ? Three hundred and forty-eight firom 
six hundred and twenty-four? Two hundred and fifteen iron, 
a thousand and thirty-two? A hundred and forty-six from 
three hundred and sixty-eight ? Three hundred and fifty-seven 
from six hundred and six ? 

6. Sixty-five and thirty-four, how many ? A hundred and 
twenty-six and two hundred and thirty-seven ? Two hundred 
and fifty-four and three hundred and sixty-seven ? Four hun- 
dred and thirty-eight and two hundred and twenty-one ? Six 
hundred and forty-five and three hundred and twenty-seven ? 
Two hundred and fifty-four and six hundred and seventy-one ? 
Sixty-five from ninety-nine ? Thirty-four from ninety-nine ? A 
hundred and twenty-six from three hundred and sixty-three ? 
Two hundred and fifty-four from six hundred and twenty-one? 
Four hufidred and thirty-eight from six hundred and fifty-nine ? 
Six hundred and forty-five from nine hundred and seventy-two ? 
Two hundred and fifty^four from nine hundred and twenty-five ? 
Six hundred and seventy-one from nine hundred and twenty- 
five? 

7. Twenty-seven and thirty-three, how many ? A hundred 
and fifty-six and a hundred and fifty-nine ? Two hundred and 
thirty-eight and three hundred and seventy-nine ? Two hun- 
dred and sixty-five and a hundred and twenty-one ? Four hun- 
dred and forty-six and three hundred and thirty-two ? Five 
hundred and twenty-seven and two hundred and eighty-eight ? 
Six hundred and ninety-two and a hundred and seventeen? 
Twenty-seven from sixty ? Thirty-three from sixty ? A hun- 
dred and fifty-six from three hundred and nine ? Two hundred 
and thirty-eight from six hundred and seventeen ? Two hun- 
dred and sixty -five from three hundred and eighty-six ? Four 
hundred and forty-six from seven hundred and seventy-eight ? 
Five hundred and twenty-seven from eight hundred and fif- 
teen? Six hundred and ninety-two from eight hundred and 
nine? 

8. Thirty-nine and fifty-eight? A hundred and sixty-five 
and two hundred and thirty-nine ? Five hundred and twenty 
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three and three hundred and Biztjr-six ? Two hundred and 
forty-five and a hundred and eight j-nine ? Six hundred and 
twenty and four hundred and twenty-six ? Five hundred and 
eight and four hundred and ninety -nine? A hundred and 
sixty-two and three hundred and eighty-nine ? Thirty-nine from 
ninety-seven ? Fifty-eight from ninety-seven ? A hundred and 
sixty-five from four hundred and four? Five hundred and 
twenty-three from eight hundred and eighty-nine ? Two hun- 
dred and forty-five from four hundjred and thirty-four ? Six 
hundred and twenty from eight hundred and forty-six ? Five 
hundred and eight from a thousand and seven? A hundred 
and sixty-two firom five hundred and fifly-one ? Three hundred 
and eighty-nine from five hundred and fifty-one ? 



Section XII. — Increase and Decrease hy more than ome 

NuT/iber, 

[In the questions requiring subtraction below, the teacher 
can either direct his pupils to take the smaller number from 
the sum of the larger, or to subtract them separately, Gl?he 
former is the easier method; the latter will insure more mental 
discipline.] 

1. Two, and three, and five, how many ? Five, and four, 
and eight ? Six, and nine, and ten ? Fourteen, and nine, and 
five ? Sixteen, and fourteen, and eight, less six ? Twenty, and 
eight, less five, and thirteen ? From ten take five and three ? 
From ten take two and three ? From ten take two and five ? 
From seventeen take eight and four ? From seventeen take 
five and four ? From seventeen take eight and five ? From 
twenty-five take nine and ten ? From twenty-five take six and 
nine? From twenty -five take six and ten? From twenty- 
eight take nine and five ? From twenty-eight take fourteen and 
nine? From twenty-eight take fourteen and five? From 
thirty-two take fourteen and eight less six ? From thirty-two 
take sixteen and fourteen ? From thirty-two take sixteen and 
eight less six ? From thirty-six take eight less five, and thir- 
teen ? From thirty-six take twenty, and eight less five ? From 
thirty-six take twenty and thirteen ? 

2. Four, and five, and three, and eight, how many ? Six, 
and seven, and four, and thirteen less nine ? Seventeen lesB 
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three, and five, and eight less four ? Nine, and eighteen less 
seven, and eight, and six ? From twenty, take five, and three, 
and eight? From twenty, take four, and five, and three? 
Froln twenty, take four, and five, and eight ? From twenty, 
take four, and three, and eight ? From twenty-one, take seven, 
and four, and thirteen less nine? From twenty-one, take six, 
and seven, and four ? From twenty-one, take six, and seven, 
and four? From twenty-one, take six, and seven, and thirt-een 
less nine ? From thirty-one, take' five, and eight, and four ? 
From thirty-one, take seventeen less three, and five, and eight ? 
From thirty-one, take seventeen less three, and five, and four ? 
From thirty-one, take seventeen less three, and eight, and four ? 
From thirty-four, take eighteen less seven, and eight, and six ? 
From thirty-four, take nine, and eighteen less seven, and eight ? 
From thirty-four, take nine, and eighteen less seven, and six? 
From thirty -four, take nine, and eight, and six ? 

3. Seventeen, and eight, and twenty-four less nine, how 
many ? Seventeen, and six, and thirty-five less seven ? Twenty- 
three, and thirteen, and fifteen less seven ? A hundred and 
five, and eight, and seventeen less three? From forty, take 
seventeen, and eight ? From forty, take eight, and twenty-four 
les9 nine ? From forty, take seventeen, and twenty-fijur less 
nine? From fifty-one, take seventeen, and six? From fifty- 
one, take six, and thirty-five less seven ? From fifty-one, take 
seventeen, and thirty-five less seven ? From forty-four, take 
twenty-three, and thirteen? From forty-four, take thirteen, 
and fifteen less seven? From forty-four, take twenty-three, 
and fift;een less seven ? From a hundred and twenty-seven, 
take eight, and seventeen less three? From a hundred and 
twenty-seven, take a hundred and five, and eight ? From a 
hundred and twenty-seven, take a hundred and five, and seven- 
teen less three ? 

4. Fourteen, and eighteen, and fifteen less four, how many ? 
Thirty-four, and twenty -six less five, and seventeen ? Forty- 
seven, and fourteen less three, and thirty-two ? Fifteen, and 
twenty-four, and six, and eight ? From forty-three, take four- 
teen, and eighteen ? From forty-three, take eighteen, and fif- 
teen less four? From forty-three, take fourteen, and fifteen 
less four ? From seventy-two, take thirty-four, and twenty-six 
liBSs five? From seventy-two, take twenty-six less five, and 
seventeen? From seventy-two, take thirty-four and seventeen? 
From ninety^ take forty-seven, and fourteen less three ? From 
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nmetj, take fortj-seven and ihirty-two? From ninety, take 
fourteen less three, and thirty-two? From fifty-three, take 
fifteen, and twenty-four, and six ? From fifty-three, take twenty- 
four, and six, and eight ? From fifty-three, take fifteen, and 
six, and eight? From fifty-three, take fifteen, and twenty-four, 
and eight ? 

5. Seventeen, and four, and sixteen, and five, how many ? 
Twenty-three less eight, and twenty-nine less seven, and thir- 
teen ? Seventeen less four, and eighteen less two, and eight ? 
Fourteen, and fifteen, and seventeen, and nine ? From forty- 
two, take seventeen, and four, and sixteen ? From forty-two, 
take four, and sixteen, and five? From forty-two, take six- 
teen, and five, and seventeen ? From forty-two, take five, and 
seventeen, and four? From forty-two, take seventeen, and 
sixteen, and five ? From forty-two, take seventeen, and four, 
and five ? From fifty, take twenty-three less eight, and twenty- 
nine less seven ? From fifty, take twenty -nine less seven, and 
thirteen? From fifty, take thirteen, and- twenty-three less 
eight ? From thirty-seven, take seventeen less four, and eight 
less two ? From thirty-seven, take eighteen less two, and eight ? 
From thirty-seven, take seventeen less four, and eight ? From 
fifty-five, take fourteen, and fifteen, and seventeen? Fi^m 
fifty-five, take fifteen, and seventeen, and nine ? From sixty- 
five, take seventeen, and nine, and fourteen ? 

6. Thirteen, and sixteen, and twenty-five less six, how many ? 
Fourteen, and eighteen, and three, and nine ? Twenty-seven, 
and thirty-two, and fifty-one, and four ? Sixteen, and fourteen 
less five, and four, and seven ? From forty-eight, take thir- 
teen, and sixteen ? From forty-eight, take sixteen, and twenty- 
five less six ? From forty-eight, take thirteen, and twenty-five 
less six? From forty-four, take fourteen, and eighteen, and 
three ? From forty-four, take eighteen, and three, and nine ? 
From forty-four, take three, and nine, and fourteen ? From a 
hundred and fourteen, take twenty-seven, and thirty-two, and 
fifty-one? From a hundred and fourteen, take thirty-two, 
and fifty-one, and four ? From a hundred and fourteen, take 
fifty-one, and four, and twenty-seven ? From a hundred and 
fourteen, take four, and twenty-seven, and thirty-two ? From 
thirty-six, take sixteen, and fourteen less five, and four ? From 
thirty-six, take fourteen less five, and four, and seven ? From 
thirty-six, take four, and seven, and sixteen? From thirty- 
six, take seven, and sixteen, and fourteen less five ? 
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Section XIII. — Practical Questions. 

1. John had four cents ; his father gave him six more ; each 
of his two brothers gave him three ; and he then bought some 
apples for five cents. How many cents had he left ? How do 
you know ? [Let the pupil explain the process for each ques- 
tion.] 

2. A man, who had twenty-five dollars, bought a barrel of 
flour for seven dollars, some sugar for three, and some coffee 
for two. How much had he left ? 

3. From Brandon to Pittsford is eight miles ; from Pittsford 
to Rutland, eight miles ; from Rutland to Clarendon, six miles ; 
from Clarendon to Wallingford, three miles. How many miles 
from Brandon to Wallingford ? 

4. A man travelled from Washington to Rockville, fourteen 
miles ; from Rockville to Seneca Creek, six miles ; from Sen- 
eca Creek to Little Seneca, four miles ; and thence back to 
Seneca Creek. How many miles did he travel, and how far was 
he then from Washington ? 

5. A boy bought a box for twenty cents ; he paid six cents 
to have it varnished, and then sold it for twenty-nine cents. 
Did he gain or lose by his bargains, and how much ? 

6. William bought twenty peaches for twenty-five cents ; he 
sold twelve of them for two cents apiece, and the rest for one 
cent apiece. Did he gain or lose by his bargains, and how much ? 

7. A boy bought a peck of apples, and found there were just 
twenty-five. He gave four to each of his two brothers, put 
three in his pocket, and divided the remainder between his two 
sisters. How many did each of the sisters get ? 

8. Three brothers went to an orchard for apples. John got 
three ; William, five ; and James, ten. Their mother told 
James to give a part of his apples to his brothers, so that each 
might have the same number. How many had they altogether ? 
how many did each have after they were equally divided ? and 
how many did James give to John, and how many to William ? 

9. A man went out to collect some debts, and to make some 
purchases. He got fifty dollars from Mr. A., and thirty-five 
dollars ftom Mr. B. He then bought a barrel of flour for 
seven dollars, fifty pounds of sugar for four dollars, and a quar- 
ter of beef for six dollars. How many dollars had he left ? 

10. John had twenty plums. He gave six to each of his 
two brothers, and six to his cousin Edward. He then went 
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into the house, and got twelve more, and gave each of the 
three boys two apiece. How many had he then left for him- 
self? 

11. A boj had seventeen nuts; another gave him three; 
another seven ; another five ; and another gave him enough to 
make his number forty. How many did this last boy give him ? 

12. Six men bought a horse for seventy dollars. The first 
gave twenty-three dollars ; the second, fifleen ; the third, twelve ; 
the fourth, nine ; the fiflh, seven. How much did the sixth give ? 
and how much did the first give more than he ? 

13. A man bought a horse for eighty dollars, and paid fif- 
teen dollars for keeping him. He let the horse enough to 
receive twenty dollars, and then sold him for eighty-three dol- 
lars. Did he gain or lose by the bargain, and how much ? 

14. A man bought a horse for a hundred and twenty dol- 
lars; a wagon for fifty dollars; a harness for the same, for 
twenty-five dollars. He afterwards sold the whole for two 
hundred dollars. Did he lose or gain, and how much ? 



Section XIV. — Increase and Decrease by Equal Numbers ; 

or, Multij^ication and Division, 

[In the four lessons that follow, show the aggregate numbers 
on the Frame, and let the pupils divide them by the eye alone. 
But, where this does not suffice, the teacher, or one of the 
class, may occasionally separate them by the fingers. The 
smaller numbers can be readily separated by the eye, and this 
should be the chief resort, especially in reviewing.] 

1. How many twos in four? How many are twice two, 
then? How many twos in six? Three twos, then? Two 
threes ? How many twos in eight ? Four twos, then ? Two 
fours ? How many twos in ten ? Five twos, then ? Two fives ? 
How many twos in twelve? Six twos, then? Two sixes? 
How many twos in fourteen ? Seven twos, then ? Two sev- 
ens ? How many twos in sixteen ? Eight twos, then ? Two 
eights? How many twos in eighteen? Nine twos, then? 
Two nines ? How many twos in twenty ? Ten twos, then ? 
Two tens ? How many twos in twenty-two ? Eleven twos, 
then ? Two elevens ? How many twos in twenty -four ? Twelve 
twos, then ? Two twelves ? 

2. How many threes in six ? Two threes, then ? Three 
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twos ? How many threes in nine ? Three threes, then ? How 
many threes in twelve ? Four threes, then ? Three fours ? 
Threes in fifteen ? Five threes, then ? Three fives ? Threes 
in eighteen ? Six threes, then ? Three sixes ? Threes in 
tweoty-one ? Seven threes, then ? Three sevens ? Threes in 
twenty-four ? Eight threes, then ? Three eights ? Threes in 
twenty-seven ? Nine threes, then ? Three nines ? Threes in 
thirty? Ten threes, then? Three tens? Threes in thirty- 
three? Eleven threes, then? Three elevens? Threes in 
thirty-six ? Twelve threes, then ? Three twelves ? 

3. How many fours in eight ? Two fours, then ? Four 
twos ? Fours in twelve ? Three fours, then ? Four threes ? 
Fours in sixteen ? Four fours, then ? Fours in twenty ? Five 
fours, then ? Four fives ? Fours in twenty-four ? Six fours, 
then? Four sixes? Fours in twenty-eight? Seven fours, 
then ? Four sevens ? Fours in thirty-two ? Eight fours, 
then ? Four eights ? Fours in thirty-six ? Nine fours, then ? 
Four nines ? Fours in forty ? Ten fours, then ? Four tens ? 
Fours in forty-four? Eleven fours, then? Four elevens? 
Fours in forty-eight ? Twelve fours, then ? Four twelves ? 

4. How many fives in ten ? Two fives, then ? Five twos ? 
Fives in fifteen ? Three fives, then ? Five threes ? Fives in 
twenty? Four fives, then? Five fours? Fives in twenty- 
five ? Five fives, then ? Fives in thirty ? Six fives, then ? 
Five sixes ? Fives in thirty-five ? Seven fives, then ? Five 
sevens ? Fives in forty ? Eight fives, then ? Five eights ? 
Fives in forty-five ? Nine fives, then ? Five nines ? Fives 
in fifty? Ten fives, then? Five tens? Fives in fifty-five? 
Eleven fives, then ? Five elevens ? Fives in sixty ? Twelve 
fives, then ? Five twelves ? 

5. Two sixes are how many? Three sixes; another six? 
Four sixes ; another six ? Five sixes ; another six ? Six sixes ; 
another six? Seven sixes; another six? Eight sixes; an- 
other six ? Nine sixes ; another six ? Ten sixes ; another six ? 
Eleven sixes ; another six ? Twelve sixes ; another six ? . 

6. Two sevens, how many ? Three sevens ; another seven ? 
Four sevens ; another seven ? Five sevens ; another seven ? 
Six sevens; another seven? Eight sevens; another seven? 
Nine sevens ; another seven ? Ten sevens ; another seven ? 
Eleven sevens ; another seven ? Twelve sevens ; another seven ? 

7. Two eights, how many? Three eights; another eight? 
Four eights; another eight? Five eights; another eight? 

5 
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Six eights; another eight? Seven eights; another eight? 
Eight eights; another eight? Nine eights; another eight? 
Ten eights; another eight? Eleven eights; another eight? 
Twelve eights ; another eight ? 

8. Two nines, how many? Three nines; another nine? 
Four nines ; another nine ? Five nines ; another nine ? Six 
nines; another nine? Seven nines; another nine? Eight 
nines ; another nine ? Nine nines ; another nine ? Ten nines ; 
another nine? Eleven nines; another nine? Twelve nines; 
another nine ? 

9. Two tens ? Three tens ? Four tens ? Five tens ? Six 
tens ? Seven tens ? Eight tens ? Nine tens ? Eleven tens ? 
Twelve tens ? 

10. Two elevens? Three elevens? Four elevens? Five 
elevens ? Six elevens ? Seven elevens ? Eight elevens ? Nine 
elevens ? Ten elevens ? Eleven elevens ? Twelve elevens ? 

11. Two twelves ? Three twelves ; another twelve ? Four 
twelves ; another twelve ? Five twelves ; another twelve ? Six 
twelves ; another twelve ? Seven twelves ; another twelve ? 
Eight twelves ; another twelve ? Nine twelves ; another twelve ? 
Ten twelves ; another twelve ? Eleven twelves ; another twelve ? 
Twelve twelves ; another twelve ? 

[This section will require more frequent repetition than the 
others. Omit, in reviewing, the words " another six," " another 
seven," &c.] 



Section XV. — Explanatory, 

Numbers are not always expressed in words. What are 
called figures, are frequently used for that purpose. These 
figures are only nine in number, as may be seen below. They 
should be well studied, so as to be readily known, wherever 
they may appear. 



6, stands for six. 

7, " " seven. 

8, « « eight 

9, " " nine. 



1, stands for one. 

2, " " two. 

3, " « three. 

4, »* " four. 

5, " " five. 
These are all the figures that stand for numbers. But how, 

then, do we manage, when we wish to use a number larger than 
nine ? The same figures are used, only they are put in a dif- 
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ferent plcKe, Every figure becomes ten-fold greater by being 
remoyed one j)lace to the left. Thus, the figure 1 stands for 
one, when alone, or at the right hand of other figures ; for ten^ 
when placed the second from the right ; and for a hundred, or 
ten times ten, when it stands the third fi-om the right. Thus, 
the three figures below, 

111 
stand for one hundred and eleven (or one-teen) : the first figure 
on the left standing for one hundred, the second for one ten, 
the third for a single one. It ia the same with all the other 
figures. Thus, 

444 
stands for four hundred andybrtj- (or four tens) four ; and 

666 
stands lor six hundred and sixty-six. 

These places for the figures are called ranks, or orders, and 
are reckoned from the right. Every figure placed in the first 
order, stands for as many ones, or units, as it represents ; when 
placed in the second order, for as many tens, or teen ; and for 
as many hundreds when it stands in the third order. A figure 
placed in the next order to the left (the fourth order) would 
stand for so many thmcsands, each of which is equal to ten 
hundred. Thus, in the following number, 

4536 
the 4 stands for so many thousands, the 5 for hundreds, the 
3 for ty, or tens, the 6 for units, or ones. The whole number 
should be read thus : four thousand, five hundred, and thirty- 
six. 

This is very much like the arrangement of the Frame. [Ex- 
emplify on the frame.] A single bead on any of the upper ten 
wires stands for &iie. Each row of beads stands for ten, any 
one of which is cafiled teen, if units be added to it. Each bead 
on the lower row stands for 100, and the whole row, of course, 
for ten hundred, which is a thoaisand. Each of these numbers 
increases tenfold, just as the figures do from the place in which 
they stand. , 

[Let the following figures now be written vertically on the 
slate or blackboard, and named repeatedly by the class till they 
are familiar. 79638614 2.] 

But it is frequently necessary to write a number in which 
one or more of the orders is wanting : for example, two thour 
sand and ^fty-four. Here we must have four places t or orders, 
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to represent thotcsa?id, and yet we have only three figures, viz., 
2 for two thousand, 5 for fifty, and 4 for four. In all such 
cases, we use this character, 0, which is called cipher or noth- 
ings because it stands for nothing. Our number, two thousand 
and fifty-four, becomes 2054. There are no hundreds, you 
perceive, and the fills that place. Had it not been put there, 
the 2 would have stood in tbe third order, and thus represented 
2 hundred instead of twO thousand. The cipher, accordingly, 
is sometimes called figxvre of placey because it is only used to 
show the ^Zoce of the other figures. 

Take notice, however, that a cipher is useless unless it occti- 
pies the place of units, or stands betwBen a significant figure 
and the place of units. Thus, if we wish to write three hun- 
dred and seventy-four, the cipher is not wanted, although there 
are only three figures, because each figure can stand in its 
proper order, 374, without any cipher. But a cipher must be 
used in expressing two hundred and five, since we have only 
two figures, while the hundred is in the third order. Accord- 
ingly the number is written 205. For a similar reason, the 
number three thousand and forty-five must be written with a 
cipher, 3045. 

Write the following numbers in figures on the slate or black- 
board, and then read th^em over without the book : 

1. Four hundred and thirty-five. 

2. Two thousand, six hundred, and four. 

3. Three thousand, and forty-two. 

4. Six thousand, three hundred, and sevanty-siz. 

5. Four thousand, four hundred, and forty-four. 

6. Two hundred and three. 

7. One thousand and twelve. 

Sometimes one thousand is considered as ten hundred^ as in 
the following : • 

8. Fifteen hundred and sixty. 

9. Eighteen hundred and two. 

[Specimen of questions to the class on the above numbers, 
when they have changed them from words to figures on the 
blackboard or slate.] 

For No. 1. — What does the 4 stand for ? [Point to the 
figures as they are spoken.] Why hundreds ? The 5 ? Why 
units ? The 3 ? Why ty, or tens ? 

No. 2. — What is the value of the 2 ? The 6 ? The 4 ? 



What rank does the dpher oocup j ? Why ? Ans, Because 
there are no . 

No. 3.— What is the value of the 3? The 4? The 2? 
What rank does the cipher occupy here ? Why ? 

No. 4. — Why is there no cipher in this number ? 

No. 5. — What is the value of the first figure on the right ? 
Why ? The fourth from the right ? Why thousands ? The 
third ? Why ? How many times k the third greater than the 
second? l^e third than the first? The ^urth -than the 
second? The fourth than the third? The fourth than the 
first ? How many times is the first contained in the second ? 
In the fourth ? In the third ? How many times is the second 
contained in the fourth ? In the third ? How many times is 
the third contained in the fourth ? 

No. 6. — What is the use of the cipher here ? Why is 
there none in the place of thousands? Ans, Because the 
cipher is useless, unless it stands, &c. [Show this principle by 
an example on the blackboard.] Does the cipher stand for 
any number ? What would this number be, if the cipher were 
omitted ? If another cipher were placed beside the first, thus : 

{place one] what efiect would it produce on the 2 ? Ans, 
ts value would be fold. What effect would be produced 

on the 3? If a cipher were placed after the 3 [place one], 
what effect would be produced on the number? Would both 
the 2 and 3 be increased tenfold ? 

No. 7. — If another cipher were introduced between the two 
Is, what effect would be produced, that is, what figures would 
change their value ? Add a cipher after the 2, and then say 
What change is thus produced, on each figure severally, and on 
the whole number ? 

No. 8. — What effect would a cipher produce on this num- 
ber, if placed to the left of the I ? To the right of the I ? 
Between the 5 and 6 ? After the 6 ? 

No. 9. — What effect would a cipher produce on this num- 
ber, if placed to the left of the 1 ? On its right ? Beside the 
other cipher ? To the right of the 2 ? 

How many are 10 times 26 ? How many tens in 2050 ? 
How many hundreds in 2500 ? How many tens in 3700 ? How 
many hundreds in 2000 ? Tens in 540 ? Tens in 270 ? 

[While proceeding with the following sections, the class 
should still be exercised in notation and numeration, as above, 
varied till the subject is perfectly familiar.] 

5* 
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Section XVI. — Multiplication by Higher Numbers. 

1. How many are 12ty ? Ans, A hundred and twenty. 
Why ? Because lOty are a hundred, and 2ty are twenty. 
How many are 15ty, then ? How many are 13ty ? 16ty ? 
18ty? 17ty? 14ty? 19ty? 

2. How many are 20ty ? Ans, Two hundred. Why ? Be- 
cause each of the lOty make a hundred. How many are 24ty ? 
27ty? 23ty? 36ty? llty? 45ty? 72ty? 69ty? 37ty? 
84ty ? [Continue and extend similar questions till sufficiently 
familiar.] 

3. How many are lOOty ? Ans, A thousand. Why ? Be- 
cause ty means tenSy and ten times 100 are a thousand. How 
many are 160ty ? 140ty? 170ty? 240ty? llOty? 520ty? 
370ty ? [Continue and extend till familiar.] 

4. How many are 124ty ? Why ? 356ty ? Why ? 247ty ? 
563ty? liety? 218ty? 311ty? &c. 

[In reviewing, these questions should be varied by asMng, 
How many are 10 times 12, 16, 84, 270, &c., in place of 12ty, 
16ty, 84ty, 270ty, &c.] 

5. How many are 2 times 20 ? Why ? Because, as 2 times 
2 are 4, 2 times 2ty are 4ty. How many are 2 times 30 ? 
50 ? 40 ? 70 ? Why ? Because, as 2 times 7 are 14, 2 times 
7ty must be 14ty. 60? 90? 80? 

6. How many are 3 times 20 ? 40 ? Ans. 12ty or 120. 
50? 30? 70? 90? 60? 80? 

7. How many are 4 times 20 ? 50? 30? 60? 40? 90? 
70? 80? 

8. How many are 5 times 20 ? 90 ? 30 ? 70 ? 60 ? 40 ? 
80 ? 50 ? 

9. How many are 6 times 20 ? 40 ? 70 ? 30 ? 90 ? 50 ? 
80? 60? 

10. How many are 7 times 20 ? 80 ? 60 ? 40 ? 50 ? 
30? 90? 70? 

11. How many are 8 times 20 ? 30 ? 90 ? 70 ? 50 ? 
80? 60? 40? 

12. How many are 9 times 20 ? 90 ? 60 ? 70 ? 40 ? 
80? 50? 30? 

13. How many are 2 times 13 ? How do you know? Ans. 
Because 2 times 10 are 20 and 2 times 3 are 6. [In oral 
arithmetic, the higher order should always be multiplied first. 
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because the figures are thus taken in their natural order, but 
chiefly because in practice it is found more easy and conven- 
ient.] 2 times 14 ? Why ? [Repeat why after the questions 
that follow, till the reasoning is perfectly familiar.] 2 times 
15? 16? 24? 27? 34? 46? 17? 47? 28? 19? 39? 

14. How many are 3 times 13 ? 15 ? 14 ? 16 ? 19 ? 17 ? 
21 ? 18 ? 24 ? 37 ? Why ? Because 3 times 30 are 9ty, 
and 3 times 7 are 2ty one ; together llty one, or a hundred 
and eleven. 3 times 54 ? Why ? 72 ? Why ? 87, &c. ? 
96? 38? 34? 37? 

15. How many are 4 times 13? 19? 26? 54? 18? 
72? 87? 96? 38? 34? 37? 53? 62? 99? 79? 
88? 56? 49? 

16. How many are 5 times 15 ? 13 ? 17 ? 26 ? 22 ? 
23? 32? 47? 73? 31? 54? 27? 85? 96? 74? 

17. How many are 6 times 13? 18? 15? 17? 19? 
54? 36? 28? 72? 69? 93? 77? 65? 59? 48? 

18. How many are 7 times 18? 13? 15? 19? 14? 
27? 94? 36? 52? 73? 87? 76? 84? 55? 29? 

19. How many are 8 times 13? 19? 16? 14? 17? 
94? 85? 22? 73? 87? 54? 45? 95? 17? 57? 

20. How many are 9 times 27? 35? 13? 18? 72? 
81? 58? 62? 73? 95? 46? 32? 17? 29? 55? 84?- 

21. How many are two times 126 ? 2 times 524 ? 2 times 
346? 725? 274? 373? 644? 375? 863? 588? 453? 

22. How many are 3 times 132? 144? 365? 427? 
629? 863? 275? 529? 246? 

23. How many are 4 times 132? 321? 126? 428? 
125? 637? 528? 276? 677? 

24. How many are 5 times 132? 234? 621? 532? 
724? 452? 671? 346? 248? 

25. How many are 6 tim^ 132? 342? 254? 524? 
362? 241? 526? 728? 126? 

26. How many are 7 times 132? 241? 324? 246? 
542? 233? 621? 126? 272? 

27. How many are 8 times 132? 244? 166? 342? 
725? 637? 256? 428? 572? 

28. How many are 9 times 132? 214? 326? 148? 
522? 615? 926? 328? 218? 
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Section XVII. — Definitions, 

1. Wden two or more uneqtial numbers are joined together 
into one, the process is called addition^ and the whole number 
is called the suTn, or amount. Thus, joining 2 and 4 to make 
6, or 3, 4, and 5, to make 12, is called adding those numbers, 
and 6 is called the sum, or the aTtwunt, of 2 and 4, and 12 the 
sum or the arnxnint of 3, 4, and 5. 

2. When two or more equal numbers are joined into one^ the 
process is called multijdication. The number which is to be 
repeated is called the mtdtiplicand, and the number which 
shows }u)w many times the multiplicand is to be repeated is 
called the mviajjUer^ and the increased number, or the multi- 
plicand repeated as often as is required, is called the prodvjct. 
Thus, the process 4 times 5 are 20, is nudtiplication. The 4, 
which shows the number of times that 5 is to be taken, is the 
multipliery 5 is the multiplicand^ and 20 is the product. A 
more convenient name for the multiplicand and multiplier, as it 
applies equally to both, is that of factor. It is evident that 
both may always be called by the same name, since 4 times 5 
is the same as 5 times 4, a remark applicable to any two num- 
bers whatever. The word factor, in this connection, signifies 
maker ; product signifies the number made, or produced, Mvl' 
tiplication, then, is nothing but a short way of performing 
addition, when the numbers to be added are equal* For, to 
say 4 times 5 are 20, is precisely the same as to say 5 and 5 
and 5 and 5 are 20. 

3. When one number is to be taken away on/x from another 
number, the process is called subtraction. The number to be 
diminished is called the minuend, the number to be taken away 
the subtrahend, and the number remaining after the subtrahend 
is taken away is called the differejKC or rejnainder. Thus, if 
we take 5 from 8, 3 will remain. Here 8 is the minuend, or 
number to be diminished ; 5 the subtrahend, or number to be 
subtracted, or taken away ; and 3 the difference, or remainder. 

4. When many subtractions of the same number are to be 
performed, or when we wish to find how many times one num- 
ber can be taken from another, the process is called division. 
This is, evidently, nothing more, than a short way of perform- 
ing subtraction, since it comes to precisely the same thing, 
whether we find, at once, that 5 is contained in 20 4 times. 
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which is called division, or produced bj the slower method 
called subtraction, taking 5 from 20 as many times as possible, 
thus chaDgiDg the 20 to 15, to 10, to 5, and to 0. l^e num- 
ber to be divided is called the dividend ; the number by which 
we divide is called the divisor ; and the result of the division 
is called the qiwtient. Thus, if it be required to find how 
many times 4 is contained in 20, 4 is the divisor, 20 the divi- 
dend, and 5, the number of times that 4 is contained in 20, is 
the quotient, Sometimes the divisor is not contained an exact 
number of times in the dividend, and, consequenfly, there will 
be a remainder at Ihe close of the operation. Thus, if it be 
required to find how many times 5 is contained in 22, we find 
it to be 4 times, and 2 over. The 2 is the remainder, and it 
forms an undivided part of the dividend. 

5. It is evident that the dividend is a product of the divisor 
and quotient, since, if 4 be contained 5 times in 20, it is plain 
that 4 times 5 will make 20, and so of any numbers whatever. 
As the divisor and quotient, then, may be considered factors 
of the dividend, division may be defined the process for finding 
one factor when the product and the other factor are given. 
When a remainder occurs, as this remainder is an undivided 
portion of the dividend, it must be added in if the divisor and 
quotient are multiplied to reproduce the dividend. Thus, if 
there be 4 fives in 23, and 3 over, the dividend evidently con- 
sists of 3 more than the 4 fives. [Show this on the black- 
board.] 

6. The termination end, ent, or and, in several of these 
terms, is derived from a Latin word signifying being, or thing. 
In this connection it stands for number. Hence, multiplicaTzii 
signifies the number to be multiplied ; minu^Tz^, the number to 
be diminished ; subtrahe^z^, the number to be subtracted ; divi- 
dend, the number to be divided, and qvLotient, the number 
showing ^uno many (the quota) times the divisor is contained 
in the dividend. The termination er, or or, signifies a man, or 
thing, that works, as in the words baker, miller, printer, farmer, 
&c. Hence, the multiplier, the factor, and the divisor, are the 
numbers by which the uoork is performed, whether in multipli- 
cation or division. 

7. Signs, or characters, have been invented to express these 
different processes. Thus, a vertical cross, -{-, is the sign of 
addition, and an inclined cross, in the shape of the letter X, 
X} IB the sign of multiplication, or contracted addition. Thus, 
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4-|-5 are 9, and 4x5 are 20. The sign of addition, -)-, is 
generally read pluSy which is a Latin word signifying more. 
The sign of multiplication, X? is called mtdtijde. Thus, 4-|- 
5 is read four plus fioey and 4x^ is r^ad four multiple ^ve. 
A dot is also frequently used as the sign of multiplication. 
Thus, 4 * 5 is the same as 4x5. 

8. A short horizontal line, — , called minus, or less, is the 
sign of subtraction. The same sign, with a dot above and be- 
low it, -r-, is the sign of contracted 8ubtractiX)n, or division. 
Thus, 20 — 5, which is read tuoerdy less five, are 15 ; and 20 
•-S-5, read twenty divided by five, gives only 4. Sometimes a 
part of \k& sign of division is used in place of the whole. Thus, 
20 : 5, or ^-, is precisely the same as 20-i-5, all three of 
them signifying 4. 

9. Two parallel lines, =, form the sign of equality. It sig- 
nifies that the numbers placed on each side of it are equal. 
Thus, 20 — 5=15, is read twenty less five is equal to fif- 
teen ; and 20-i-5=4, is read tw^ity divided by five is equal 
to four. 

10. A line drawn over several numbers is called a vinculum. 
It signifies that the numbers thus joined are to be eonsidered 

as one number. Thus, 4-{-5x^f signifies that the sum of 

4 and 5, and not 5 alone, is to be multiplied by 3 ; and 6—2 
-T-2 signifies that the difference between 6 and 2 is to be 
divided by 2. Two parentheses are sometimes used instead of 

a vinculum. Thus, (4-{-6)x3 is the same as 4-|-5xS' 

(Write the following lines on the blackboard, the first five 
)e read, the rest to be solved by the pupils.] 

16+4=20 
16x4, or 16 • 4=64 
16-4=12 
16 -t-4, o r 16 : 4, or -^^=4 

18-2+7, or 18- (2+7)=9 . 

24+8= 

24x8, or 24-8= 

24-8= 

24-|-8, or 24 : 8, or ^^= 

24—5+3; or 24- (5+3)= 

[The class should practise similar exercises till they become 
familiar.] 
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What is addition ? What is the resalt of addition called ? 
What is multiplication? What is the multiplicand? the mul- 
tiplier? the factors? the product? What is subtraction? 
What is the minuend ? the subtrahend ? the difference, or re- 
mainder? What is division? What is the dividend? the 
divisor ? the quotient ? What are the factors of the dividend ? 
What is the dividend a product of? What is the difference 
between addition and multiplication ? between subtraction and 
division ? What is the sign of addition ? its name ? the signs 
of multiplication ? their names ? of subtraction ? its name ? of 
division ? In hoW many ways can multiplication be expressed 
by signs ? In how many ways can division be expressed by 
signs ? What is the sign of equality ? What is the result of 
addition called ? the result of multiplication ? of subtraction ? 
of division? In multiplication, what is the number to be 
repeated called? What is the number called which shows 
how many times the multiplicand is to be repeated ? What 
is the general name for both these terms ? Why may they be 
properly called by the same name ? In subtraction, what is 
the number to be diminished called ? What is the number 
called which is to be taken away ? In division, what is the 
number to be divided called ? the number by which we divide ? 
What do we call what is left ? What is a vinculum ? What 
does it signify ? What characters are s(»netimes used in place 
of a vinculum ? What is the precise meaning of the termina- 
tions end, enty and and ? What do they signify in arithmetic ? 
What do the terminations er and or signify? What in arith- 
metic ? 



Section XVIII. — Shortened Multiplication, or Multiplication 

by Easy Numbers. 

1. How many are 10 times 4 ? 10 times 24 ? 37 ? 45 ? 72 ? 
158 ? 326 ? [Write a few such numbers on the blackboard, to 
be multiplied by 10, thus : 

24x10= 
158x10=, &c., 
and direct the attention of the class to the fact, that the signifi- 
cant figures remain unchanged when multiplied by 10.] 

2. Mow many are 10 times 8 ? 84 ? 16 ? 49 ? 52 ? 93 ? 
176 ? 248 ? 
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3. How many are 5 times 8? half of 10 times 8 ? 5 times 4 ? 
half of 10 times 4 ? [Here direct attention, on the board, to 
the fact, that a number mnltiplied by 5 produces the same 
amount as hoilf the same rvurnher multiplied by 10 ; conse- 
quently, the easiest way to multiply a number by 5, is to mul- 
tiply its half by 10. Thus, 72x5=J'/XlO, or 36x10. 

4. How many are 5 times 16 ? Ans. Half of 16 or 8 iy. 
5 times 24? 36? 28? 46? 72? 64? 84? 34? 58? 96? 128? 
136? 248? 372? 

5. How many are 5 times 17 ? [Here direct attention, on 
the board, to the fact, that every oad number of fives may be 
considered as the next laujer even mimber of fives and one five 
more. Thus, 73x5=^/xio^5=-36 ty and 5, or 365 ; and 
27x5 = 2/XlO+5, or 135.] How many are 5 times 19? 
13? 21? 35? 37? 65? 49? 77? 33? 95? 67? 129? 247? 
653 ? 875 ? 555 ? 

6. How many are 15 times 14 ? [Show that 15 times any 
number is 10 times and 5 times that number. Our 14 times 
15, then, becomes 14 times 10 and the half of 14 times 10, 
together 21x10=210. Thus, to multiply by 15, it is only 
necessary to increase the number to be multiplied by its half, 
and nmltijily by 10.] How many are 15 times 22 ? Ans, 22 
and half of 22=33x 10=330. How many are 15 times 24 ? 
42? 48? 36? 28? 54? 72? 84? 58? 96? 64? 68? 94? 

7. How many are 15 times 17? [Here we have 17x10 and 
17x5. By the 5th question above, 17x5 becomes 16x5 
and 5. Thus, when an odd number is to be multiplied by 15, 
we add half the next lower even number, multiply by 10, and 

add 5. Thus, 17x15 becomes 17+8x10+5, or 255, and 

23X15 becomes 23+11x10+5=345.] How many are 15 
times 25? 19? 23? 47? 75? 37? 49? 55? 97? 83? 45? 
33 ? 87 ? 75 ? 29 ? 85 ? 67 ? 77 ? 53 ? 57 ? 95 ? 

8. How many are 15 times 34 ? 67 ? 26 ? 57 ? 74 ? 128 ? 
39 ? 156 ? 159 ? 234 ? 562 ? 325 ? 628 ? 473 ? 654 ? 637 ? 
429 ? 579 ? 777 ? 

9. How many are 20 times 24 ? [As 20 times any number 
is twice ten times that number, we have only to double the 
number to be multiplied by 20, and then multiply it by 10 ; 
or, expressed more briefly, multiply twice the number by 10. 
Thus, 20x24=2x24x10=480.] How many are 20 times 
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32? 41? 72? 93? 156? 428? 349? 572? 643? 377? 
756 ? 278 ? 542 ? 503 ? 637 ? 

10. How maDj are 25 times 8? [As every 4 times 25 
makes 100, we have only to find how many fours are in any 
number, to know how many hundreds that number will make 
when multiplied by 25. Thus, 25x24= 100 X-V'=W. And 
25X16=100X V-=400. [How many are 25 times 36 ? 44 ? 
28? 52? 60? 32? 56? 40? 72? 128? 436? 372? 116? 
348?] 

11. How many are 25 times 37 ? [Dividing 37 by 4 gives 
9 and 1 over; therefore, 37x25=9 hundred, and 1 twenty- 
five, or 925. In the same manner, 38x25=9 hundred, and 
2 twenty-fives, or 950 ; and 39x25^9 hundred, and 3 twenty- 
fives, = 975. Every remainder, then, gives as many twenty- 
fives as it contains units to be added to the hundreds.] How 
many are 25 times 17 ? 15? 22? 19? 47? 54? 63?95?86? 
74 ? 125 ? 237 ? 355 ? 178 ? 323 ? 218 ? 346 ? 

12. How many are 25 times 20 ? 120 ? 55 ? 84 ? 173 ? 
267 ? 348 ? 133 ? 87 ? 195 ? 388 ? 193 ? 327 ? 136 ? 113 ? 
125? 239? 

13. How many are 30 times 24 (3x24x10)? 30 times 
45? 76? 255? 327? 54? 96? 238? 126? 272? 49? 78? 
232 ? 

" 14. How many are 35 times 24? (3x244-%t.(=84)Xl0= 

840.) 35 times 37? (3x 37+^x1^-) \^^^ ^* always be 
remembered that the remainder 1, in such cases, is always one 
5. Thus, 35 times 37=3x37 (=111)+Y-(18 and 1 over)= 

129x10+5=1295.] 35 times 29=8THFr4xlO+5. 35 
times 14? 27? 96? 128? 85? 74? 254r93? 232? 75? 

15. How many are 40 times 24 (4x24x10)? 40 times 
27? 84? 56? 47? 53? 125? 67? 238? 152? 95? 73? 182? 
245? 

16. How many are 50 times 24 (24x50=^^X100)? 50 
times 27 (^/-XlOO) ? [In halving odd numbers, the remainder 
1 is one 50. Thus Vxl00=1300 and one 50=1350.] 50 
times 36? 48? 57? 73? 94? 85? 29? 132? 173? 178? 
127? 185? 142? 155? 187? 143? 172? 189? 

17. How many are 45 times 24 ? (45=50—^.) Therefore, 
45 times 24 is 50x24=1200, minus the tenth of that number 
(120)=1080. 45 times 26 ? (1300-130=1170.) 45 times 
29 ? (1450—145=1305.) 45 times 36 ? 93 ? 45 ? 27 ? 39 ? 

6 
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96? 78? 124? 104? 156? 118? 97? 138? 125? 187? 
152 ? 175 ? 126 ? 

18. How many are 55 times 24 ? (55=50+^g.) Therefore, 
55 times 24=50x24=1200, plus the tenth of that number, 
120=1320. 55 times 26 (1300+130=1430.) 55 times 
34? 75? 82? 53? 72? 96? 28? 29? 73? 125? 146? 132? 
165? 184? 173? 105? 115? 123? 136? 145? 

19. How many are 60 times 24? (6x24x10.) 60 times 
35? 94? 36? 52? 65? 72? 39? 46? 53? 76? 89? 37? 48? 

20. How many are 90 times 24? (24x100=2400— ^gA= 
2160.) How many are 90 times 36 ? 45 ? 58 ? 73 ? 92 ? 84 ? 
42? 35? 27? 29? 57? 99? 

The above are the easy methods of multiplying mentally by 
every fifth number from 5 to 60 inclusive, and also by 90. 
The intermediate numbers are managed as follows : Consider 
8 and 9 as 10—2 and 10—1 ; 11* and 12 as 10-f 1 and 
10+2 ; 13, 14 as 15—2, 15—1 ; 16, 17 as 15+1 and 15+2 ; 
and so of all the others. Thus, 17 X 24=(15 X 24) + (2 X 24) ; 
and 23X24=(25X24)— (2X24). Thus, the intermediate are 
solved like the others, excepting that once or twice the multi- 
plier has to be added or subtracted. The following table will 
make this more clear.] 



Beal factors. 


Factors used. 


Real factors. 


Factors used. 


4 . . . 


. . 5-1 


14. . . 


. . 15-1 


. . • 


. . 5 


15 . . . 


. . 15 


6 . . , 


. . . 5H 


[-1 


16. . . 


. . IbA 


\-l 


7 . , . 


. . 5^ 


[-2 


17 . . . 


. . 154 


h2 


8 . . , 


. . . 10-2 


18. . . 


. . 20 2 


t/ • . • 


. .^ 10—1 


19 . . . 


. . 20—1 


10 . . . 


. . 10 


20. . . 


. . 20 


11. . . 


. . lOH 


yi 


21 . . . 


. . 20H 


[-1 


12 . . . 


. . . lOH 


h2 


22. . . 


. . 20H 


h2 


. 13. . . 


. . 15- 


-2 









From merely glancing the eye down this table, it becomes 
apparent that no multipliers need be used under 60, except the 
easy numbers 5^ 10, 15, 20, 25, &c., the intermediate factors 
being rectified by the addition or subtraction, as the case may 

* The product of 11 and any number between 10 and 99 inolusive is 
found bj placing their sum between the two figures of the latter factor. 
Thus 11X34 = 7 (sum of 3 and 4) between the 3 and 4 = 374 ; and 11X*5 
=»495. Why 1 When the sum of the figures exceeds 9, the first figure 
of course must be increased by 1. Thus, 11X48 = 528. Why 1 
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be, of once or twice the multiplicand. The same principle may 
be applied to a variety of other numbers, such as 68 to 72 ; 78 
to 82; 98 to 102; 90; 180; 270; 360, &o., the last four 
numbers being the same as 100, 200, 300, 400, less one tenth. 
21. How many are 8x24? 16x37? 27X24? 36x25? 
44x15? 72X30? 64x24? 85x25? 92x27? 76x28? 
116x25? 47x32? 94x38? 77x28? 56x^9? 49x49 ? 
52x47? 84X27? 43x26? 18x144? 55 (50+1^ of 50) 
X86 ? 32X24? 78x7 ? 45x45 (50- ^ of 50) ? 23x72 ? 
99X28? 



Section XIX. — Practical Questions, 

1. A FABMER sold a flock of 300 sheep at 2 dollars a head, 
and bought 25 cows at 18 dollars each. How much money 
had he left ? 

2. What is the cost of 28 bushels of oats at 32 cents a 
bushel? 

3. What cost 27 bushels of corn at 49 cents per bushel ? 

4. How much must be paid for 15 thousand feet of boards 
at 18 dollars a thousand; and 6 thousand shingles at 3 dollars 
a thousand ? [16x18. Why ?] 

5. How much is due to a laborer for working 24 days at 75 
cents per day ? 

6. What cost 18 bushels of com at 58 cents a bushel ? 

7. A man had 40 barrels of flour. He sold 16 of them at 
6 dollars a barrel, and the rest at 7 dollars a barrel. How 
much did he get for the whole ? [40x6+24.] Why ? 

8. What is the cost of 14 bureaus at 15 dollars each ? 

9. What cost 24 bedsteads at 23 dollars each ? 

10. A man bought 7 barrels of sugar at 13 dollars a barrel, 
and paid 48 dollars. How much remained due ? 

11. A farmer had an apple orchard, consisting of 16 rows of 
trees, and 14 in each row ; and an orchard of peaches, of 13 
rows and 17 in each. Which orchard had the greater number 
of trees, and what was the difference ? 

12. Two trains of cars leave a depot in different directions, 
one going eastward for 14 hours at the rate of 18 miles an 
hour» and the other westward for 18 hours at 16 miles an hour. 
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How far were the trains then apart? [(32xl6)+(Ux2.)] 
Why? 

13. How much must be paid for 16 tierces of rice at 15 
dollars a tierce, and 18 barrels of sugar at 17 dollars a barrel ? 

[(34X15)4,(2X18.)] Why? 

14. What would be the cost of 23 pounds of black tea at 34 
cents a pound, and 27 pounds of green tea at 44 cents a 
pound? [50x44—230.] Why? 

15. What would be the cost of 28 yards of cloth at 84 cents 
a yard, and 27 yards at 44 cents per yard? [(55x84) — 
(27X40.)] Why? 

16. A man bought 23 bushels of corn at 60 cents a bushel, 
and 17 bushels of rye at 64 cents a bushel. What was the 
cost of the whole ? {-X 92.] Why? 

17. What must I give for 19 bushels of buckwheat at 45 
cents a bushel, and 25 bushels of oats at 43 cents a bushel ? 
[..X 50.] Why? 

18. A farmer bought from a merchant 23 yards of satinet 
at 38 cents a yard, and paid him 27 bushels of oats at 42 cents 
a bushel. What is the balance, and to whom must it be paid ? 
[65X4.] Why? 

19. What is the difference in value of 24 pounds of tea 
at 35 cents per pound, and 30 bushels of oats at 40 cents a 
bushel ? [(24 x 5) + (6 X 40.)] Why ? 



Section XX. — Division of Large Numbers by a Single 

Digit, 

Division of large numbers mentally by a single digit is gen- 
erally considered more difficult than any of the other elementary 
operations. But it may be very much facilitated by some pre- 
vious practice in the rapid resolution of a dividend, mentally, 
or by inspection, into separate multiples of the divisor ; that is, 
into numbers containing the divisor an exact number of times, 
when its respective digits are not so divisible. Thus, neither 
of the digits in 92 are divisible by 4 ; but the number can 
be readily resolved by the eye, or in the mind, into Sty and 
12 ; and 192, in like manner, is readily perceived to be resolv* 
able into 16ty and 32. Again, 84 requires no resolution fi)r 
division by 4 ; but, if 3 be the divisor, it should be considered 
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as 6tj and 24 ; while, if the divisor be 7, 84 should be con- 
sidered as 7tj and 14. This process of rapid resolution is 
useful, even when the dividend is not exactly a multiple of the 
divisor, and consequently produces a remainder. Thus, for 
division by 3, 44 may be resolved into 30, 12, and 2 ; and for 
6, 93 may be resolved into 60, 30 and 3. 

1. Prepare 72 for division by 3 ; by 4; by 6. 

2. Prepare 54 for division by 2 ; by 6. 

3. Prepare 57 for division by 5 ; by 4 ; by 6 [30, 24, 3]. 

4. Prepare 48 for division by 3 ; by 5. 

5. Prepare 87 for division by 7 ; by 6 ; by 5. 

6. Prepare 174 for division by 8 ; by 7 ; by 6 ; by 5 ; by 
4; by 3. 

7. Prepare each of the following numbers for division by 
9: 100; 114; 125 [90, 27, 8]; 136; 153; 142; 171 ; 281. 

8. Prepare each of the following numbers for division by 
8: 176; 196; 232; 352; 268; 576; 455. 

9. Prepare each of the following numbers for division by 
7: 244; 638; 272; 289; 356; 376; 485. 

10. Prepare each of the following numbers for division by 
6: 532; 236; 748; 255; 192. 

11. Prepare each of the following numbers for division by 
4: 236; 347; 252; 375; 458; 137. 

12. Prepare each of the following numbers for division by 
8: 226; 452; 478; 246; 329. 

13. Divide the following numbers severally by 9 : 192 ; 
353 ; 468 ; 736 ; 228. 

14. Divide the following numbers severally by 8 : 176 ; 
325 ; 424 ; 636 ; 478 ; 528. 

15. Divide the following numbers severally by 7: 325* 
236; 1^24; 242; 188; 378; 434; 272. 

16. Divide the following numbers severally by 6 : 532 , 
312; 636; 234; 152; 444; 228. 

17. Divide the following numbers severally by 5 : 325 ; 
432; 876; 152; 645; 188. 

18. Divide the following numbers severally by 4r 316; 
237; 251; 138; 246. 

19. Divide the following numbers severally by 3: 213; 
231; 316; 415; 632; 174. 

6* 
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Section XXI. — Practical Questions, 

1. A COMPANY of 9 men undertook to build a bridge, for 
which thej were paid 836 dollars. How much would each re- 
ceive if the money was equally divided among them ? 

2. How much more would each have received if the com- 
pany had only consisted of 6 persons instead of 9 ? 

3. How many weeks are there in a year of 365 days ? 

4. Five brothers sold a piece of property, in which each had 
an equal interest, for 3215 dollars. How much would each 
receive ? 

5. Four equal partners found, at the close of a year's busi- 
ness, that the profits on their sales amounted to 8426, while the 
expenses amounted to 2000 dollars. How much would be the 
dividend of each partner ? 

6. A merchant owned an eighth of a vessel which traded 
to the West Indies. In one of her voyages the net profits 
amounted to 3424 dollars. What would be the amount of that 
merchant's share ? 

7. Three men went to fish for mackerel, and at the close of 
the day found they had caught 456 fish. How many would 
each man have, if they were equally shared ? 

8. The property of a man dying intestate was found to 
amount to $3492, of which, by law, one-third goes to his 
widow, and the rest is divided equally among his 6 children. 
What will be the share of the widow, and of each child ? 

9. But, supposing the expenses of settling the estate amount 
to $450, what would then be the respective shares of the 
widow, and of each child ? 

10. A captain and 3 men went out on a fishing excursion, 
in which 498 fish were taken. The owner of the boat and 
fishing apparatus was to have one share, the captain two shares, 
and each of the seamen one share. What would be the respec- 
tive shares of each person interested ? 

11. Four men contracted to build 2 bridges. For one of 
them, the price was to be $1500 ; and for the other, $1450. 
The materials, tools, &c., cost them $400. What would be 
each man's share of the remainder ? 

12. A farm, on which was a mortgage of $300, was sold for 
$1400. It belonged to three brothers. How much would be 
each one's share of the net proceeds ? 



CHAPTEE 11. 

* 

INCBEASE AND DEOBEASfi OF FRACTIONS, OB BBOEEN NUM- 
BERS. 



Section I. — Fractions of Numbers exceeding Unity, 

Definition, — When any thing, or any number, is divided into 
tiDo equal parts, each of these parts is called the half of the 
thing, or the number. When any thing, or any number, is di- 
vided into three equal parts, each of these is called the third of 
the thing or number. When divided inUifour equal parts, one 
of them is called the fourth part. In like manner, when a 
thing or number is divided into five^ ten, ttventy, or any other 
number of equal parts, each of these parts is called the fifths 
tenth, tiventieth, &c., part. 

Such numbers as these are called fractums, a word which 
means broken into parts. They are represented by figures as 
follows : ^ signifies one-half; J signifies a third ; | a fourth ; 
-^ a tenth, and so on. When we wish to express more than 
one of the parts, they are represented in a similar manner. 
Thus, § stands for two-thirds; f for three-fifths; ^J, fifteen 
twenty-fourths, &o. 

[Here the teacher will write a variety of fractions on the 
blackboard, to be named by the class till the subject is famil- 
iar.] 

Fractions always arise from division, and are, therefore, very 
properly expressed by the same character, namely, by a hori- 
zontal line between the dividend and the divisor. — [See Chap. 
I., Sect. XVI. 8.] Thus, in -J, the figure above the Ime stands 
for the thing, or number ; the line itself expresses division ; 
and the figure under the line shows into hmo many parts t}i£ 
thing or number is to be divided. Thus, also, the upper 
figure, which is the dividend, is called the numerator (or num- 
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Derer), because it shows the number of parts contained in the 
fraction ; while the lower figure, which is the divisor, is called 
the denominator (or namer) because it points out the name or 
value of the parts expressed by the numerator. The numer- 
ator and denominator are called the terms of the fraction. 
Both terms taken together represent the quotient in the divis- 
ion. Thus, 1 divided by 5, gives for quotient -J. 

1. What is a fraction ? What is meant by a halfot a thing, 
or number ? How is it represented ? [Answer orally or by 
the blackboard.] What is a third ? two-thirds f How rep- 
resented ? A fifth ? three-fifths ? an eighteenth ? five eigh- 
teenths ? an eleventh ? a thirteenth ? twelve thirteenths ? Where 
is the numerator placed? Why so called? Where is the 
denominator placed ? Why so called ? What does the hori- 
zontal line express ? Which is the divisor ? the dividend ? the 
quotient ? 

2. What is the J of 2 beads? [Use the frame.] One is 
what part of two ? Ans. One is the half of two. Two times 
one are how many times two ? How many halves make a 
whole one ? Three are how many times two ? Ans. Once 2 
and a J of two. Four are how many times two ? 5 ? Ans, Two 
times two and a half of 2. Six are how many times 2 ? 7 
how many times 2 ? 8? 9? 10? 11? 12? 15? 16? 25? 26? 
37? 38? 85? 93? 77? 50? 100? 102? 116? 105? 107? 
117? 128? 125? 145? 

3. One is what part of 3 ? Ans, One is a third of 3. Two 
is what part of 3? Ans, Two is two-thirds of 3. Three 
times one are how many times 3 ? How many thirds make a 
whole one ? Five are how many times 3 ? Ans, Once three 
and two-thirds of 3. What is a third of any thing ? [See 
definition above.] What is two-thirds? Six are how many 
times3? 7 how many times 3 ? 8? 9? 10? 11? 12? 13? 
17? 24? 26? 29? 30? 33? 34? 35? 

4. How many fourths make a whole one ? What part of 4 
is 1 ? Ans, One is the fourth part of 4 ? What part of 4 is 
2 ? 3 ? What do you understand by ^ ? f ? } ? 5 are how 
many times 4? 6 how many times 4 ? 7 ? 8? 9? 10? 11? 
13? 14? 15? 16? 17? 18? 19? 20? 

6. How many fifths make a whole one ? One is What part 
of 5 ? 2 what part of 5 ? 3 ? 4 ? Six are how many times 
5 ? 7 how many times 5 ? 8 ? 9 ? 10 ? [Show, by the frame, 
that every ten or ty, ooosi0tp of 8 fives.'\ Eleven how many 
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100? 



? 56? 60? 63? 75? 120? 122? 123? 129? 144? 157? 
2 ? 135 ? 244 ? 

7. One is what part of 7 ? 2 are what part? 3 ? 5 ? 8 
i how many times 7 ? 9 ]xow many times ? 10 ? 15 ? 28 ? 

22? 34? 46? 78? 84? 93? 97? 144? 138? 

8. Two is what part of 8 ? 3 what part ? 5 ? 6 ? 7 ? 9 
are how many times 8 ? 10 how many times ? 11 ? 13 ? 15 ? 
16? 19? 22? 25? 43? 37? 34? 47? 54? 72? 83? 84? 
93? 96? 120? 135? 144? 147? 139? 

9. One is what part of 9 ? 4 is what part ? 5 ? 6 ? 10 Bfe 
how many times 9 ? 11 how many times? 13? 15 ? 16 ? 19? 
22? 25? 43? 37? 34? 47? 54? 72? 83? 84? 93? 96? 
120? 135? 144? 147? 139? 

10. Three is what part of 10? 4 what part? 7? 8? 9? 
11 are how many times 10 ? 12 how many times? 13 ? 154 
65 ? 142 ? 364 ? 567 ? 278 ? 



Section II. — Practical Questions, 

1. If a yard of cloth be worth 3 dollars, and it be out into 
3 equal pieces, what will one of the . pieces be worth ? that is, 
what will J of a yard be worth ? What will | of a yard be 
worth ? See Example 3, in last section. 

2. If a barrel of fish cost 3 dollars, what part of a barrel 
can you buy for 1 dollar ? How many barrels for 7 dollars ? 
for 9 dollars? 10? 12? 25? 27? 35? 29? 38? 

3. If two bushels of wheat will buy a yard of cloth, what 
part of a yard will 1 bushel buy ? How many yards will 4 
bushels buy ? 5 bushels ? 7 ? 18 ? 34 ? 26 ? 57 ? 139 ? 

4. If a pound of rice cost 4 cents, what part of a pound 
will 1 cent buy ? 2 cents ? 3 cents ? How much for 5 cents ? 
8 cents? 9? 11? 12? 13? 14? 24? 32? 65? 96? 
87? 54? 72? 93? 

5. If a barrel of flour cost 5 dollars, what part of a barrel 
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can be bought for 1 dollar ? 3 dollars ? How many barrels 
for 10 dollars I For 12 dollars ? 15 ? 18 ? 24 ? 27 ? 39 ? 
96? 152? 274? 385? 

6. If a barrel of beef cost 6 dollars, what would ^ of it be 
worth ? f ? I ? f ? How much could be bought for 7 dol- 
lars ? For 9 dollars ? 10 ? 12 ? 15 ? 17 ? 23 ? 24 ? 
27? 35? 32? 36? 43? 54? 65? 97.? 84? 156? 
132? 

7. At seven dollars for a barrel of flour, how much could 
be bought for 1 dollar ? For 5 dollars ? How much would ^ 
of a barrel be worth ? ^ ? How much for 8 dollars ? 9 dol- 
lars? 15? 18? 23? 27? 28? 29? 35? 46? 65? 
53? 57? 81? 63? 97? 78? 83? 

8. If sugar be 8 cents a pound, how much could be bought 
for 1 cent ? For 3 cents ? 4 cents ? 5 ? 7 ? 9 ? 11 ? 
12? 15? 17? 18? 19? 22? 35? 36? 37? 38? 
45? 54? 72? 63? 87? 65? 56? 66? 77? 49? 
59? 37? 26? 

9. When wheat is 9 shillings a bushel, how much can be 
bought for 1 shilling ? 2 shillings ? 5 ? 6 ? 7 ? 8 ? 10 ? 
i6? 37? 24? 25? 56? 62? 73? 82? 95? 36? 
44? 57? 29? 93? 

10. If sugar is 10 dollars a hundred weight, how much can 
be bought for 3 dollars ? 7 dollars ? 9 ? 14 ? 17 ? 36 ? 
45? 27? 30? 46? 54? 82? 194 (19ty and 4) ? 277? 
567? 394? 846?^ 732? 589? 

11. If you had 45 dollars, how many barrels of flour could 
you buy at 5 dollars a barrel ? At 9 dollars ? At 6 ? 4 ? 
7? 11? 8? 3? 

12. For 59 cents how many pounds of meat can be bought, 
at 6 cents a pound? At 8 cents? At 7 ? 5? 9? 11? 
10? 13? 

13. How many hours would it take you to travel 75 miles, 
if you go 3 miles an hour ? 5 miles ? 7 ? 10 ? 25 ? 16 ? 
24? 14? 13? 18? 22? 

14. If you had 81 pounds of butter that you wished to put 
into boxes that would contain 9 pounds each, how many boxes 
would it take ? 

15. At 30 dollars for 5 barrels of flour, how much for 1 
barrel? For 4 barrels ? For 6 ? 9? 13? 15? 20? 24? 

16. At 75 dollars for 15 barrels of flour, how much for 1 
barrel? For 7 ? 9? 24? 32? 
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17. If 6 horses consume 48 quarts of oats in a day, how 
many quarts will serve 8 horses the same time ? 5 horses ? 
9? 24? 15? 7? 22? 

18. If 3 horses consume 27 quarts of oats a day, how 
much will 8 horses consume per day ? 2 horses ^ 9 ? 14 ? 
18? 25? 28? 35? 42? 



Section III. — Fractions of Numbers exceeding Unity ^ canr 

tinned, 

1. Two times 2 beads and J of two beads how many ? [Use 
frame, and repeat the word beads in this and the following 
examples, till the class attain a clear idea of the nature of the 
numbers, but no longer.] 3 times 2 beads and ^ of 2 beads ? 
4 times 2 and ^ of 2 ? 5 times 2 and | of 2 ? 6 times 2 and 
J of 2 ? 9 times 2 and J of 2 ? 

2. Three times 3 [beads, if necessary] and J of 3, how 
many ? 4 times 3 and | of 3 ? 5 times 3 and } of 3 ? 6 
times 3 and ^ of 3 ? 7 times 3 and | of 3 ? 8 times 3 and 
I of 3 ? 9 times 3 and | of 3 ? 17 times 3 and J of 3 ? 
19 times 3 and | of 3 ? 25 times 3 and ( of 3 ? 72 times 3 
and J of 3 ? 

3. Three times 4 [beads, if nepessary] and J of 4, how 
many ? 5 times 4 and 4- of 4 ? 7 times 4 and f of 4 ? 9 
times 4 and | of 4 ? 12 times 4 and | of 4 ? 13 times 4 
and I of 4 ? 16 times 4 and | of 4 ? 35 times 4 and | of 
4 ? 27 times 4 and } of 4 ? 

4. Four times 5 and f of 5, how many ? 6 times 5 and | 
of 5 ? 7 times 5 and | of 5 ? 9 times 5 and f of 5 ? 16 
times 5 and J of 5 ? 19 times 5 and f of 5 ? 37 times 5 and 
I of 5 ? 95 times 5 and f of 5 ? 

5. Seven times 6 and f of 6, how many ? 8 times 6 and f 
of 6 ? 9 times 6 and | of 6 ? 15 times 6 and f of 6 ? 25 
times 6 and f of 6 ? 49 times 6 and | of 6 ? 27 times 6 
and ^ of 6 ? 32 times 6 and ^ of 6 ? 

6. Six times 7 and f of 7, how many ? 7 times 7 and f of 
7 ? 9 times 7 and ^ of 7 ? 8 times 7 and f of 7 ? 12 times 
7«and ^ of 7 ? 14 times 7 and ^ of 7 ? 19 times 7 and ^ of 
7 ? 43 times 7 and f of 7 ? 84 times 7 and f of 7 ? 

7. Five times 8 and § of 8, how many ? 9 times 8 and g 
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of 8? 42 times 8 and I of 8 ? 73 times 8 and J of 8 ? 95 
times 8 and f of 8 ? 47 times 8 and J of 8 ? 69 times 8 
and I of 8 ? 

8. Nine times 9 and % of 9, how many ? 18 times 9 and 
I of 9 ? 37 times 9 and |^ <^ 9 ? 25 times 9 and | of 9 ? 
27 times 9 and | of 9 ? 99 times 9 and J of 9 ? 67 times 9 
and f of 9 ? 

9. Eight times 10 and -^ of 10, how many ? 17 times 10 
and T^ of 10 ? 14 times 15 and ^^ of 15 ? 17 times 25 and 
ii of 25 ? 16 times 34 and ^l of 34 ? 18 times 23 and /^ 
of 23 ? 25 times 19 and ^ of 19 ? 36 times 24 and ^ of 
24? 

10. Eleven times 7 and f of 7, how many ? 18 times 9 
and f of 9 ? 37 times 9 and | of 9 ? 15 times 14 and yV of 
14 ? 16 times 18 and ^^ of 18 ? 35 times 24 and ^^ o^ 24 ? 
27 times 36 and ^ of 36 ? 28 times 19 and ^g- of 19 ? 27 
times 15 and -^ of 15 ? 



Section IV. — Practical Questions, ^ 

1. If a yard of cloth cost 4 dollars, what will 4| yards 
cost? 8| yards? 7J ? 15| ? 19J ? 

2. If sugar cost 6 dollars a hundred weight, what will 8f 
hundred weight cost ? 5| hundred weight ? 9^1 15f ? 
24^ ? 26f ? 

3. If a man pay at the rate of 7 dollars a week for his 
board, how much will he have to pay for 7f weeks ? 8^ weeks ? 
15f ? 24f ? 49| ? 

4. If nutmegs are 10 cents an ounce, what must be paid fi)r 
6^ ounces? 9-j^ ounces? 24^^? 72^^? 85^7^? 

5. At 6 dollars for a barrel of flour, what will 9f barrels 
cost? 11^ barrels? 13^? 18f ? 15f ? 

6. If butter is 7 dollars a firkin, how much will 18^ firkins 
cost? 12^ firkins? 19f? 4^1 

7. If a man travel at the rate of 24 miles a day, how far 
will he travel in 19^ days ? In 25^ days ? 

8. If a pound of currant jelly cost 40 cents, what will be 
the cost of 16y®^ pounds ? 5/^ pounds ? 7^6xr pounds ? 

9. If a yard of becking cost 75 cents, what will 3f| yards 

C«8t? 
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SfiCTKm V. — Fractions of Numhers exceeding Tlnity^ 

continued. 

1. Thbee times 4 are how many times 6 ? How many times 
2? 

2. Four times 4 are how many times 2 ? 8 ? 5 ? Ans. 
Three times 5 and -J of five. How many times 7 ? Ans. Two 
times 7 and f- of 7. 

3. Three times 5 and f of 5 are how many times 7 ? How 
many times 4? 6? 8? 14? 9? 17? 

4. Six times 9 and f of 9 are how n^ny times 12 ? 15 ? 
8? 4? 26? 

5. Nineteen times 6 and f of 6 are how many times 4 ? 7 ? 
9? 20? 35? 17? 18? 

6. Eighteen times 4 and j of 4 are how many times 12 ? 
14? .8? 5? 8? 16? 

7. Twenty-five times 8 and f of 8 are how many times 7 ? 
24? 42? 36? 44? 52? 

8. Twenty-nine times 7 and ^ of 7 are how many times 9 ? 
14? 25? 30? 57? 34? 

9. Forty-nine times 4 and i of 4 are how many times 7 ? 
15? 24? 35? 42? 

10. Fourteen times 5 and f of 5 are how many times 4 ? 
15? 7? 25? 32? 6? 8? 5? 

11. Seventeen times 3 and § of 3 are how many times 8 ? 
6? 9? 15? 25? 19? 11? 

12. Thirteen times 9 and ^ of 9 are how many times 8 \ 
10? 7? 12? 15? 18? 32? 

13. Twelve times 7 and ^ of 7 how many times 9 ? 8 ? 
15? 24? 15? 10? 25? 

14. Twenty-four times 8 and f of 8 how many times 7 ? 
9? 12? 10? 50? 26? 



Sbction VI. — Practical QuestioTis. 

1. Bought 9 bushels and f of a bushel of salt, at 7 shillings 
a bushel ; how many dollars is that, at 6 shillings to the dollar ? 

2. Bought 8| yards of cloth at 4 dollars a yard, and paid 
for it with flour at 5 dollars a barrel ; how much flour did it 
take? 

7 
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3. A man sold 34f barrels of flour, at 5 dollars a barrel, 
and was paid in cloth, at 4 dollars a yard ; how many yards 
did he receive ? 

4. A merchant exchanged 24f yards of fine linen, at 8 shil- 
lings a yard, for broadcloth, at l8 shillings a yard ; how many 
yards did he receive ? * 

5. A farmer exchanged 6| cords of wood, at 4 dollars a 
cord, for flour, at five dollars a barrel ; how much flour did he 
receive ? 

6. A man bought 16 head of young cattle, at 8^^ dollars 
per head, and paid fbr them in flour, at 6 dollars. a barrel ; 
how much flour had he to pay ? 

7. If shad cost 8 dollars a barrel, what will 6| barrels cost ? 
and how much plaster of Paris must be paid for the shad, at 3 
dollars a ton ? 

8. When rice is 3| cents a pound, and flour 4 cents a pound, 
how much flour must be paid for 8 pounds of rice ? 

9. If salmon cost Sf>^ dollars a barrel, how much flour, at 
6 dollars a barrel, will pay for 16 barrels of salmon ? 

10. A man bought 8 hundred weight of rice, at 3| dollars 
per hundredweight, and 3 hundred weight of coffee, at 6^ dol- 
lars per hundred weight, and paid for it in cranberries, at 11 
dollars per barrel ; how many barrels were required ? 



Section VII. — Fractions of Numbers exceeding Unity ^ 

continued, 

1. Two is \ of what number ? 4 is 2 times what number ? 

2. Three is J of what number ? J of what number ? ^ ? 

iV? i^^ A? tV? 

3. Four is ^ of what number ? J of what number ? -j^ ? 

tV • tV ^ 

4. Five is J of what number ? ^1 -5^? ^g? sV^ 

5. Nine is ^ of what number ? ^ ? gV • tV • ^V • 
. 6. Nine is 3 times what number ? 

7. Twelve is 3 times what number ? 4 times ? 6 times ? 

8. Sixteen is 4 times what number ? 8 times ? 2 times ? 

9. Twenty-fbur is 12 times what number ? 3 times ? 4 
times ? 2 times ? 8 times ? 

10. Fifteen is 3 times what number ? 5 times ? 
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11. If 4 be I of some number, what is J of that number ? 
If ^ of a number be 2, what is that number ? Then 4 is { of 
what? 

12. If 6 be I of some number, what is i of the same num- 
ber ? 2 is ^ of what number i Then 6 is | of what ? 

13. If 8 be f of some number, what is if of that number ? 
2 is 4- of what number ? Then 8 is f of what ? 

14. 6 is f of what number ? 

15. 8 is f of what number ? 

16. 18 is f of what number ? 

17. 25 is I of what number ? 

18. 32 is f of what number ? Of how many times ten ? 
Ans. Of 5 times 10 and -^j^ of 10. 

19. 56 is J of what number ? Of how many times 4 ?- 

20. 42 is I of what number? Of how many times 9? 
Ans, Of 6 times 9 and | of 9. 

21. 28 is I of what number ? Of how many times 10 ? 9? 
6? 

22. 21 is f of how many times 10 ? 15? 14? 26? 7? 
9? 

23. 50 is -V^ of how many times 12 ? 19? 6? 8? 4? 
6? 

24. 42 is J of how many times 5 ? 12? 7? 4? 

25. 36 is I of how many times 10 ? 5? 12? 8? 

26. 72 is I of how many times 12 ? 7? 9? 6? 

27. 18isfofhow many times 11? 10? 12? 16? 8? 

28. 15 is f of how many times 8 ? 15? 6? 8? 4? 

29. 21 is ^r of how many times 10 ? 12 ? 6 ? 8 ? 5 ? 

30. 45 is f of how many times 6 ? 21 ? 14 ? 5 ? 12 ? 

31. 80 is j^ of how many times 10 ? 12? 8? 7? 

32. 56 is T^ of how many times 20 ? 10? 5?. 6? 

33. 60 is 4^1 of how many times 10 ? 15? 8? 7? 

34. 55 is \i of how many times 8 ? 14 ? 15 ? 9 ? 

35. 52 is I of how many times 12 ? 7? 20? 30? 

36. 12 is T^ of how many times 7 ? 9? 8? 6? 15? 

37. 14 is § of how many times 8 ? 10? 20? 25? 

38. 48 is I of how many times 11 ? 5? 9? 4? 

39. 32 is T?j- of how many times 4 ? 6? 9? 11? 

40. 27 is y3^ of how many times 11 ? 12? 15? 6? 
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Section VIII. — Practical Questions. 

1. If I of a pound of coffee cost 6 cents, what would J of 
a pound cost ? What would 1 pound cost ? 2 pounds ? How 
did you find that 2 pounds cost 18 cents ? 

2. If f of a pound of sugar cost 6 cents, what would -J 
cost ? What would 1 pound cost ? 6 pounds ? How did you 
find that 6 pounds cost 60 cents ? 

3. If f^ of a bushel of wheat cost 36 cents, what cost 1 
bushel ? 5 bushels ? Why ? 

4. K g of a pound of tea cost 24 cents, what cost 6 pounds ? 
Why? 

5. If f of a box of raisins cost 28 cents, what was the 
price of the whole box ? Why ? 

6. A man being asked the age of his eldest son, answered, 
that his youngest son, who was 9 years old, was just f of the 
age of his eldest son. How old was his eldest son ? Why ? 

7. A man sold a cow when dry for 15 dollars, which was 
just ^ of what he paid for her when fresh. How much did he 
pay for her ? 

8. A man bought 12 yards of cloth, and sold it for 54 dol- 
lars, which was f of what it cost him. What did it cost per 
yard ? and how much did he gain by the whole transaction ? 

9. There is a pole standing in the water, so that 12 feet of 
it are below the surface, being § of its entire length. How 
long is the pole ? and how long the part above the surface ? 

10. There is a pole § under water and 4 feet out. How 
long is the pole ? 

11. A pole is f under water and 6 feet out. What is its 
length ? 

12. There is a school in which f of the pupils learn gram- 
mar, f learn arithmetic, ^ geography, ^ geometry, and 12 
learn to write. How many attend the school ? and how many 
attend to each study ? 

13. In a certain congregation one Sunday, -j^ were in the 
singers' gallery, ^ in the strangers' gallery, ^ in the wall 
slipSv and 100 in the middle slips. Of how many did the con- 
gregation consist ? and what was the number of singers ? 

14. A man being asked the age of his youngest son, an- 
swered, that the age of his eldest son was 18 years, which was 
f of his own age, and that his own age was 9 times that of his 
youngest son. What was the age of his youngest son ? 
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15. A man sold a cow for 21 dollars, which was only ^ of 
what she cost him. He paid for her with cloth, at 8 dollars a 
yard. How much cloth did he give for her ? 

16. A man gave 25 cents for his breakfast, which was only 
f of what he paid for his dinner. What did his dinner cost 
him ? He paid for both meals in buttons, at 6 cents per dozen. 
How many buttons did it require ? 



Skction IX. — -■ Fractitms of Nunibers greater than Unity , 

continued, 

[Thehe are three questions in each of the following problems ; 
but the first two are merely leading questions to assist the 
learner in the solution of the third. To bright pupils they 
may be unnecessary, and of course should be omitted. With 
the more dull the section should be repeatedly reviewed, till 
the third question in each problem can be solved and explained 
without hesitation, and without the aid of the first and second 
questions.] 

1. f of 24 how many ? ^ of 24 are ^ of what number ? 
^ of 24 are Xp- of how many times 5 ? How do you know ? 
Explain the process. Form of the sduXion. — ^ of 24 is 4 ; 
therefore, \ are 20 ; if 20 are 4^, i}^ is 2, and \ 14 ; which is 
2 times 5 and f of 5. 

2. ^ of 28 how many ? f of 28 are f of what number ? 
•^ of 28 are f of how many times 7 ? Explain the process. 

3. \ of 30 how many ? ^ of 30 are \ of what number ? 
\ of 30 are f of how many times 8 ? Explain. 

4. f of 32 how many ? | of 32 are | of what number ? 
f of 32 are f of how many times 5 ? Explain. 

5. % of 36 how many ? | of ^6 are ^j^ of what number ? 
^ of 36 are -^^ of how many times &"? Explain. 

6. I of 40 how many ? | of 40 are \ of what number ? 
I of 40 are ^ of how many times 8 ? Explain. 

'7. f of 45 how many ? f of 45 are | of what number ? 
f of 45 are \ of how many times 7 ? Explain. 

8. \ of 48 how many ? \ of 48 are X^ of what number ? 
f of 48 are 4^ of how many times 3 ? Explain. 

9. \ of 63 how many ? f of 63 are \ of what number ? 
4 of 63 are \ of how many times 8 ? Explain. 

7# 
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10. f of 72 how many ? f of 72 are f of what number ? 
^ of 72 are ^ of how many times 9 ? Explain. 

11. ^ of 15 how many ? ^ of 15 are -^^ of what number ? 
^ of 15 are ^jf of how many thirds of 21 ? Explain. Form 
of the solution, — ^ of 15 is 3, and | of course 12 ; if 12 be 
tV» iV ^ill b® 2, and ig 20 ; J of 21 is 7, and 20 is two times 
7 and ^ of 7. 

12. f of 18 how many ? J of 18 are f of what number ? 
I of . 18 are f of how many sevenths of 35 ? Explain. 

13. f of 21 how many ? f of 21 are | of what number ? 
f of 21 are | of how many sixths of 24 ? Explain. 

14. J of 24 how many? |^ of 24 are -^ of what number? 
^ of 24 are ^ of how many fifths of 40 ? Explain. 

15. f of 32 how many ? | of 32 are f of what number ? 
f of 32 are f of how many fifths of 35 ? Explain. 

16. |- of 63 how many ? f of 63 are f of what number ? 
^ of 63 are f of how many ninths of 45 ? Explain. 

17. ^ of 56 how many ? ^ of 56 are |^ of what number ? 
f of 56 are ^ of how many fourths of 28 ? Explain. 

18. I of 64 how many ? g of 64 are -j®^ of what number ? 
§ of 64 are ^jy of how many sixths of 30 ? Explain. 

19. I of 72 how many ? | of 72 are ^jj of what number? 
I of 72 are y^^ of how mai^ fifths of 40 ? Explain. 



Section X. — Practical QuestioTis. 

1. As 2 boys were counting their money, one said he had 
20 cents. The other said, ^ of your money is exactly f of 
mine. How many cents had he ? ^ of 20 = f of what ? 

2. A merchant kept his silver money in one part of his till, 
and his cents in the other. Having found 18 dollars in the 
former, his clerk, who counted the cents, told him that | of the 
dollars were equal in number to -^ of the cents. How many 
cents were in iSie drawer ? Prove. 

3. A man being asked the age of his eldest son, replied; 
that his youngest son was 6 years old, and that | of the age 
of the youngest was just ^ of that of the eldest. What was 
the age of l£e eldest ? Prove. 

4. A man, being asked how many sheep he had, said^ that 
be kept them in two pastores. In one pasture he had 24 ; and 



SECT. X.] OBAL ABITHMBIIC. 79 

that I of these were just -| of what he had in both. How many 
sheep had he in the second pasture ? Prove. 

5. Two boys, talking of their ages, one said he was 9 years 
old. Well, said the other, | of your age is exactly | of mine. 
What was his age ? Prove. 

6. A farmer and his son went out one day to look after his 
sheep, which were in two separate fields. They counted 35 in 
one pasture, and the farmer told his boy that ^ of these were 
just -/^ of what were in his other pasture. How many had he 
in both pastures ? Explain the process, or prove. 

7. A farmer had sheep in three different pastures. In the 
first he had 100. In the second he had ^ of 7^ of what he 
had in the first. [How many are ^jy of 100 ? Then how many 
are ^ of that ?] in the third he had -^ of f of what he had 
in the second. How many sheep had he in all ? Explain the 
process. 

8. A gentleman had three sons, ^eing asked the age of 
the youngest, he replied, that the age of the eldest was 16 ; the 
age of the second son was § of f of that of the eldest ; and 
that the age of the youngest was | of that of the second son. 
What was the difference in age between the eldest and youngest 
son ? Explain the process. 

9. A young lady, who was 16 years of age, having asked 
her female friend how old she was, received the following reply : 
If I of your age were added to your age, the sum would 
exactly show how old I am. How much older was she than 
the lady who put the question ? Explain the process. 
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CHAPTER III. 

FRACTIONS OF UNITY. 



Section I. — First Priitciples. 

[In the following exercises, let the teacher write the ques- 
tions on the black-board, and add the answers as fast as they 
are announced by the class, in the following form, viz. : 

2X A = 
3 X tV =] 

1. Which number is the numerator of a fraction ? Which 
the denominator ? What are both called ? How much is 2 
times -^ ? How many times does f^ contain -^^ ? Ans, 
Two times. How much is 3 times y^ ? How many times does 
■^^ contain j\ ? How much is 5 times -^ ? How many times 
does -^ contain ^^? [Pcnnt to the black-board.] Will multi- 
plying the numerator of a fraction by any number, then, always 
make the fraction so many times greater ? Remember, then, 
that multiplying the numerator multiplies the fraction. 

2. Divide 4^| by 2 ; in other words, what is the half of |^§ ? 
How many times is ^^ contained in |-| ? What is the third 
part of "f f ? in other words, divide -f f by 3. How many times 
is -^ contained in |f ? [Point to tl^e black-board.] Will 
dividing the numerator of a fraction by any number, then, 
always make the fraction so many times less? Remember, 
then, that dividing the numerator divides the fraction. 

3. What principle may be drawn from these two exercises ? 

^„,.-The fraction is { '""'^^^^ g ^^f ^ } the numen..»r. 

4. If an apple be cut into two equal parts, what is one of 
them called ? [See Chap. II., Section I.] How shall I write 
it on the black-board? Ans, By drawing a horizontal line, 
and writing 1 above and 2 below it ? [Write it.] K I should 
divide one of these halves into 2 equal parts, what should one 
of them be called ? [Write it.] Which of these fractions [J, 
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S] is the larger? How many times? Has multiplying the 
enominator by 2, then [point to the fractions on the black- 
board], multiplied or divided the fraction ? By what number ? 
How many times is J greater than ^ ? Than ^ ? Than ^ ? 
Will rmdtiplying the denominator of a fraction by any num- 
ber, then, always divide the fraction by that number ? Re- 
member, then, that rmiltipLying the denominator divides the 
fraction. 

6. [Write \ on the black-board.] If I divide the denomi- 
nator 4 by 2, what will the fraction be ? [Write it after the 
answer is received.] Which is the larger fraction ? [Write 
^.] If I divide the denominator of this fraction by 3, what 
will be Ihe fraction ? [Write it.] Which is the larger ? How 
many times? Will dividing the denominator of a fraction, 
then, by any number, always multiply the fraction by that 
number? Remember, then, that dividing the denominator 
multiplies the fraction. 

6. What principle have you discovered from the last two 
exercises ? 

^„,.-ThefractioniB{-^'^J^y^JjJj;|j the denominator. 

7. [Write ^ on the board.] If this rmmerator [point] be 
multiplied by 2, or by any other number, what effect will be 
produced on the fraction ? If this denomiruitor be multiplied 
by 2, what will be the effect on the fraction ? If a fraction be 
multiplied by 2, or by any other number, and then be divided by 
the same number, will the fraction be unchanged, or will it be 
greater or less than at first ? What will be the effect, then, on 
this or any other fraction, if both terms be multiplied by the 
same number ? Remember, then, that a fraction is unchanged 
when both terms are multiplied by the same number, 

8. [Write -^ on the board, as before.] If this numerator 
be divided by 2, or by any other number, what will be the 
effect on the fraction ? If this denominator be divided by 2, 
or by any other number, what will be the effect on the fraction ? 
If a fraction be divided by 2, or by any other number, and 
then be multiplied by the same number, will the fraction be 
unchanged, or will it be greater or less than at first ? What 
will be the effect, then, on any fraction, if both terms be 
divided by the same number? Remember, then, that a fraC" 
tion is unchanged^ when both terms are divided by the same 
number. 
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9. Wliat principle may be drawn from the last two exer- 
cises ? 

Jins. — The value of a fraction is C multiplying ) both terms by the 
not changed by ( or divi(Ung ) same number. 

[From this principle it is evident that the same fraction may 
be represented in literally an infinite variety of forms. For, 
by continually multiplying both terms of J by 2, we have f , |, 
•j^, &c., to infinity. And, what is still more remarkable, if the 
operation is commenced by the use of odd numbers as denomi- 
nators, the fraction |, or any other, may be represented in an 
infinite series of forms, each series of which may be continued 
to infinity. From these considerations, the extraordinary fact 
results, that an infinite number of men, say, as an approxima- 
tion, every person now alive, and all that ever have existed, or 
ever will exist, might be employed from the present moment 
through all eternity, each person writing a series of fractions, 
all equal to one another, yet no two composed of exactly the 
same figures. And still further, the time in which this indefi- 
nite number of persons might have been thus employed, may 
be extended through the past eternity as well as through the 
eternity to come.] 

[As the three principles developed above are exceedingly 
important, it may be well, the more strongly to impress them 
on the mind of the pupil, to present the subject in another point 
of view, as follows :] 

10. [Write -^^ on the black-board.] Which of these two 
numbers is the dividend ? [See p. 67, 1. 24.] Which is the 
divisor ? Where is the quotient [or quota, or share] ? Ans, 
Both terms, namely, the fraction. If the dividend or thing 
to be divided, be increased [point to it], will the quotient, or 
share, or fraction, be increased or diminished ? What will be 
the effect if the dividend be decreased ? What will be the 
effect on the quotient, then, of multiplying the dividend by 2, 
3, 4, or any other number ? [See the first principle developed 
in this section.] 

11. The divisor shows the number of parts into which the 
dividend is to be divided : if that be increased, then, will the 
quotient (or share, or faction), be thereby increased or dimin- 
ished ? What will be the effect if the divisor be decreased ? 
What will be the. effect, then, of multiplying it by 2, 3, or any 
other number? Of dividing it by any number? [See the 
second principle developed in this section.] 
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12. If both dividend and divisor are maltiplied by the same 
number, what will be the effect on the quotient (or fraction) ? 
If both be divided by the same number, what will be the effect ? 
[See the third principle developed in this section.] 

13. [Write the following exercises on the board, and the 
answers, as fast as they are given by the class, as follows : ^ of 
1 = J, &c.] What is i of 1 ? I of 2 ? J of 3 ? Of 6 ? 
Of 7? What is J of 1? Of 2? Of 3 ? Of 4 ? What is 
^ofl? Of2? Of3? Of4? Whatisfofl? Of2? 
Of 3? Of 4? ^ofl? Of 2? Of 3? Of 4? Nowlook 
at the board, and say, did you get these answers by adding, 
subtracting, multiplying, or dividing ? What is J of J ? J of 
J? SofJ?Jof|? What is the operation, then, when 
the numbers on each side of of are both fractions ? What, 
then, does the word of imply, when connected with fractions ? 
Remember, then, that the word of connected with fractions 
always implies multiplication. What is the divisor in f ? In 
^ ? Perform the division in both these cases ? Does the 
numerator, then, always express the fraction when the denomi- 
nator is 1 ? Does the value of an integer, then, remain un- 
changed when 1 is placed under it as a denominator ? 

14. What principle is involved in the last exercise ? 

Ans. A whole nimiber may be expressed fractionally by 
writing 1 under it as a denominator. 

15. Recapitulation. — What effect is produced on a fraction 
by multiplying its numerator? By multiplying its denomi- 
nator ? By dividing its numerator ? By dividing its denomi- 
nator ? By multiplying both its terms ? By dividing both its 
terms ? What does the word of imply when connected with a 
fraction ? How may an integer be expressed fractionally ? 

16. What are the principles developed in this section ? 
An>s, 1. If multiplication or division be performed on the 

numerator, the same effect is produced on the fraction. 

2. If multiplication or division be performed on the denomi- 
natoi; a coTitrary effect is produced on the fraction. 

3. No change of value is produced on the fraction when 
both terms are multiplied or divided by the same number. 

4. A whole number may be expressed fractionally by writing 
1 under it as denominator. 

5. The word of connected with a fraction implies multiplica- 

tion. 
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Section II. — Prime Factors^ Common MtdtipleSf and Common 

Divisors. 

Definitions, — I. Numbers may be divided into two classes, 
namelj. Prime numbers and Composite numbers. A prime 
member is a number which can be divided exactly only by 
itself, or by unity, as 1, 2, 3, 5, 7, 11, 17. A composite rvumher 
is a number which can be measured exactly by a number ex- 
ceeding unity, or which can be formed by multiplying two or 
more numbers together, each exceeding unity, as 4 from 2x2; 
12 from 2x2x3; 18 from 2x3x3. One number is said to 
be prime to another when unity is the only integer by which 
both can be measured. Thus, 4 and 9 are neither of them 
prime numbers^ but they are prime to each other ; because unity 
is the only integer which will measure them both. 

II. A number greater than unity that will exactly divide two 
or more numbers, is called their common divisor ; and the 
greatest number that will so divide them is called their greatest 
common divisor. Thus, 5 is a common divisor^ and 10 the 
greatest common divisor of 10 and 50 ; and 3 is a commxm 
divisor y and 9 the greatest common divisor of 9, 18, and 27. 

III. A number that contains another an exact number of 
times, is a multiple of that number. Thus 4, 6, and 8, are 
each multiples of 2. A number that contains two or more num- 
bers as factors is a common multiple of those factors. Thus, 
6 is a common multiple of 2 and 3 ; and 24 is a common mul- 
tiple of 2, 3, and 4. The smallest number that contains two or 
more numbers as factors, is their least common multiple. Thus, 
24 is a common multiple of 2 and 3 1 but it is not their least 
common multiple, for 18 and 12 contain them also ; but as no 
number smaller than 6 contains them, 6 is their least common 
multiple. 

1. What is a prime number ? Give examples, and say why 
they are prime. What is a composite number ? Give exam- 
ples, &c. What is a common divisor of two or more numbers ? 
Give examples, &o. What is the greatest common divisor of 
two or more numbers ? Give examples, &c. What is a mul- 
tiple of a number ? Give examples, &c. What is a common 
multiple of two or more numbers ? Give examples, &c. What 
is a least common multiple of two or more numbers? Give 
examples, &c. 
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2. Is 2 a prime or a composite number ? What is an even 
number ? Can any even number except 2, then, be prime ' 
Can the product of two or more odd factors ever be even ? 

Why not? Ans, Because every even number has for 

one of its factors. From the answers to these questions, it is 
plain that the most simple method of resolving a number into 
its prime factors is to continue halving it as long as it remains 
even (each operation giving 2 for a factor), and then to exam- 
ine it by the odd numbers, beginning with the smallest. Thus, 
to resolve 120 into its prime factors, say 2 • [60] ^2*2 [30] 
=2 • 2 • 2 [15] =2 r2 • 2 • 3 • 5. These operations, however, 
should be performed mentally, unless the number be very large ; 
and, afler a little practice, the three 2's may be discovered at 
once (and the same with other numbers^, by a mere inspection 
of the composite number. The following exercises will render 
the resolution of composite numbers sufficiently easy, and, after 
some practice, exceedingly rapid. 

3. Is 10 divisible by 2 without remainder? Are 2 tens? 
3 tens ? Any number of tens ? How many tens in 80 ? In 
380 ? 270 ? 1250 ? Are all these, numbers, then, divisible 
by 2 ? Since any number of tensy then, is divisible by 2, by 
what rank of figures can it be determined whether a number is 
divisible by 2 ? What will be the respective remainders, if 
any, on dividing the following numbers by 2 ? 154 ? 379 ? 
1976 ? 3285 ? [These numbers, and others, if necessary, to 
be written on the black-board. They are not to be divided. 
The pupil should tell at a glance.] What, then, is the sign 

that 2 is a factor in a number ? Ans. That it is an 

number, or a number ending in — , — , — , — , or — . 

4. What will be the remainder if 10 be divided by 9 ? 
When 2 tens are divided by 9 ? 3 tens ? 5 tens ? 7 tens ? 
What will remain if 100 be divided by 9 ? 200? 500? Any 
number of hundreds ? When 1000 is divided by 9 ? 2000 ? 
3000 ? Any number of thousands ? [Write 253674 on the 
black-board, and other numbers, if necessary, and ask such 
questions as follow, pointing to the figures.] What will be 
the remainder when this 2 is divided by 9 ? The 6 ? 5 ? 4 ? 
7 ? 3 ? What, then, is the sign that 9 is a factor ? Ans, 
That the sum of the significant figures is divisible, &c. 

5. What is the remainder when 1 is divided by 3 ? When 
2? 3? 4? 5? 6? 7? 8? 9? When 10 is divided 
by 3? 2 tens? 3 tens? 4tens?&c. When 1000? 2000? 

8 
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3000 ? &;c. What, then, is the sign that 3 is a factor ? That 
the sum of the significant, &c. 

6. [Write the following and other numbers on the black- 
board, and ask questions as follows.] 2768, 32562, 5237, 
8246. What is the remainder when this number is divided by 
2 ? By 3 ? By 9 ? Note. — All numbers divisible by 9 are 
also divisible by 3 ; but the converse is not always true. For 
instance, 51, 111, 213, are divisible by 3, but not by 9. 

7. Is 100 divisible by 4 ? 200 ? 300 ? Any number of 
hundreds ? What, then, is the sign that 4 is a factor ? Ans, 
That the tens and units are, &c. Is 20 divisible by 4 ? 40 ? 
60 ? 80 ? Any even number of tens ? Give another sign of 
4, then. Unite the two signs. Am, When the units and tens 
are divisible, if the tens are odd ; when the units alone are 
divisible, if the tens are even. 

8. Is 10 divisible by 5? Any number of tens? What, 
then, is the sign that 5 is a factor ? Is 100 divisible by 25 ? 
What, then, is the sign of 25 ? 

9. Is 1000 divisible by 8 ? What, then, is the sign of 8 ? 
Is 200 divisible by 8 ? Any even number of hundreds ? Give 
another sign of 8, then. Unite the two signs. 

10. What is the sign of ten being a factor ? Of 50 ? Of 
125=(-uyiii) ? Of 225 (9X25) ? 

11. If an apple be divided into 2 equal parts, and each of 
these be again divided into 3 equal parts, into how many equal 
parts will the apple be divided ? Would the number of parts 
have been precisely the same, had the apple been divided at 
once into 6 parts ? Divide 24 by 2, and the quotient by 3. 
Divide 24 by 6, the product of 2 and 3. Is it the same thing, 
then, in all cases, whether we divide by two numbers separately, 
or by their product ? 

12. Is 3 a factor in 342 ? Is 2 ? Is 6 a factor, then ? Is 
2 a factor in 546 ? Is 3 ? Is 6 a factor, then ? What is the 
sign of 6 ? An even number divisible by what ? 

13. What is the sign of 15 (3x5)? Of 18 (2x9)? 
Of 20 ? Atis, An even number of — . What is the sign of 
24 (3x8)? Of 75 (3 X 25) ? Can an even number be 
prime ? Why ? Can a number ending in 5 be prime ? Why ? 

14. [Write 4236981 on the black-board, and frequently 
exercise the class as follows, on this and other large numbers, 
till the questions can be answered correctly and rapidly.] 
What is the remainder, if any, when divided by 2 ? By 3 ? 
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4? 5? 9? 25? 50? 125? Is it divisible by 6 ? 15? 
18? 20? 24? 75? 225? 

HIT* Signs to discover the factors 7 and 11 might be devel- 
oped, but they are too numerous to be of much use in practice. 
It may be well to mention, however, that 7 is factor in all 
numbers consisting of 2 or of 3 figures, where the left hand 
figure, or figures, is double that of the right hand, as 42, 84, 
63,- 168, 147, &c. ; and also if the right hand figure be ^ of 
the left hand ones, as 91, 182, 273, 364, &c. Eleven is readily 
discovered in 2 figures, since they must be alike, as 44, 77 ; it 
is also a factor in numbers consisting of 3 figures, when the 
sum of the figures at the right and left is equal to that in the 
middle, as 473, 374, 286, 385, &c. 

[The class may now be directed individually to form on the 
slate, a table of numbers ^ from 1 to 100, or to 1000, or to 10,- 
000, as the teacher may see fit, analyzed to their 'prime factors. 
When this is done, let the pupils exchange slates, and each 
examine his school-mate's work, and mark any errors he may 
find. Lastly, let the tables be carefully examined by the 
teacher, to see that no composite numbers are placed among 
the prime factors, which will probably be the case on the first 
trial, such as 20=4 • 5, in place of 20=2 • 2 • 5. Writing 
such a table twice without copy or assistance, will generally 
make every pupil sufficiently familiar and ready with analysis. 
If not, the exercise should be repeated till he becomes apt in 
observing the prime factors in a number, and can declare at 
once how often they are repeated.] 

Examples of Numbers resolved to Prime Factors. 

Besolve the following numbers into their prime factors : 1st. 
132 ; 2d. 625 ; 3d. 488. 

Solution 1st. 132. Is 2 a factor in 132 ? ' How often ? Is 
3? Then 2-2-3 being factors, 4-3=12. What is the 
quotient of 132 by 12 ? Is 11 a prime ? Then the prime 
factors of 132 are 2 - 2 • 3 • 11. 2d. 625. Is 2 a factor in 
625? Is 3? Is 5 ? How often? How many 25s, then, in 
625 ? Ans. There being 4 in each hundred, of course there 
are 25 in 625. Then 25 being twice a factor, gives 5 • 5 • 5 • 5 
for the prime fiictors of 625. 3d. 488. How often is 2 a 
fiictor in this number ? What is the quotient of 488 by 8 ? 
Is 61 prime or composite ? Then the prime factors of 488 are 
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2«2»2«61. Observe, however, that nearly all these steps 
will become saperfluous by practice, and should be dispensed 
with as soon as possible. 

Specimen of the FORM of the Table of Prime Factors. 



Nob. 




Nos. • 


Nos. 




1 


Prime 


11 1 


21 




2 




12 




22 




3 




13 




23 




4 


2-2 


14 




24 




6 




15 




25 




6 


2*3 


16 




26 




7 




17 




27 




8 


2*2*2 


18 




28 




9 


3*3 


19 




29 




10 


2*5 


20 




30 


: 






&c. 





As soon as the members of a class have each formed a table 
from 1 to at least 100, it may be well to direct their attention 
to the fact that every prime jmmher greater than 3 is either 1 
more or 1 less than 6, or one of its multiples. This singular 
property of numbers may be thus accounted for. Neither 6 
nor either of its multiples can be prime, since they must neces- 
sarily be even ; now, if the numbers between any two of its 
adjacent multiples be examined, take, for instance, 13, 14, IS, 
16, 17, it will be obvious that the middle number cannot be 
prime, since every multiple of 6 must also be a multiple of 3, 
and the middle number contains exactly one 3 more ; and as 
the even numbers on each side of the middle one cannot of 
course be prime, it follows that no numher greater than 3 can 
he prime^ unless it bel greater or 1 less than 6, or than one of 
its multiples. Observe, however, that, although primes can be 
found in no other situation, it does not necessarily follow that 
the converse is true, namely, that every number in that situa- 
tion must be prime, as an inspection of the table will show. 

15. Write in a column on the slate the prime numbers 
between 5 and 97 inclusive, and repeat the exercise daily till 
they become familiar. 
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16. What are the prime factors of 14 and 35 ? What is 
their greatest common divisor ; that is, what prime factors are 
common to both numbers ? What are the prime factors of 16 
and 12 ? What is their greatest common divisor ? Mention the 
prime factors of 16 and 18, and say which are common. What 
is the greatest common divisor of 28 and 42 ? Of 16 and 36 ? 
18 and 42? 19 and 57 ? 72 and 30? 20 and 45? 51 and 
17 ? 75 and 125 ? 39 and 26 ? 36 and 54 ? 14 and 63 ? 
15 and 125 ? 27 and 84 ? 30 and 81 ? 

17. What \s the greatest common divisor^of 12, 27, and 51 ? 
Of 9, 45, and 54 ? 63, 18, and 36 ? 15, 39, and 27 ? 4, 26, 
and 38 ? 14, 49, and 63 ? 15, 105, and 75 ? 24, 78, and 42 ? 
85, 34, and 51 ? 

18. What is the greatest common divisor of 4, 32, 12 ? Of 
45, 75, 60 ? 33, 77, 22 ? 39, 91, 78 ? 46, 69, 92 ? 34, 
85, 102 ? 16, 128, 64 ? 116, 29, 87 ? 

19. Mention two numbers of which 10 is the common mul- 
tiple? Of which 15? 22? 26? 34? 35? 42? 46? 
51? 52? 106? 112? 

20. What is the least common multiple of 2 and 3 ? Of 
3 and 5 ? 7 and 3 ? 5 and 11 ? 

21. Is 18 a common multiple of 3 and 2 ? Its least com- 
mon multiple ? Is 260 a common multiple of 5 and 13 ? Its 
least common multiple ? 



Section III. — Fractiorud Change of Form, 

1. When a bushel of wheat is divided into 4 equal parts, 
what is one of them called ? How many of these fourths make 
half a bushel ? Is 1=^1 then ? If a bushel was divided 
into 6 equal parts, how many of them would make half a 
bushel ? Is |=|=J ? [Show these fractions on black- 
board.] If divided into 8 parts, how many would make half 
a bushel ? If divided into 10, 12, 16, 18, &c., parts ? [Show 
a number of these fractions, and let the class observe the rela- 
tion between the two terms of each fraction.] In how many 
ways could \ be represented ? [Infinite.] Which is easiest 
understood, the smallest fraction |, or one of the larger ones ? 

2. When an article is divided into 3 equal parts, what is 
one of them called ? If divided into 6 equal parts, what 

8* 
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woald one of them be caUed ? How many of theae last would 
make | of die article ? Is f =|, then ? [Black-board.] Ex- 
press I in as manj different forms as yon can. Whidi is 
easiest understood, the smallest or one of the larger? Into 
how many different forms can a firactio« be changed withoot 
altering its value ? [See p. ^2, I. 5.] 

3. What is the least common multiple of 2 and 3 ? How, 
then, may J and \ be changed to equivalent fractions with a 
least common denominator ? How may { and ^ be changed to 
equivalent fractions with a least common denominator ? | and 
I? ^andf? {andf? ^andf? 

4. Change | to an equivalent fraction of the same denomi- 
nation as §. ^ to same denomination as ^^. Make ^, f and f , 
of same denomination, by a change in the two former ? What 
is the least common multiple of 3, 5, and 25 ? Change }, -f 
and ^^, then, to equivalent fractions with the least common 
denominator. [Use black-board.] Change f , |, and ^, to 
fractions with least common denominator, commencing by a 
change in the last fraction. Change f , f , -^, f , and ^, to frao- 
tions with least common denominator, commencing by a change 
in the second and fifth. 

5. Change the following sets of fractions to equivalent ones, 
with the same lowest denominator by division : f and | ; 1 
^^^ A5 :h ^^^ i y A» A> and ^; f, J, and ^f; ^, f, and 

6. What is the least common denominator of ^, f , ^, §, i^, 
^jy ? [Black-board.] How shall ^ be changed to an equivap 
lent fraction of that denomination ? How shall | ? | ? | ? 
77 ' ^(7 ^ What is the least common denominator of |-, ^, f , 
|, ^ ? How shall I be brought to that denomination ? ^y ? f ? 
I ? 2V ' What is the least common denominator of ^, f , -^j 
A) h TT' /? * ^^^ B^all ^ be brought to that denomination ? 
Howshallf? ^1 ^? I? Y^? j^^ 

017' The above exercises should be studied without the aid 
of the slate. In reciting, the teacher should write the given 
fractions on the black-board, and call on the pupils to work oat 
the answers mentally. 
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Section IV. — Addition and Szcbtraction of Common 

Fractions, 

Explanation. — Numbers of different denominations can 
neither be added together nor subtracted from each other. 
Thus, 6 chairs and 3 tables make neither 9 tables nor 9 chairs ; 
and 3 tables cannot be taken from 6 chairs, nor 3 chairs from 
6 tables. Their denomination^ however, can be made the same^ 
and then they can be e^er added or subtracted. Thus, by 
calling both chairs and tables pieces of furniture, they have the 
same denomination ; and, when added, make 9 pieces of furni- 
ture ; and the 6 or the 3 may be subtracted from the 9. 

The same remark holds good with respect to abstract num- 
bers (that is, numbers used without being applied to things), 
whether they are whole or fractional numbers. Thus 6ty can- 
not be added to 3 hundred or to 3 units, because they are of 
dififerent denominations, and would make neither 9 hundred, 
9ty, nor 9 units. Neither can 3ty be subtracted from 6 hun- 
dred without changing one of the hundred (mentally) to lOty, 
and thus we should have 570. This becomes more evident 
when applied to fractions. \ can neither be added to, nor sub- 
tracted from, |, while both retain their present form. But )^ 
can be changed to ^, and ^ to ^, and, as they have now the 
same denomination (twelfths), they can either be added or sub- 
tracted. 

But the case is entirely different in regard to multiplication 
and division. In multiplication, as has already been observed, 
although it is in reality nothing more than addition, yet one of 
the factors is not to be added. It merely points out the num- 
ber of times that the other factor is to be taken. Thus, the 6 
chairs and 3 tables may be multiplied by 3, giving 18 chairs 
and 9 tables, because 3 times 6 chairs make 18 chairs, and 3 
tijnes 3 tables make 9 tables ; and so with any other number 
whatever. Abstract integers may also be multiplied or divided 
by numbers of different denominations, since it is evident that 
6 hundred or 6ty can be taken three times as well as 6 units 
can ; and it is equally evident that either of these digits can be 
divided by 3 of any denomination whatever. In like manner, 
I and |, or any other fraction, though of different denomina- 
tions, may be multiplied or divided by 2, 3, J, or any other 
number, since the one is only taking each of these fractions so 



i2 OKAX ABnHMBnC. fCHAP.HL 

many times, and the other is only finding how many times the j 
contain the divisor. 

1. Can nnmbers of different denominations be added together 
or subtracted from each other ? Give me examples to show 
why. What should be done, then, when it is necessary they 
should be added or subtracted? Can &ctors of different 
denominations be used in multiplying ? Give an example to 
show why. May the divisor and dividend be of different denom- 
inations ? Give an example to show why. 

2. By how many methods can a fraction be changed without 
altering its value? [See p. 83, 1. 36.] Which is more intel- 
ligible, a fraction with large or with small terms? Which, 
then, is the preferable mode of changing the form of a frao- 
tion ? Can the form of a fraction altoays be changed by 
division ? When can division be used ? Ans, When its terms 
have a common divisor. Can j^f be changed by division ? Can 
W f? *? S? Why? Can^? /^? ^f? Can every 
fraction be changed in form by multiplication ? Why ? Be- 
cause, though every two numbers may not have a common 
divisor, yet any two, &c. 

3. What is the least common multifde of 3 and 15 ? What, 
then, is the sum of § and f ? What is the least common mul- 
tiple of 4 and 8 ? What, then, is the sum of | and § ? What 
is the sum of f and # ? Of |, {, and ^? Of ^, ^^, and | ? 
Of §, j, and ^ ? Of i, f , and ^ ? [By division and mul- 
tiplication the least common denominator beoomes 20.] Of |, 
j, and ^ ? Of -^f |, and ^ ? [Least common denominator 4.] 

4. What is the least common denominator of | and |? 
What is the difference of these fractions, then ? The difference 
of f and ^^ ? Of ^ and f ? Of i and J ? 

5. How many fourths are there inl? In2?ln5? In 
9 ? How many fourths in IJ ? In 5| ? What, then, is the 
difference between 6| and 1^? How many fifths in 1? 
Eighths in 1 ? Sixths ? Ninths ? What, then, is the differ- 
ence between 4f and 2| ? 



Sbction Y.-^ Contracted Addition and Subtraction of Common 
Fractions, vsually called Midtiplication and Division. 

1. In how many waj^s can a fraction be multiplied ? [See p. 
80, 1. 16, and p. 81, 1. 16.] Name them. By which method is the 
fraction rendered most intelligible ? Which, then, is the prefer- 
able mode ? Can division be used for multiplying a fraction in 
all cases ? * Why not ? By how many methods can a fraction 
be divided? Which, then, is the preferable mode? Can a 
fraction be divided or multiplied by division in all cases? 
Why not? 

2. Multiply -^ by 3 by multiplication ; by division. Mul- 
tiply A by 7 by multiplication ; by division. Can ^ be 
multiplied by 3 by division ? Why not ? Ans. Because 3 is not 
a factor in — . Can it be multiplied, then, by multiplication ? 
What is the product ? Multiply the following factors by both 
methods, changing the fraction, when not already so, to its low- 
est denomination, and observing whether or not the result of 
the two methods is alike : A by 3 ;^^ by 4 ; ^ by 3 ; /g- 
by 7. 

3. Divide i*^ by 3 by multiplication. Can it be done by 
division ? Why ? Divide ^ by 7 by multiplication. Can it 
be done by division ? Why^ Can ^ be divided by 2 by both 
methods ? Why ? Divide the following fractions as indicated, 
changing the quotient, when not already so, to its lowest de- 
nomination, and observing whether or not the result of the two 
methods is alike : y\ by 3 ; y^ by 4 ; \^ by 2 ; Jf by 5. 

4. Multiply \ by §. [Write it on the black-board.] 
Suggestive QuestioTiS. — What part of 2 is | ? [See Chap. 

II., Sect. I., 13.] If ^ be multiplied by 2, then, how many 
times too large will the product be ? If it be 3 times too large, 
how can it be rectified ? [This analysis will be sufficiently 
clear when exhibited on the black-board, if the teacher write 

* A fnustion may be multiplied and divided in all oases by division ; but 
it beoomes complicated when the divisor is not a factor of the dividend. 
Thus ^ multiplied by four by division becomes -^., and ^ divided by 4 by 

division becomes ^^. It is, therefore, more convenient, in such cases, to 
multiply and divide by multiplication, which presents the fractions in the 
more intelligible forms of -^- and ^^. When it is said, then, that one 
number is not divisible by another, all that is meant is that the quotient 
would be complicated with fractional parts. But, whenever this would 
not be so, a change of fractional form by division is always preferable. 



the answers to the suggestiye qaestions hy the class, as follows, 
especially if the multiplication be only indicated, as below, not 
performed. Thus, ^X|- First step, ^ ; second step, -j:§ =z= 
^^.] If •} be multiplied by 2, then, in place of §, and, because 
it is 3 times too much, divided by 3, what terms of the two 
fractions will be multiplied together ? Will this be the case, 
whateyer may be the numbers, wh^i one fraction is to be mul- 
tiplied by another ? 

5. What principle, then, may be drawn from this exercise ? 

Ans, To multiply one iraction by another, multiply the — 
for a new numerator, and the — for a new denominator. 

6. Multiply ^ by f ; i by f ; | by *; | byf ; J by f ; 
repeating, step by step, the above analysis. 

7. Multiply ^ by ^^f, [Write it on black-board.] 
Suggestive Questions, — What factor is common to 5 and 10 ? 

What &ctor is common to 3 and 6 ? What two Actors, then, 
are common to both terms ? What, then, will be the product 
of the two fractions, if the common &ctors be dropped ; that 
is, if both terms be divided by 15 ? 

8. Mention the products of each of the following pairs of 
fractions by inspection merely, casting out the &ctors common 
to both terms mentally, so as at one step to present each pro- 
duct in its lowest denomination: fXA5 iX^^; ^jsXii 

*XA; ixff ; fxil; fXi; fX^; Ixi- 

9. What addition to the principle developed from the 4th 

exercise may be drawn firom the last two exercises ? 

• 

Ans. When one or more factors can be found in one or in 

both of the which can also be found in one or in both of 

the , they may be cast out of both before the multiplica- 
tion, and thus leave the fractional product in its lowest denom- 
ination. 

10. Divide I by |. 

Suggestive Questions, — What part of 2 is | ? If § be 
divided by 2, then, instead of |, how many times too small will 
be the quotient ? How, then, shall it be rectified ? [Let the 
division be indicated on the black-board as before in Ex. 4, as 
follows: J-5-§. First step -j^^; second step f;f.] Iff, then, 
be divided by 2 in place of §, and, because the quotient is 3 
times too small, it be multiplied by 3, what terms of the two 
fractions are found to be multiplied together ? [Repeat the 
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above analysis, step by step, in each of the following problems.] 
Whatis|-r-J? I^x"^? l-rf? f-J-lf? ^-f-J? ^-5-i? 
|-s-^? |-5"t' ^ place of multiplying crosswise, would 
the same result be attained by reversing the divisor, and 
completing the process by multiplying the two fractions ? 
[Show the process on the black-board in one or two of the above 
cases, as follows: f "T-|-a*f:f» by division; fXf (the divi- 
sor reversed) by multiplication.] As the result, then, is ex- 
actly the same, we shall in &ture pursue the process by 
reversing the dhisor, arid midtiplyingi Kepeat the above 
problems by the reversing process. 

11. What principle maybe drawn from the above exercises ? 

Ans. To divide one fraction by another, reverse the , 

and proceed as in multiplication. 

12. Divide 3 by -J. The most simple method of resolving 
such questions is to give the integer (3) a fractional form, as f . 
But, after a little practice, giving the fractional form becomes 
a guperjkums step. Divide 9 by ^ ; 8 by } ; 14 by f . 

13. How many ^ in 4-J ? Divide 4|, then, by |. How 
many f m 6^ ? Divide 6f by | ; 3§ by 9. 7^ by 2|. 5^ 
by 2|. 

14. Divide 2 by 7 [f]. 1 by 5 ; 3 by 8; 5 by 8; 2 by 6; 
lby4. 

16. What does the word of signify when connected with 
fractions ? [See Section I., 13 of this chapter.] How much, 
then, is f of | ? Express f of | of ^ of ^®^, in its most sim- 
ple terms, mentally casting out equal factors. [Black-board.] 
Express, in their lowest terms, J of ^y ; § of ^ ; f of f| ; 
Aof ^of I; T^oflf 



Section VI* — Practical Questiom, 

1. A MERCHANT sold 8 barrels of flour, at 6| dollars per 
barrel. How much did they come to? [The pupil should 
explain the process in all the questions that follow.] 

2. A countryman sold 4| bushels of cranberries to one 
store-keeper, and 3| bushels to another, at 3J dollars a bushel. 
How much money did he receive ? 
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3. One man bought 2\ bushels of the same cranberries, and 
another man bought 1^ bushels. How much did the first man 
pay more than the other ? 

4. What will 9 bushels of rye come to, at -^^ of a dollar 
per bushel ? 

5. A man bought 5 yards of cloth for 16^ dollars. How 
much was that for one yard ? What would 3 yards cost at 
that rate ? 

6. If 6 men can build a piece of wall in 3| days, in what 
time could 1 nan build it ? In what time could 4 men build 
it? 

7. If 3 horses will eat 16 J tons of hay in a year, how much 
will 1 horse eat in the same time ? How much will 5 horses ? 

8. If 3 barrels of flour last a family 6| months, how long 
will 1 barrel last them ? How long will 5 barrels ? 

9. If 6 yards of cloth cost 13^ dollars, what will 1 yard 
cost ? What will 9 cost ? ■ 

10. If a man can travel 10|^ miles in 3 hours, how much 
can he travel in 1 hour ? In 5 hours ? 

11. If 2| bushels of wheat last a family 3 weeks, how 
much will last thera 1 week ? 5 weeks ? 

12. If 5 boxes of raisins cost 11 § dollars, what will be the 
cost of 1 box ? Of 7 boxes ? 

13. If 3 ounces of silver cost 3^^ dollars, what will be the 
cost of 1 ounce ? Of 8 ounces ? 

14. If 3^ pounds of bread be sufficient for 6 men for a day, 
how much is that for 1 man ? For 5 men ? 

15. If 9 men receive llj dollars for a day's work, how 
much is that for each man ? How much would seven men 
earn at that rate ? 

16. If the freight of 9 hogsheads of sugar on a railroad 
be 16 dollars, what is the freight for 1 hogshead ? For 7 
hogsheads ? 

[Kepeat the above from Ex. 5 to 16, omitting in each the 
leading question, " How much for 1," &c. They should be 
done as follows: b'^ 3x5^ 6^'' 20|-r-4.] 

17. There is a pole standing so that \ of it is in the ground, 
and g of it in the water. How much of it is in the air ? 

18. A pole is standing so that ^ of it is in the ground, ^ in 
the water, and 10 feet in the air. How many feet are in the 
ground, how many in the water, and what is the length of the 
pole ? 
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19. Id a certain sichool, ^ of the pupils are learning to read, 
f studying arithmetic, ^ studying geography, and the rest, 6 in 
number, learning grammar. How many are reading? how 
many studying arithmetic ? how many geography ? and how 
many in all ? 

20. In a congregation ^ were men, f women, 4 boys, and 
100 girls ; how many persons were in the congregation ? 



CHAPTER IV. 

DENOMINATE FRACTIONS, OR FRACTIONS EXPRESSED IK 
CONCRETE WORDS, NOT IN FIGURES. 



Section I. — Change of Form. 

1. Ten cents make a dime, and 10 dimes make a dollar. 
How many cents, then, make a dollar ? 

2. Ten dimes make a dollar, and 10 dollars make an eagle. 
How many dimes, then, in an eagle ? 

3. Ten mills make a cent, 10 cents make a dime, 10 dimes 
make a dollar, and 10 dollars an eagle. How many mills, then, 
in an eagle ? 

4. Twelve pence make a shilling, and 20 shillings a pound. 
How many pence, then, in a pound ? 

5. Four farthings make a penny, 12 pence a shilling. How 
many farthings, then, in a shilling ? 

6. Four ^rthings make a penny, 12 pence a shilling, and 20 
shillings a pound. How many farthings, then, in a pound ? 

7. As 12 pence make a shilling, and 20 shillings a pound, 
how many pounds and shillings in 540 pence ? 

8. Sixteen drams make an ounce, and 16 ounces a pound. 
How many drams in 1 pound ? In 3 pounds ? In 7 pounds ? 
How many pounds in 512 drams ? In 768 drams ? 

9. Twelve inches make a foot, and 3 feet a yard. How 
many inches make 5 yards? 15 yards? 25 yards? 14 
yards? 

9 
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10. Three feet make 1 yard, and 6J yards a rod. How 
many feet make a rod ? 5 rods ? 8 rods ? 

11. Sixteen *and a half feet make a rod, and 820 rods a 
mile. How many feet in a mile ? 

12. Four quarters make a yard, and 5 quarters make an ell 
English. How many quarters in 5 yards ? How many ells 
English in 20 quarters ? How many ells English, then, in 5 
yards ? 

13. Four quarters make a yard, and 6 quarters an ell 
French. How many quarters in 12 yards ? How many ells 
French in 48 quarters ? • 

14. Five quarters make an ell English, and 6 quarters an 
ell French. How many ells French, then, in 12 ells English ? 
Solve this question first by multiplication and division, and then 
by division and subtraction. 

,15. Four quarters make a yard, 5 an ell English, and 3 an 
ell Flemish. How many ells English in 15 yards ? and how 
many ells Flemish in the same ? 

16. Twenty shillings make a sovereign, and twenty-one shil- 
lings make a guinea. How many guineas in 63 sovereigns ? 

Solve this question first by multiplication and division, and 
then by division and subtraction. 

17. One of the fields of a farm is exactly square, being 40 
rods long and 40 wide, making 1600 square rods. Another 
field is ouly 25 rods wide, yet it contains tho same number of 
square rods. Is the last named field longer or shorter than the 
first, and what is its length ? 

18. Sixty seconds make a minute, and 60 minutes an hour. 
How many seconds in an hour ? In 5 hours ? In 25 hours ? 

19. Twenty-four hours make a day, and 7 days a Week. 
How many hours in a week ? In 4 weeks ? In 6 weeks ? In 
14 weeks? In 19 weeks ? [14=15—1; 19=20—1.] 

20. Two pints make a quart, 8 quarts a peck, 4 pecks a 
bushel, and 8 bushels a quarter. How many pints in a quar* 
ter? 

21. Eight quarts make a peck, and 4 pecks a bushel. How 
many quarts in 75 bushels? 

22. Two pints of milk make a quart, and 4 quarts a gallon. 
How much will a pint cost, at 40 cents a gallon ? 
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CHAPTER V. 

MBSCBLLANEOUS QUESTIONS. 



1. A FARMER sent his son to market with 24 bushels of pota- 
toes, which he sold at 25 cents a bushel. He bought 16 pounds 
of sugar, at 6^ cents a pound, and 11 pounds of coffee, at 9 
cents a pound. How much money did he carry home ? 

[The teacher should require his pupils to prove this and the 
following questions, and explain the process somewhat as fol- 
lows : 24 times 25 is J of 24x100=600 ; 16 pounds of 
sugar, at 6 cents, come to 96 cents, and | of 16=4, making 
100 cents ; and 11 pounds of coffee, at 9 cents, come to 99 
cents ; together 199 cents, which, taken from 600 cents, leave 
401 cents to carry home.] 

2. A storekeeper sold 3 dozen of eggs, at 10 cents per 
dozen ; 3 yards of calico, at 12^ cents per yard ; and 16 
pounds of rice, at 5 cents per pound. What did the whole 
amount to ? 

3. A man divided $360 dollars between his two sons and 
two daughters, giving 2 shares to each son, and 1 share to each 
daughter. How much did each son and daughter get."^ 

4. At a certain meeting of 280 persons, there were 4 times 
as many children and twice 'as many women as men. How 
many were there of each class ? 

5. , Two brothers, one of whom was twice as rich as the other, 
calculated their property, and found that together they had 
$3600. How much did each possess ? 

6. The sum of $275 is to be divided among 2 men in such 
a way that for every $4 that one receives, the other is to 
receive one. How much does each receive ? 

* These fractional formulas, or as many as necessary, may be exhibited 
on the blackboard at the first recitation, but omitted at the review. But 
neither slate nor paper should be used in any of the exercises in Oral 
Arithmetic. 
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7. If a certain nambes is multiplied by 4, the product is 24. 
What is the number ? By what process is it ascertained ? 

8. If a certain number is divided by four, the quotient is 
24. What is the number ? By what process is it ascertained ? 

9. Ten was added to a certain number, and 8 subtracted 
from it ; it was then multiplied by 6 and divided by 4, when 
the result was found to be 24. What was the number ? B.e- 
verse the process. Why ? • 

10. If 4 pounds of brown sugar cost 25 cents, what will 9 
pounds cost ? 

Suggestive Questions. — By what number must the 25 cents 
be divided to show the price of 1 pound ? By what multiplied 
to show the price of 9 pounds ? Place these numbers so as to 
indicate such operations ; that is, place them in a fractional 
form, thus, fx 25. Why? 

11. If 8 pounds of rice cost 56 cents, what will 15 pounds 
cost? J^X56. Why ? [See note on preceding page.] 

12. If 6 pounds of refined sugar cost 75 cents, what will 
12i pounds cost ? fj X 75. Why not ^ ? 

13. A man who employed 11 laborers, found that the wages 
he paid came to $77 a week. He afterwards hired 4 more 
laborers at the same rate. How much would the weekly wages 
then amount to ? 15x7. Why ? 

14. How much is J of 105 ? If, then, the wages for 6 
days amount to $105, how much would they amount to for 4 
days ? 

15. If the wages of 15 men amount to $105 for a week of 
6 working days, how much would they amount to for 3 weeks 
and 2 days? ^6<i=Jj^xl05. Why? 

16. At $105 for 15 laborers for a week of 6 days, how 
much does each man earn per day ? 

17. If a man travel 8 days, when the day is 12 hours long, 
how many hours does he travel ? 

18. If a man travel 360 miles in 6 days, when they are 12 
hours long, how far will he travel in 8 days, when they are 10 
hours long ? J^<i x 360. Why ? 

19. At $33 for 6 barrels of flour, what will 32 barrels cost ? 
16X11. Why? 

20. If wheat rise in price should the 5 cent loaf be made 
larger or smaller ? 

21. If a 5 cent loaf weigh 10 ounces when wheat is 80 
cents a bushel, how much should it weigh when it is 100 cents 
per bushel ? f X 10. Why ? 
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22. A ship was provisioned for 8 months, at the rate of 15 
ounces per day to each person. What must be the daily allow- 
ance for each person, in order that the provision may last 12 
months ? More or less ? and how much ? § X 15. Why ? 

23. A retailer one morning weighed his rice, and found that 
he had exactly 44 pounds. In the evening he again weighed it, 
and found that he had remaining 3 times as much as he had 
sold. How much had he sold ? ^^. Why ? 

24. The same man weighed his raisins in the morning, and 
found them to weigh 40 pounds. In the evening there re- 
mained 8 pounds more than was sold. How many pounds were 
sold? 

25. Three men purchased jointly a piece of woods, contain- 
ing 1600 square rods. By agreement the second was to have 
200 rods more than the first, and the third 200 rods more than 
the second. How many square rods was each man to have ? 
333J, 533J, 733i. Why? 

26. There are two numbers whose sum is 96, and their dif- 
ference 12. What are the numbers? -^ — 6. Why? 

27. Two merchants agreed to trade as follows : The first 
was to receive $60 a month for carrying on the business ; the 
remainder was to be shared so that the second was to receive 
double the amount of the first, exclusive of his monthly pay. 
They gained 600 dollars the first month. How much would 
each receive ? « 

Eemark, — Interest is an allowance by a borrower for the 
use of money, or any kind of property lent. Interest is also 
frequently allowed on unpaid debts. The rate or amount of 
interest for a given sum differs at different times and in diJSer- 
ent places. In the state of New York, lawful interest is 7 per 
cent. ; but 'in most parts of the United States, it is 6 per cent. ; 
that is, 6 for the use of 100 for one year, whether the money 
be cents, dollars, pounds, or any other denomination. As 100 
cents make 1 dollar, 6 cents is the usual interest for 1 dollar 
for a year. In reckoning interest, 30 days are considered a 
month, and 360 days a year. 

28. At 6 cents for a dollar for 1 year, what is the interest 
of 5 dollars for the same time ? Of $8 ? Of $12 ? Of $15 ? 
Of $24? Of $100? Of $96? Of $125?* 



* $ is an abbreviation of V, S., and !b used to denote dollars, the oar- 
renoy of the U. S. 

9* 
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29. At 6 cents for a dollar for one year, what would be the 
interest for 2 years ? 4 year& ? 5 years ? 7 years ? 

30. At 6 per cent, (or 6 for 100) for 1 year, what is the 
interest of $2 for 2 years ? $8 for 2 years ? $6 for 3 years ? 

31. As there are 12 months in 1 year, what is the interest 
of $1 for 6 months, at 6 per cent. ? Interest of $1 for 2 
months ? Of $6 for 3 months ? Of $6 for 8 months ? $6 
for 9 months ? $6 for 11 months ? $6 for 1 month ? $6 for 
7 months ? 

32. At 6 per cent., what is the interest of $100 for 6 
months ? For 8 months ? 9 months ? 4 month ? 7 months ? 
11 months ? 

33. At 6 per cent., what is the interest of $150 for 1 year ? 
Of $200? Of 250? 226? 500? 750? 326? 530? 

34. At 6 per cent., for 12 months, what would be the 
interest for 2 months, or 60 days ? For 30 days, or one 
month ? For 15 days ? For 45 days ? For 20 days ? For 
40 days ? 

35. At 6 per cent, for 12 months, how much for 2 months, 
or 60 days ? How much for 1 day ? 2 days ? 5 days ? 8 
days ? 

36. At 6 per cent, for 12 months, what is the interest of 
$100 for 18 months ? For 16 months ? For 8 months ? 

37. If the interest of $100 for twelve months is $6, how 
long must that sum be at interest to produce $9 ? To produce 
$12? $4? $1? 

38. A man was sent on horseback from Boston to Hanover, 
and went at the rate of 5 miles an hour. After he had been 
gone 8 hours, another was despatched after him to bring him 
back. 1. How far was the first ahead when the second started ? 
The second went at the rate of 8 miles an hour. 2. How 
much would he gain on the first in an hour ? 3. In how many 
hours would he overtake him ? 4. How many miles would the 
first 'have travelled before he was overtaken? Ans. to M 
question, A^. Why ? 

39. A man sets out on a journey, and travels 30 miles a 
day. After he had been gone 3J days, his son sets out after 
him, and travels 45 miles a day ? In how many days would 
he overtake him ? 

40. A cistern has two pipes. The first can fill it in 3 hours, 
and the second in 6 hours ? How much of it would each of 
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them fill in 1 hoar ? How maqh wonld both together ? Hotv 
long would it take them both to fill it ? 

41. A cistern has 2 pipes. The first can fill it in 3 hours, 
the second in 4 hours. How much of it can both fill in an 
hour ? In what time can both fill it ? 

42. A cistern has 3 pipes. The first can fill it in 4 hours, 
the second in 6, and the third in 8. In what time would all 
three fill it ? 

43. A cistern has 3 pipes ; . 2 to fill, and one to empty it. 
The first can fill it in 3 hours, the second in 4, the third can 
empty it in 6 hours ? In what time would it be filled if all 
three were set running ? 

44. A and B can do a piece of work in 10 days, and with 
the assistance of C they can do it in 8 days. How long would 
it take C alone to do it ? i% — X =r j\r. Ans, 40 days. 
Why? 

45. A mah and his wife consume together a bushel of meal 
in 2 weeks ; but when the wife was alone, it would last her 5 
weeks. How much of it did the man consume in 1 week ? 

46. If a man could build a piece of wall in 5 days, and 
another in 6 days, how long would it take both to build it ? 

47. If a staff 4 feet long cast a shadow 6 feet long, how 
long a pole could cast a shadow 12 feet long at the same time ? 
How long a pole could cast a shadow 15 feet long ? 

48. A man bought a horse and wagon for 160 dollars. The 
horse cost 1^ times the price of the wagon. What was the 
price of the wagon ? 5^. Why ? 

49. A boy being asked how many cents he had, replied, if 
you multiply the number by 5, take 8 from the product, 
divide the remainder by 9, and add 2 to the quotient, the 
amount will be 10. Hvw many cents had he ? 

50. A mason, 12 journeymen, and 4 laborers, receive to- 
gether $72 wages for a certain time. The mason receives a 
dollar daily, each journeyman | dollar, andf each laborer ^ dol- 
lar. How many days must they have worked for the money ? 

51. In an orchard of fruit trees, J bore apples, J plums, J 
pears, 7 peaches, and 3 cherries. How many trees are there 
in the whole, and how many of each sort ? 

52. Sold 16 pounds of butter, at 25 cents a pound, and 
received in pay sugar, at 8 cents a pound. How many pounds 
of sugar would I receive ? 
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53. Sold 24 chickens at 50 cents a pair, for 20 yards of 
delaine. What was the price per yard ? 

54. If 5 men in 40 days can make 300 pairs of boots, how 
many can 1 man make in a day ? How many could 15 men 
make in 4 days ? 

55. A, B, and C, divide $100 among them, so that B 
should have $8 more than A, and C $9 more than B. How 
much does each receive ? 

[In reviewing, omit the leading questions in the three follow- 
ing examples.] 

56. If 49 pounds of bread be sufficient for 14 men for 7 
days, how much will suffice for 1 man 1 day ? How much for 
20 men 4 days ? 

57. K 4 men can reap 48 acres in 12 days, how many acres 
can 1 man reap in 1 day ? How many can 8 reap in 16 days ? 

58. K $75 be the wages of 5 men for 3 weeks, what will 
be the wages of 1 man for 1 week ? What will be the wages 
of 8 men for 4 weeks ? 

59. How many yards of baize, 4 quarters wide, will line 8 
yards of camblet, 3 quarters wide ? 

60. Four mechanics completed a piece of work, for which 
they received as wages $36, and it was agreed to divide this in 
proportion to the time they had been respectively employed. 
Now, the first had worked 3 days, the second 4, the ihird 5, 
and the fourth 6 days. What were their respective shares of 
the wages ? 

61. Two men purchased some goods, and sold them again at 
a profit of $24. The first advanced $100, and the second 
$200. What share of profits should each receive ? 

62. Two merchants traded together for a year. The first 
advanced a capital of $3000 for 12 months, and the other a 
capital of $6000 for 4 months. The profit was $3000. How 
should it be divided ? 

63. How many pounds of coffee, at 9 cents a pound, with 
twice the weight of sugar, at 6 cents a pound, may be pur- 
chased for 4 dollars and 20 cents ? 

64. If 30 men can do a piece of work in 8 days, how many 
men could do the same piece of work in 12 days? 

65. When 20 men can do a piece of work in 12 days, in 
what time may 30 men do the same work ? 

AU the above questions should be proved by the class. 



PAET 11. 
WRITTEN ARITHMETIC 



INTRODUCTION. 

ADDRESSED TO TEACHERS. 

Written Arithmetic is the a«rt of calculating by means of 
v^itten characters. As already shown, when treating of Oral 
Arithmetic, there are only two operations that can be performed 
with numbers, namely, Increase and Decrease. To perform 
these with skill and rapidity, comprises the whole of Arith- 
metic. Both may be accomplished by numeration. But such 
a method is entirely too slow for practice in the extensive 
operations of civilized society. Shortened processes have 
therefore been invented, chiefly by omitting super/hums stepSy 
which have effected wonderful savings both of time and labor. 
Indeed, so numerous and important are the abbreviations in 
constant use, that Arithmetic may not inaptly be defined the 
art of increasing and decreasing numbers by shortened jrro' 
cesses. 

In the following exercises it is of vast importance that pupils 
should avoid the use of all unnecessary toords^ either in speech 
or thought. For instance, when 4 and 2 are to be added, there 
is no occasion to think of, far less to nmne, those numbers. In 
reading, we never think of nor use the nxime nor sound of the 
letters which compose the syllables or words. The sound of 
the syllable or vxxrd itself occurs at the first glance. It will be 
the same with the numeral characters, if proper care be taken 
from the outset ; for it is much more difficult to reform a bad 
habit than to form a good one. The thought of 6, and the 
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writing of it, will be almost, if not quite, simnltaneons witii the 
sight of the figures 4 and 2 ; and, after a little practice, the 
mind will readily grasp, in the same way, three, four, five, and 
more figures, at a time. 

The same remark applies to all the other processes. There is 
no occasion, for instance, to say, or even to think of, four times 
five radke twenty. When properly trained, the pupil will think 
of ttventy the instant he sees the 4 and the 5. The tedious 
talk about carryings also, should be altogether dispensed with. 
Thus, in the following example, 

84 
5 

420 

in place of saying, or thinking, five times four are ttoeTUy^ 
nothing and carry tvx) ; five times eight are forty, and tivo are 
forty-tioo ; the words tioenty, forty-tuDO (two words out of 
eighteen), are all that are necessary. The rest are mere hin- 
drances. And not only does such verbiage lengthen the Re- 
cess, but experience has shown that it actually increases the 
chance of error, by allowing time for the mind to toander from 
the subject. By strict attention, to this matter, multiplication 
and subtraction will be performed as fast as the figures can be 
written, division will be much shortened, and addition need not 
occupy more than a fourth of the time usually required. 

The mode of performing the elementary processes now uni- 
versally used in our schools, is the same in principle with the 
obsolete plan of teaching children to read by spelling every 
word. It differs, however, in one important respect. In read- 
ing, the spelling process generally lasts but a few months. In 
arithmetic, unfortunately, it clings to most persons through 
life. Let it be wholly abjured from the first, then, and the 
profit and ease both to teacher and pupil will be found to be 
immense. The spelling process merely ** darkeneth by words.'* 
Nor is this all. The advantage will be reflected on all other 
studies. For, by the improved method, it is obvious the mind 
is kept continually on the alert, and the slovenly, dreamy, 
mental habits, which are now the bane of our schools, are 
entirely avoided. 

The whole subject of Written Arithmetic may be suitably 
nrranged in five chapters. 
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I. A Description of the Charactiers, or Notation and Nu- 
meration.* 

II. The shortened processes of Increase and Decrease, ap- 
plied to Integers and Decimal Fractions. Under the head of 
Increase come Addition and Multiplication (or addition of 
equal numbers), including Involution (or multiplication of 
equal numbers). Under the head of Decrease come Subtrac- 
tion and Division (subtraction of equal numbers), including 
Evolution (division of equal numbers). 

III. The same processes applied to Common (or Vulgar) and 
Denominate Fractions. 

IV. Practical application of the methods of increase and 
decrease, promiscuously arranged. 

V. The Comparison of Numbers, or Katio and Proportion. 
To these are added a Supplement, containing a few subjects 

more properly belonging to Algebra, though commonly inserted 
in books of arithmetic, such as Progression by Differences and 
Progression by Ratios, usually, though improperly, called Arith- 
metical and (reometrical Progression, Compound Interest, 
Permutation, &c. 

The rapid method of performing the elementary operations 
necessarily requires considerable practice in Oral Arithmetic. 
Such pupils, therefore, as have not already studied Part I. of 
this treatise, should now recite from it once or twice a day, 
dmultaneously with the study of this part of the work. If 
this is faithfully attended to, adding in such numbers as 25, 27, 
28, &c., 35, 36, 37, &c., will soon be found as easy as the 
addition of single digits. 

* The art of xonting the characters is Notation ; that of reading them 
Nunuration* 
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CHAPTER 1. 

THB NUMERAL CHABACTEBS, 
OB, SLElfENTABY PRINCIPLES OF INCREASE AND DECREASE."^ 

The idea of numbers is one of the first that enters into the 
human mind. The infant observes his two hands, or the two 
eyes of his mother. The rudest savage counts his arrows or 
his game. Names for numbers, therefore, are among the first 
words invented. A few names, of course, answer every pur- 
pose for the child or the savage. But, as the child becomes a 
man, or the savage becomes civilized, new wants call for new 
numbers, and these of course call for new names, until it 
becomes impossible to supply a sufficient variety. For no 
genius could invent, no memory retain, such a multitude of 
terms, were a distinct word required for each number. Hence 
mankind has everywhere been compelled to classify numbers. 
Thus, if sixty or a hundred shells were spread out on the sea- 
shore, or placed in a row, to explain to a group of savages the 
number of fish contained in a canoe, the collection or row 
would not give a clear idea of the actual quantity. But, if the 
shells were arranged in small heaps, each of which should 
contain an equal number, there could be no such difficulty. 
Now, such an arrangement has been actually introduced into 
every community. Nature herself has provided us with a 
scale, or measure, which is so obvious and simple as to have 
forced itself into universal use. This is no other than the ten 
fingers. By the aid of this scale any number whatever can be 
expressed by the aid of a very small number of terms. Nor 
is this the only advantage of this scale. It requires only nine 
characters, with an additional one to express zero, or Ttothmg, 
to represent this wonderful, this infinite variety of numbers, 

* If the class of beginners is young, it would be profitable for the 
teacher to rtad this chapter to them by sections, with illustrations on the 
black-board and other explanations. 
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Ten, then, being the uniyersal scale or measure used in calca* 
latioD, our system is properly called Decimal Arithmetic, the 
word decimal meaning numbered by tens. 

Various kinds of charajcters have been used at different 
times, and by different nations, for expressing numbers. But 
the RoTnan and the AraMc numerals are the only ones which it 
is important for the student of Arithmetic to understand. 

The Boman numerals are chiefly used for dates, chapters, 
and sections, of books, and the hours on time-pieces. The 
characters are derived from the alphabet. Their origin is suf- 
ficiently evident ; and, as a knowledge of this origin will assist 
the student in recalling them to mind if they should be forgot- 
ten, an explanation of it will not be out of place here. 

The ten fingers present so obvious and convenient a method 
of numbering, that every people hitherto known, except the 
Chinese, and an obscure tribe mentioned by Aristotle, has em- 
ployed them for that purpose. The rude tribes of Africa and 
America, however, use the fingers of one hand only as their 
scale ; that is, they count onward from one to five, as we do 
from one to ten, and then commence anew. It may justly be 
affirmed, then, that nature, in forming the human hand, sup- 
plied us, at the same time, with the first elements of calcula- 
tion. 

But the Romans not only used the digits^ or fingers, as the 
foundation of their method of computing; they also derived 
several of their characters from them. Thus, a finger, repre- 
sented by I, stood for one; two, three, and four fingers, 
represented by II, III, IIII, stood for tuoo, three, and four. 
By holding up the hand with all the five fingers^ extended, a 
tolerably correct representation of the letter V will appear, 
formed by the thumb and index finger. V was accordingly 
chosen as the character for five. In like manner, VI (six) is 
one hand and one finger of the other ; VII (seven) a hand and 
two fingers, &c., while X (ten) represents both hands, considered 
as two V's, joined by their apices ; or it may be formed by 
holding up both hands, one thumb resting on the other in the 
form of a cross. C and M, the initial lettors of centum and 
mille, the Latin words for a hundred and a thousand, repre- 
sented these numbers. C was originally written thus, C. Its 
half L, stood for 50. In like manner the half of M, N, 
rounded into D, stood for 500. 

Such was evidently the origin of the first Boman numerals ; 

10 
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but, as the eye does not readily reco^iz.e more than three 
characters at a glance, a plan has been adopted to obviate that 
difficulty, and that is, by causing a smaller number placed before 
a larger to be subtracted in place of being added. Thus, in 
place of IIII (four times one), we have IV (five less one) ; for 
Villi (five and four), we have IX (ten less one) ; for XXXX 
(four times ten), we have XL (fifty less ten) ; and for LXXXX 
(fifty and forty), we have XC (a hundred less ten.) 

Besides the characters already enumerated, 10 is sometimes 
used for D, and CIO for M ; and these, in fact, may possibly 
be the original characters that represented five hundred and a 
thousand. For, when brought closely together, they greatly 
resemble the D and the M. But in other respects they are out 
of rule. For, when is annexed to 10, it increases the value 
of the latter tenfold. In like manner, when C is prefixed and 
annexed to CIO the last is increased tenfold. Lastly, the 
value of a character is increased a thousand fold by drawing a 
horizontal line over it. 
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I. one. 

II. two. 

III. three. 

IV. four. 

V. five. 

VI. six. 

VII. seven. 

VIII. eight. 

IX. nine. 

X. ten. 
XX. twenty. 
XXX. thirty. 
XL. forty. 

L. fifty. 
LX. sixty. 
LXX. seventy. 
LXXX. eighty. 
XC. ninety. 
C. a hundred. 
CC. two hundred. 



CCC. three hundred. 

CD. four hundred. 

D. or 10. five hundred 

DC, or IOC, six hundred. 

DCC., or lOCC, seven hundred. 

DCCC, or lOCCC, eight hundred. 

CM. nine hundred. 

M., or CIO., a thousand. 

MM., or II., two thousand. 

MMM., or ni, three thousand. 

MMMM., or IV., four thousand. 

100., or v., five thousand. 

lOOM., or VI., six thousand. 

lOOMM., or Vn., seven thousand. 

lOOMMM., or VIII., eight thousand. 

100 MMMM., or IX., nine thousand. 

CCIOO., or X., ten thousand. 

CCIOOCCIOO., or XX., twenty thousand, 
&c. &c. 
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Every one must see what a tedious affair a large calculation 
would be according to this cumbrous system of notation ; nor 
is it easy to say what our commercial standing, to say nothing 
of science, would have been to-day had it never been super- 
seded. 

Exercises for the Black-board and Slate, 

1. Write the following numbers in words, explain each letter 
separately, and, lastly, read the whole series in conneetioh : 

MDCCCLIY; MMMCCLX; inXL;^CIV; CMXCIX 

XIOCLII; XX ; XIX ; MMDXXXII; IIIDXXV; XCVII 

lOCXXXVIII; XXIICDLVI; LVHIj LXXXVII; XLVII 

XVI ; XIX ; XXIV; XXXIX ; IIV; XX; XCIX; XXVIII 
XXIX; LVI; CCCLXIV; XXV; XVI; IV. 

2. Write the following numbers in Roman numerals, read 
them, and explain each separately. 

Eighteen hundred and iif\;y-four ; eighteen hundred and 
nineteen; twelve thousand two hundred a?nd sixty; three 
thousand and forty ; ninety-nine ; fifty-four ; ninety-four ; forty- 
six ; nine hundred and ninety-nine ; ten thousand Six hundred 
and fifty-two ; ten thousand and ten ; forty-nine ; eighteen 
thousand seven hundred and thirty-six. 

Questions to be put by the Teacher, — What does the I 
represent? Ans, A finger. The V? The X? The C? 
The L ? The M ? The D ? &c., till all the characters in the 
table are explained, and their origin -pointed out. 

The Arabic Numerals^ as they are called, though they are 
now generally allowed to be of Indian origin, were introduced 
into Europe by the Arabs nearly a thousand years ago. They 
are now used by all civilized nations. The Arabian method 
unites the important advantages of conciseness, simplicity, and 
precision. Indeed, it is impossible to conceive anything better 
adapted to the purposes of calculation. A more convenient 
scale than that of ten might have been adopted, so as to have 
allowed of more equal subdivisions without fractional parts 
(for instance, the scale of eight, of sixteen, or of twelve) ; but 
the principles of the notation are incapable of improvement. 

The number of characters in the Arabic notation is ten. 
Nine of these represent numbers, and one stands for nothing, 
by itself, though indispensable to the system. The Arabic 
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characters have also probably originated from the fingers. But 
they differ from the Roman numerals in this, that some of them 
consist of vertical, others of horizontal lines, and others again 
of both. The following are the characters, with their names. 
Underneath jeach is placed their supposed original form : 

TABLE OF ARABIC NUMERALS. 

on« two three four five six aeven eight nine nought, or cipher. 

123456789 

I =:=n5ESSJtO 

Thus, one is represented by a vertical line, as in the Roman 
system ; two by two horizontal lines ; three by three of the 
same ; four, by a square, — that is, two horizontal and two 
vertical lines; five, by three horizontal ancl two vertical ; six, 
three horizontal and three vertical; eight (two fours), two 
squares ; seven, two squares, less one vertical ; nine, evidently 
borrowed from the Greek character for nine (^, theta.) The 
seven is also supposed to be borrowed from the Greek charac- 
ter for that number (t, zeta), to which it certainly bears con- 
siderable resemblance. Lastly, the nought, or cipher, which 
does not consist of lines to be counted like the others, but, on 
the contrary, is entirely round, to show that of itself it has no 
value. The first nine characters have been rounded to their 
present fo^m, doubtless, by rapidity in writing. 

Formerly, the ten Arabic characters were all called ciphers, 
from the Arabic word sipher, to enumerate. Hence, arithmetic 
is often called ciphering. The first nine are now called digits, 
a name derived from the Latin word digitus, which signifies a 
finger. They are also called significant figures, because each 
of them has a peculiar value of its own, and to distinguish 
them from the cipher, which has no value of itself, though it is 
an exceedingly important figure, as it often modifies the value 
of all the other figures, as will presently appear. 

By means of these ten characters, any number can be ex- 
pressed, however small or great it may be. This is effected by 
affixing two kinds of value to each of the significant figures, 
namely, their primary, or simple, or ahsdvte value, and their 
secondary or local value. Their simple value is always the 
same. It is expressed by their names as given above. The 
local value differs according to the place, or rank, which the 
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cbaracter occupies as connected with other figures. The word 
local means pertaining to a 'pUtjce, For example : 1 means a sin- 
gle unit, or one, when it stands by itself, or when it stands in 
the first rank at the right hand. But when it is placed in the 
second rank from the right, it is ten times greater ; that is, 
it stands for <me ten. Thus, the figure 1 in 10 or in 16 stands 
for ten, because it occupies the second rank. But as the figure 
in the first rank in 10 signifies nothing, being only used to 
place the 1 in the second rank, the two figures together stand 
for ten. In 16, as the figure in the first rank stands for 6, the 
the two figures together stand for sixteen. The same principle 
holds with all figures. Thus, 24 stands for twenty-four, be- 
cause the figure 2, being in the second rank, does not stand 
simply for two, but for two tens, or twenty ; and 40 stands for 
forty, because the 4 occupies the second rank, 44 is forty-four, 
because the first 4, being in the second rank, is forty ; the 
second 4, being in the first rank, is simply four. Any number, 
then, as far as ninety-nine, can evidently be expressed with the 
ten characters. The next higher number is ten tens, or one 
hundred. This is expressed by placing the figure 1 one place 
further to the left ; that is, in the third rank from the right. 
Thus, in 100 and 124 each of the ones stands for 100, because 
it is in the third rank. The 2 in the second number counts for 
twenty, because it is in the second rank, which is the place of 
tens. Thus, the three figures together, 124, read one hundred 
and twenty-four. To express thousands, a figure must stand 
one place still farther to the left, because ten hundred make 07ie 
thousand. Thus, in the number given below, 

abed 
3333, 

there are four 3s, but each has a different value. The first 
3 on the right, marked d, stands for three ones. The figure in 
the second rank, marked c, i^ten times greater than the first; 
that is, it stands for three tens, or thirty. The third, marked 
by is ten times greater than the second, or a hundred times {ten 
times ten times) greater than the first ; that is, it stands for 
three hundred. Lastly, the fourth figure, marked a, is ten 
times greater than the third ; a hundred times {ten times ten 
times) greater than the second ; a thousand times {ten times 
ten times ten times) greater than the first ; that is, it stands 

10* 
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for three thousand. The whole number, then, reads three 
thousand, threfe hundred and thirty-three. 

The first principle of decimal arithmetic, then, is derived 
from the tenfold increase of value of the ranks, or places, of 
figures. It may be expressed as follows : 

I. When figures are pUuced JiorizontaUy^ or side by side^ every 
figure is ten times greater than the same figure immediately 
on its right, and ten times less than the sam/e figure imTne' 
diatdy on its left. 

If a cipher were placed to the right of the above four 3's, 
as below, 

abed 
83330, 

the 8 marked d would no longer stand for three units, or ones. 
It would now be three tens, or thirty, because it occupied the 
second rank from the right, which is the place of tens. The 3 
marked c has also changed its place. It, also, has become ten 
times greater. It was formerly three tens ; it is now three 
hundred. The same remark applies to the figures marked h 
and a. Each is moved one place further to the lefb, and thus 
has become tenfold greater. In a word, the whole number has 
been increased tenfold by having a cipher placed at its right. 
Again, by removing the cipher, each of the other figures is 
changed to one rank further to the right, and thus each figure, 
and consequentlj the whole number, is decreased tenfold. The 
object, then, of the cipher is to enable us to place significant 
figures in their proper rank, and thus show their true local 
value. 

But any other figure, by changing the rank of these 3s, 
would have changed their value just as effectually as the cipher. 
If 6 is put in place of the cipher, as below, 

ahcd 
33336, 

each three has its value increased as before, by having its rank 
changed one place towards the left. The only difference be- 
tween the two numbers is, that six has been added to it in the 
QAe, besides the t§nfol4 ipor^ase ; whereas ruxthmg has been 
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added to the other. Again, by remoying the 6, we oot only 
decrease the value of the other figures tenfold by changing 
their rank, but also diminish the number by six. It is evident 
that the same observations will hold good if any other signifi- 
cant figure is added or taken away. 

The second principle of decimal arithmetic, then, may be 
expressed as follows : 

11. Every figure becomes tenfcld greater by being remaoed one 
ranky or place^ to the left^ and tenfM less by being remofoed 
one ranky or places to the right. 

The following Numeration Table, which teaches us to read 
the names of those figures that stand for integers, will now be 
readily understood : 

NUMERATION TABLE, No. L 

QQ 

S W w S 

§ g § i • 

« .2 .2 g 5 

•c .^ 3 ^ J 

H W S H P 

Cm Cm Cm ^ Cm 

O O O O o 

oQ^ m ^ .2^ -2-M* _SS^ 

Jgg 2S 2S |S 2g 
•^^«5 ^ mS "ioQ^ "g^-S 'Sa-S 

» fcS &w5 i£§w5 w2§wS h3^«^5 b3®K5 
otaWH^P KhP WhP WhP WehP 

3 6 6, 4 2 7, 9 8 4, 2 8 3, 2 4 7, 

'g 'S ^ -g 'S 

^ ^ ^ ^ ^ 

■6 -5 :d -Tj to 

From this table, it appears that each figure, besides its sim- 
ple name of oTie, tivo, three, &o., has two other names. For 
instance, the first figure on the left of the table is three hun- 
dreds of trillions, or more simply three hundred trillions ; the 
second is six tens of trillions, or six^^ trillions (the final syl- 
lable ty signifying tens), and so forth. The term urdts is 
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always omitted. Hence the third figure is not read five units 
of trillions, but ^\m^\j five triUians; and the figure on the 
right of the table is not read seven units of units^ but simply 
seven. The whole series of figures is read thus : three hundred 
and sixty -five trillions, four hundred and twenty-seven billions, 
nine hundred and eighty-four millions, two hundred and eighty- 
three thousand, two hundred and forty-seven. Higher numbers 
than these are rarely required. It may be proper to mention, 
however, that the same principles of nomenclature can be con- 
tinued to infinity, the classes or periods being named quadril- 
lions, quintillions, sextillions, septillions, &c., to each of which, 
as before, are assigned three ranks or places, namely, units, tens, 
hundreds. 

It will be observed that the figures in the table are divided 
by commas into periods, or classes, of three orders of figures 
each, commencing at the right. This should always be done 
when a series of figures exceeds four in number, for otherwise 
they cannot so easily be read. These periods, it may be noticed, 
are named Units, Thousands, Millions, Billions, Trillions,^ &c. 
The orders, or ranks, are the same in every period, namely. 
Units, Tens, Hundreds.* 

* This is the French mode of separating numbers into periods. Its sim- 
plicity has led to its unirersal use in this country. By the English mode^ 
formerly used here, each period has six figures, and is read as follows : 
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It ought here to be carefully noted that the word unitt 
besides forming the name of the first period, and of the first 
order or rank of each period, may be applied to figures of any 
order whatever. Thus a single unit of the first order is ex- 
pressed by ....... . 1 

A unit of the second order by 1 and ; thus . . 10 

A unit of the third order by 1 and two Os ; thus . 100 

A unit of the fourth order by 1 and three Os ; thus 1000 

and so on for the units of higher orders. But, when units are 

named simply, without expressing any particular order, units 

of ike first order are always meant. 

As it is evident from the above table and explanation that 
there cannot be more than mne different numbers of any one 
denomination, since an addition of one more to the nine en- 
larges the number to ten^ and thus carries it into the next 
higher rank, we thence have the third principle of decimal 
arithmetic ; namely : 

III. Ten units of any one rank make <me unit of the Tvext 
rank to the left; and one unit of any orrue rank makes ten 
units of the next rank to the right. 

Exercises for the ELack-board or Slate, 

1. Divide 4^4:444:^^ into periods of threes by commas, 
commencing at the right. 

2. What is the general name of thQ .first period on the 
right ? Of the second ? Of the third ? 

3. Repeat the name of the orders in the first period ? Ans, 
Units, tens, hundreds. Kepeat those of the third ; of the 
second ; of the fourth. Are they the same in every period ? 

4. What name is never expressed ? 

5. What is the first figure on the left called ? Ans. Tens 
of millions. How many millions does that figure stand for ? 
What is the second figure on the right called ? The fourth on 
the right ? The third on the left ? 

6. How many times is the second figure on the right greater 
than the first ? [Point to the figures on the black-board.] The 
third than the first ? The fourth than the second ? The fourth 
than the first ? The fourth than the third ? &c. 

7. How many times is the first on the right contained in 
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the second ? The first in the third ? The second in the fifth ? 
&c. 

8. Point off and write in words the following figures: 
72358, 700, 1245, 604267, 8956238, 284568002, 123456, 
7924502, 3824507266. 

9. Increase the first two of the above nine numbers tenfold ; 
the second two a hundred fold ; the third two a thousand fold ; 
and the remaining three ten thousand fold. In other words, 
multiply them by 10, by 100, 1000, 10,000. 

[The above exercises should be repeated and varied by the 
teacher till the subject becomes perfectly familiar to the class.] 

But the right-hand figure does not always represent units. 
Sometimes it becomes necessary to use or speak of a number 
less than (me. Thus, with respect to the money of the United 
States, the dollar is considered the unit. But a sum less than 
a dollar frequently enters into a calculation, — cents, for in^ 
stance, which are hundredths of a dollar ; or dimes, which are 
tenths. These parts of a unit of any kind are called fractums, 
a word signifying broken into parts. Or, let us suppose an 
apple to be cut into ten equal parts. One or more of these 
fractions or tenths of an apple may enter into a calculation. 
When this is the case, these tenths, as the smallest part of the 
number, would occupy the rank on the right. But some mark 
would then be necessary to show which rank ivas occupied by 
the units. The character used for this purpose is a reversed 
comma, called a separatriz,"^ placed to the right of the rank of 
units. When a separatrix is used, arvy number of figures or 
ciphers can be added to the right of a number withaut changing 
the value of the other figures. Thus, if we take the four 3s 
again, marked with letters as before [see p. 113], and put a 
separatrix after the 3 marked d^ to show that it stands in the 
place of units, we can add as many figures as we choose on 
either hand without changing the value of any of the 3s, for 
this simple reason, that their distance from the rank of umts 
is unchanged by that addition. For example : 

-t abed Qj abed qj abed a.v abed 

^^^' 3333 ^^» 3333* "^^^ 3333465 ^^' 2343333465 

* Some writers use a dot, others a oomma, for a separatrix. Both are 
wroDg. For, as both these characters are used with figures for other pur- 
poses, they thus give rise to much uncertainty and perplexity, for 
instance, if the dot be used as separatrix, there is no means of ascertain- 
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In the first example, we have the four figures exactly the 
same as before, the units' rank occupying the right, no sepa* 
ratrix being necessary to designate it. In the second example, 
we have still the same figures occupying the same stations, with 
a separatrix at the right of the units. But this is unnecessary. 
For, as the units occupy the rank on the right, they are suf- 
ficiently designated by their local situation. The third example 
exhibits the same characters as the second, with the addition 
of three others, 465. Here the separatrix is essential. With- 
out it, the 5 would occupy the place of units, and each of the 
3s would be a thousand times greater than in the first and 
second examples. In the fourth example, three additional 
figures occur on the left, which of course do not change the value 
of the others, as has been already sufficiently shown above. 

This explanation brings out the fourth principle of decimal 
arithmetic, as follows : 

IV. — When there is a separatrixy the units^ place is imme- 
diately on its left ; when there is none, the right hand figure 
represervts the units. 

The fractions, of which two examples are given above, are 
called Decimal Fractions, or simply Decimals, meaning num- 
bers broken into tenths, or tenths of tenths (hundredths), or 
tenths of tenths of tenths (thousandths), &c. The value of 
these fractions depends on the same principle as that of integers 
or whole numbers ; that is, each figure is ten times greater than 
the same figure on its right, and is only one-tenth of the value 
of the same figure on its left. The manner of reading them 
may be learned from the following table : 

NUMERATION TABLE, No. H. 

DO rt 
^ © — O "^ 

u 5 - 



P 2 OQ -^ 43 S 

' o a fl 'S C3 3 o 

4 4 4 4 <4 4 4 

isg whether 6 * 5 means six and fire tenths, or six times fire. If the 
comma be used, 65,231 may either signify sixty-five thousand two hundred 
and thirty-one, or sixty-fire and two hundred and thirty-one thousandths. 
By the use of the inverted comma, all unoertainty disappears. 
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From this table it appears that the same names, nith the 
addition of th, are used for the numbers tenfold, a hundred 
fold, a thousand fold, &c., less than units, as for those tenfold, 
a hundred fold, a thousand fold, &o., greater than units. Thus, 
the figure to the left of units is named tetis ; that to the right 
tenths. The second t« the led hundreds ; the second to the 
right hitidredths, and so on. Observe, however, that the three 
figures to the right of the units (the fractions) maj either be 
read four tenths, four hundredths, and four thousandths, or four 
hundred and fortj-fbur thousaodths ; or four thousand four 
hundred and forty t«UB of thousandths; and so on in an infi- 
nite variety of espressioos. Indeed, this remark may be 
applied to any number, whether integral or fractional. Take, 
for instance, the number 538, The usual espression for this 
is five hundred and t^irty>elght. But it might be considered 
as five hundred and three tens and eight ; or fifty-three tens 
and eight ; or five thousand three hundred and eighty tenths ; 
or fifly-three thousand eight hundred hundredths, &g., without 

It is also plain from the last table that, by changing the 
place of the separatriz, the value of every figure is changed ; 
being increased tenfold, a hundred fold, &c., by removing it 
one, two, &c., places to the right ; and decreased tenfold, a 
hundred fold, &o., by removing it one, two, &c., places to the 
left. And this will evideotly he the case whatever may he the 
figures employed. For instance, in the number 42'56, whioh 
reads forty-two and fifty-six hundredths, if the separatrix be 
removed one place to the right, we shall have 425'6, which 
reads four hundred and twenty-five and sii tenths. If it bo 
now removed two places to the left, we shall have 4'256, which 
reads fiiur and two hundred and fifty-six thousandths. And 
lastly, by removing the separatrix altogether, the number be- 
comes 4256, four thousand two hundred and fifty-six. Thus, 
it appears that the principles regulating the notation and nu- 
meration of decimal fractions are precisely the same as in 
whole numbers, as exemplified in first and second principles, 
which see (pp. 114 and 115). 

Observe, however, that should there he so many decimal 
[ilaces as to require division into periods for the sake of oany 
reading, the period adjoining the units should only consist of 
tiM figures, the rank of units of course being wanting in fric- 
tions, as 436,427 '3 8,945. Observe, also, in forming any num- 
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ber, whole or fractional, into periods, always to begin with 
units, whether proceeding to the right or to the left, or both 
ways. Division of fractions into periods, however, will rarely 
be necessary. 

Exercises for the Black-board or Slate. 

1. Point oiF and write in words the following numbers: 
54326*48; 8043*805; 2769*0072; 5214*3724. 

2. Point off and write in words the same figures, increasing 
the first tenfold, the second a hundred fold, the third and fourth 
a thousand fold, by changing the pkce of the separatrix ; in 
other words, multiply them by 10, 100 and 1000. 

3. Use the figures in the first exercise once more, decreasing 
them tenfold, &c. ; that is, dividing them by 10, 100, and 1000, 
by changing the place of the separatrix. 

4. Increase *092 tenfold ; that is, multiply it by 10, and 
then decrease it 100 fold ; that is, divide it by 100. 

5. Mention separately the effect that would be produced on 
each of the following numbers by a removal of the separatrix : 
25*07; 38*206; *525 ; 92*3. 

6. Mention separately the effect that would be produced on 
each of the following numbers by placing a separatrix after 
the first figure on the left : 2346 ; 18 ; 398 ; 27945. 

7. Mention what numbers are superfluous in the four num- 
bers that follow, and why : 600 ; 006 ; *006 ; *600. 

8. Name the value of the 4 and of the '6 in the following 
number : 4060. If the 4 were removed, would the value of 
the 6 be changed ? Why ? If the 6 were removed, would the 
value of the 4 be changed ? Why ? If the cipher between 
the two significant figures were removed, what change, if any, 
would it effect upon the 4 ? Why ? Upon the 6 ? Why ? 
If the cipher occupying the place of units were removed, what 
effect would be produced upon the number ? Why ? 

9. Fifty-two millions six thousand and twenty. How many 
figures are necessary to represent this number ? [The number 
is not to be written in figures ?] How many of them are sig- 
nificant figures ? 

10. Express in words 637 in four different ways. Ans, 
Six hundred and thirty-seven; six hundred thirty and seven; 
sixty-three tens and seven ; six thousand three hundred and 
seventy tenths. 

11 
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11. Express in words the following numbers, each in six 
different ways : 5326; 9478; 124,679; 38,472; 5*4; 7360; 
9024; 573*7. 

The fifth principle of decimal arithmetic will now be under- 
stood without farther explanation, namely, 

V. The cipher is superJliumSy except where it intervcTtes be- 
ticeen a significant figure and the place of urdts. 

ExerciseSy continued, 

12. Increase 245 tenfold, or, which is the same thing, mul« 
tiply it by 10. 

13. Decrease 2540 tenfold, or, which is the same thing, 
divide it by 10. 

14. Multiply 3*532 by 100. 

15. Divide 453*2 by 100. 

16. Multiply 1768 by 10, and then divide it by 100, 
removing superfluous figures, if any. 

17. Multiply 17*68 by 1000. 

18. Divide 17680 by 100, removing superfluities, if any. 

19. Write down in figures, in separate lines, the following 
numbers, first determining in your own mind how many figures 
are necessary for each number, and how many of them are sig* 
nificant : 

Thirty-six. 

Two hundred and seven. 

Two hundred and seventy. 

Two hundred and seven tenths. 

Two hundred and seven hundredths. 
^-^Twenty-five thousand nine hundred and twenty-six. 
-- Twenty-five thousand and nine hundred and twenty-six ^ 

Three thousand and fnnf i ftri ni^ht i nnn UmiilinUl i n 
- -Four million six thousand and thirty-seven. 
—Three hundredfjipc 
- Fifty-nine thousandjMiC 
^ Nine millions and^nine thousandjltilr. 

Thirty-four billions thirty-seven thousand and fifty. 
. Eleven thousand eleven hundred and eleven (a puzzle.) 

Four millions four hundred thousand and forty and four 
hundred^fet# 
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[Let the above exercises be repeated and varied, till each 
pupil can perform them correctly with rapidity and ease.] 

THE FIRST PRINCrPLES OF DECIMAL ARITHMETIC. 
[To be comvutted to fnemory by the PupU,] 

When figures are written horizontally, or side by side, 

I. Every figure is ten times greater than ' the same figure 
irrtmediately on its rights and ten times less than the same figure 
immediatdy on its left, 

II. Every figure becomes tenfold greater by being removed 
one rank or jiaee toward the left ; tenfold less by being removed 
one rank or place toward the right, 

III. Ten units of any one place make one unit of tJte next 
place to the left; and one unit of any one place makes ten 
units of the next plaee to the right, 

IV. When there is a separatrix^ the place of units is imrme» 
diatdy on its left ; when there is rume, the right hand figure 
occupies the unites place, 

V. The cipher is superfiMous^ unless it occupies the place of 
units J or intervenes between a significant figure and the place 
of units. 

Questions to be put by the Teacher, — ^Which are the two 
most important kinds of numerals? In what cases are the 
Boman numerals chiefly used ? What is their probable origin ? 
What does the capital I represent ? The V ? The X ? What 
is the origin of the C and M ? Of the L and D ? On what 
principle are the Roman numerals horizontally arranged ? 
Ans, When a smaller one, &o. What is the probable origin 
of the Arabic numerals ? Of how many characters does the 
Arabic notation consist ? Why are the first nine called sig' 
nificant figures ? Why called digits ? What is the tenth 
character called ? What is its use ? What is meant by the 
simple value of a figure ? By its local value ? Why is our 
system of computation called Decimal Arithmetic ? What 
change is made in the value of a figure by removing it one 
place or rank to the left ? One place to the right ? Three 
places to the left? Two to the right? HoW is a number 
increased tenfold, a hundred fold, &c., or multiplied by 10, 
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100, 1000, &c. ? How is a number decreased tenfold, a hun- 
dred fold, &c., or divided bj 10, 100, 1000, &c. ? What is 
the meaning of the word unit ? Does the word apply to more 
than one rank of figures ? What is the use of the reversed 
comma, or separatriz ? What is the objection to the use of 
the comma or the period as a separatriz ? Where is the place 
of units when there is a separatriz ? When there is none ? 
How many ranks or orders of figures make a period ? Why 
should large numbers be separated into periods ? Kepeat the 
names of the first five periods. By wha;t character should the 
periods be separated ? Are the names of the orders the same 
or diflferent in diflferent periods ? Eepeat their names. What 
does the word fraction signify ? On what principle does the 
notation of decimal fractions proceed? Ans, On the same 
principle as that of whole numbers. [See p. 119.] What is 
the principle ? In dividing a number into periods, with what 
rank should we always commence ? What is the first principle 
of arithmetic ? The seccmd ? The third ? The fourth ? The 
fifth? [This, and indeed every chapter, should be studied till 
the pupil can answer all the questions at the dose correctly and 
without hesitation.] 



CHAPTER II. 



THE SHORTENED PROCESSES OF INCREASE AND DBGREASB 
OF INTEGERS AND DECIMAL FRACTIONS. 



Section 1. — Addition. 

SThb following ezercises should be transferred to the slate, 
, practised till the sum of each set of two, three, or more 
figures can be rapidly read off without spelling ; (that is, with- 
out naming the individual figures), horizontally"^ as well as 
vertically; irregularly as well as regularly, without taking 
into view the local value of the figures. Every figure down to 

* Erery pupil should learn to add horizontally as well as rertieally. 
In ledgers of country merchants, <feo., much of this kind of work is neoes- 
flary. 
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the range of stars, *****, ghonld be considered as of the 
denomination of units, the sign of addition, -f~) being omitted, 
except in the first range of exercises, merely to save room. 
The class should be daily exercised on the black-board with 
these or similar combinations. For an explanation of the signs 
used in Addition see Oral Arithmetie, p. 57. 

1. What is the sum of 

14.5 1+3 1+^ 1+7 2+5 4+2 3+2 5+9 3+1 
2+1 4+1 6+1 8+1 2+2 2+6 2+7 2+2 3+3 

38 39 30 48 49 40 58 59 50 69 67 67 
53 63 73 54 64 74 55 65 75 66 77 89 

89 94 79 89 67 45 16 76 85 72 95 69 
88 80 27 58 43 25 84 95 52 36 42 53 

2. What is the sum of [take three figures at once, first hori- 
zontally, then vertically] 

123 538 281 817 405 142 539 293 518 752 
456 246 523 352 263 874 218 536 364 134 
324 143 162 461 847 635 406 921 246 947 



389 283 


719 


613 328 


152 


357 


731 


916 


372 


527 346 


334 


724 896 


398 


416 


128 


237 


415 


634 812 


486 


176 510 


276 


938 


654 


948 


926 



3. What is the sum of [four figures, first horizontally, then 
vertically. At first these maybe thrown, together in pairs; 
a^rwards all four should be caught at a glance, just as we do 
the letters of a word.] 

3267 3948 7913 2896 5276 2468 8276 1928 
9418 1234 3546 3754 3894 1357 1358 6734 
7826 5678 2687" 2137 1728 9123 9425 3695 
8512 9123 1504 9862 9264 4567 1072 2739 



1235 


4372 


2864 


2816 


4321 


3142 


9817 


5942 


6347 


1893 


9351 


3743 


1672 


6417 


3246 


7637 


9165 


4715 


4234 


5214 


3514 


2738 


7234 


8424 


2738 


2637 


6712 


3746 


6328 


9516 


1832 


3056 



Sn the first range of exercises that follow, two figures in 
cdumn form 10. In the second range, it takes three 
11* 
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figures. In the first fbnr exercises of each range the figares 
that form the combination are together. In the others, they are 
not. The object of such an exercise is to make the pupil 
quick at observing the terts. The figures should be transferred 
to the slate, and studied tiU the class is prepared to read the 
sums on the blackboard as rapidly as words.] 

4. What is the sum of [horizontally as well as vertically] 
2512 4792 1741 1934 2531 1568 2541 7512 
3282 6318 2235 9176 3427 5725 6138 1262 
6375 1241 3624 2483 4362 4213 3421 3598 
4735 5618 7486 1514 8579 5342 4972 4321 

5283 2365 2756 7354 1362 2314 1485 3514 

1314 6251 1613 1613 7637 5478 2312 6789 

3252 2514 2143 2143 4352 2233 9674 4334 

6544 7387 5768 5768 5416 6563 7313 3262 

5. In any series of three figures that regularly increase or 
decrease by the common difference 1, such as 4, 5, 6 ; or 7, 6, 
5 ; what will be the effect if the common difference, 1, be taken 
from the largest figure and added to the smallest ? Will the 
same equality be produced by such an operation when the 
common difference is 2, 3, or any other number, such as 2, 5, 
8 ; or 9, 6, 3 ; &c. [Show this principle on the black-board, 
thus : 4, 5, 6 become 5, 5, 5, by carrying 1 from the 6 to the 
4 ; and 5, 7, 9, become 7, 7, 7, by carrying two from the 9 to 
the 5. The same thing occurs, of course, when the numbers 
decrease regularly. Thus, 9, 8, 7, become 8, 8, 8 ; and 15, 12, 
9, become 12, 12, 12. 

[The following exercises are designed to aid the pupil in 
rapidly discovering numbers with a common difference, three 
of which, of course, are equal to three times the mean numher. 
Towards the beginning, the series arc placed in regular order ; 
afterwards they are arranged irregularly, many having the 
fourth figure interposed. In the last four exercises, the figure 
out of the regular series in each column is either 3, 6, or 9, 
which has the effect of increasing each figure in the series, 
by 1, 2, or 3. Thus, 5, 6, 7, and 3=3X7, and not 3x6; be- 
cause each of the figures in the series, namely, 5, 6, 7, is 
increased 1 by the 3; while 5, 6, 7, and 6=3x8, each of the 
series being increased 2 by the 6; and, for a like reason, 5, 6, 
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7, and 9sc3xd- In these ezeispises the nmnbers diould be 
added vertically only. 

5982 2947 8479 4738 3234 1394 2134 1252 

3458 6171 7568 8293 5456 4676 5466 7393 

2347 7282 6657 6174 7678 7958 8798 2934 

1236 8393 2925 7382 9128 8213 1251 3418 

2392 1237 1948 6323 3693 4921 2139 4741 

4748 2982 4663 5578 5471 5843 5451 3693 

1857 3454 7351 7466 6582 6765 B763 5832 

6966 5676 8242 1857 7693 3969 3675 6929 

^P ^F ^F TP ^F 'Wr 

Carrying the Tens, 

[Each Sgure should have its local, as well as its simple, 
value in the exercises that follow. In order that the pupil 
may thoroughly realize this, he should read the first exercise 
as follows : two thousand six hundred and fifty-four. Seven 
thousand nine hundred, &c. As some of the exercises contain 
decimal fractions, it will be proper occasionally to remind the 
pupil that numbers of different denamnationsj and oonse^ 
quently belonging to different ranks, cannot be added together. 

6. Add togther the following numbers, placed vertically for 
the sake of convenience : 



The long process. 


The shortened process. 


2654 


2654 


7972 


7972 


3814 


3814 


2483 


2483 


14 sum of the thousands. 


16923 sum total. 


27 sum of the hundreds. 




21 sum of the tens. 




13 sum of the units. 





16923 sum of the whole. 

Addition by these two processes amounts to precisely the 
same thing. The only difference is this : in the longer process 
the sum of each different rank is set down separately, and 
then added into one whole ; whereas, in the shortened process, 
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the units only of each rank are set down, and the tens carried 
and added in as units to the figures of the next rank to the 
left, agreeably to the third principle of arithmetic, p. 117. 
The operation of adding may be commenced in any of the 
ranks when the long process is used [let the pupil try this, by 
commencing separately with each of the four ranks], but in the 
shortened process, it is necessary to commence with the first 
rank on the right, because tens of each rank are to be added 
in as units of the next rank to the left. 

Proof. Suggestive Questions, — If columns of figures be 
correctly added downwards as well as upwards, will their sums 
be the same, or will they be different ? Will they mutually 
prove each other, then ? If one or more columns of figures be 
added together, and then all the lines in the column or columns 
be again added except the lower arve^ what will be the differ- 
ence between these two sums? If the second sum be now 
added to the line that was cut off, will this third sum be the 
same as that of the first, if the first has been added correctly ? 
Here, then, are two methods, either of which will prove 
whether the work has- been performed properly. If numbers 
that are placed vertically may be proved by adding them 
downwards as well as upwards, how may numbers added hori- 
zontally be proved on the same principle ? 

7. Arrange vertically and add the following numbers : 

1st. 246+3582+72+9873+855+2144+3792+53. 

2d. 4321+2153+3946+2604+4098+24452+13246+ 
6944+8175+4924+5678. 

3d. 75630+76042+4942+3294+6757+4275+8641+ 



1975+4132+3609- 
4th. 21539+172- 



-9063+7429. 

-184+64577+73722+35392+9077+ 
1814+6137+1691+6105+26+3284. 

5th. 1619+1610+3612+95471+63300+14713+832+ 
9468+3215+403+123+8678+9136+7924+8706+321. 

6th. 152a3+326«78+49»237+1736«46+5897+13068+ 
9'415+72*5+842*19+335»86+973^437+8642+54*32. 

7th. 7172*12+553*14+241*177+877*35+927*13+5679- 
'12+684*24+68+539+28+135+9232+465*12+8472+ 
8*579. 

* It is usual to omit the t^ijDer line in this method of proof, but suoh a 
plan is more liable to error, since the figures to be added will recur nearly 
in the same order. Should the teacher prefer to haye the upper line cut 
off, the other figures should be added downwards 
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8ih. 3157a3+9711*82+76131'3l4-2854'32+1646*78+ 
632^964+72*341-f555»66+8404»2.6+9373'28-f.l357«2464- 
8891*372. 

9th. 141«32+37*48+96»23+45*67+89»13+579*24+12- 
*45+670*86+26*26+3833*34+975*342+872»48+94»26+ 
38*12. 

10th. 1234+5678+9123+4567+8912+5790+20404- 
6735+9813+4276+1358+9342+88761+3456+72352-- 
4638+1926. 

11th. 3825+9638+1326+5431+9425+3873+4284+ 
7965+9123+4476+1358+9123+4782+91234+48245+ 
5796+4312. 

12th. 94»37+282*3+496*01+182«94+529»87+651»32+ 
8259*73+5687*74 +5035*69+6798*56+6073*87 + 9087*26 
+8709*56. 

13th. 5687*23+8235*26+1829*4+8708+1324+5639*24 
+5824*37+8308*12+2358*09+9263*57+9123*24+3281. 

14th. 917*23+2872*46+538*7+1316*28+4827+325*16 
+3243+9127+4832*44+9123*45+1055+6249+5542*46 
+326*4. 

15th. 3408*26+1357*95+2186*37+9345*35+8421*38 + 
1796*24+3875+9394*32 +8218*77+54134*28+3276*45- - 
9137*42+376. 

8. Add the following numbers horizontally, and then find 
the amount of their respective sums vertically. 

37*28+49*56—32*06+56*28+72*54+62*47 . = 

24*36+8*45+94*7+37*4+28*84+97*28+3*5 = 
l*5+24*6+*375+9*42+87*43+215*64 . 
•52+*125+*25+*375+2*25+l*125+3*64 
28+572+3*75+4*375+28*49+57*32 . . 
30+9*02+5*76+*28+94+3*72+8*56 . 
25+50+3*25+9*125+8*26+9*47+5*4 . 
32*04+5*67+95*25+7*84+9*375+1*236 
5*84+3*57+4*92+65+37*5+6*25. . . 
8*27+4*328+59*25+*06+32*5+5*42 . . 



23*85 
81*32 

24*375+88*84+37*25+17*94+13+85*92 



-29*47+86*32+89*45+27*88- 
•64*39+54*72+38*43+127+55 



Total 
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14^57+93*29+6'25+4'375+19*25+16 . 

39*06-|-48*27+33»29+74*08+9*5+2*37 . 

12»424-7'93+5*34+16*22+37*18+27a9. 

40*87+78a9+28'99+92'42+70^36+12*48 

28»56+91*23+45*67+91»35+79*24+6*25 

68*98-f76*54+41»28+20a6-|-70*95+4^26 

69«09+26'34+20'93+32a5+81*93+26»86 

25^86+39*06-f8»27+30*33+74*08+9»51 

5a2-|-42'07+93*53+40»87+78a9+128»99 

92^42 + 70*36 + 1248+28'56 +91*23+45*67 

91*35+79*24+73*86+32*89+45*27+24*12 



Total 



24*37+84*88- 

39*06+48*27 

74*08+95*12 

78*19+28*19 

11*23+46*67 

41*28+20*16 

20*93+32*15 

13*72+26*58 

38*26+23*87- 

87*38+17*53 

16*92+27*23 

48*37+52*78. 

26*43+21*87- 

7*123+56-56. 



+ 37*25+17*94+13*85+92*14 . 
-33*29+39*06+48*27+33*19 . 

42*07+93*53+40*87+21*3 . 

92*42+70*36+12*48+28*56 . 

19*35+24,79+68*98+76*54 . 
+70*95+43*26+20*95+16*34 . 
—18*93+26*86+37*21+43*84 . 
--12*34+16*78+29*35+19*24 . 

29*73+12*54+27'3+26*54 

12*46+34*2+18*92+15*24 

18*24+42*32+4*64- 

19*23+47*38+52*4. 

27*94+13*28+47*36+29*5 

38*25+13*24+17*96412 . 



16*9 
5 



Total 
Grand Total 



[Two, three, or more exercises like the above may now be 
formed from the figures in Example 7, and these may again be 
used by taking the figures in a backward order, ^us changing 
32*45 to 54*23, and so forth. Addition should be practised 
till the pupil can run up a column correctly with the utmost 
ease and rapidity. It would be well if the classes should 
occasionally practise the addition of columns the whole length 
of the slate, until he has finished his course of arithmetic. No 
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operation is so often called for in practical business as the sum- 
mation of numbers. 

Specimen of different methods of adding Large AmomUs. 

1494 
3871 
2636 
9467 
8538 
7372 
2768 
4937 
3883 
1679 
5789 
9561 



1. Readifig by three figures at once. — First step. Nineteen 
and eighteen are thtrty-seven, and seventeen are fifty-four^ and 
eleven are sixtyfive ; carry six to twenty-one are twenty-seven, 
and seventeen are forty-four, and sixteen are sixty, and nine- 
teen are seventy-nine ; carry seven to eighteen are twenty-five, 
and twenty-four are forty-nine, and twelve are sixty-one, and 
eighteen are seventy-nine ; carry seven to fifteen are tioenty-two, 
and nine are thirty-one, and twenty-four are fifty-five, and six 
are sixty-one. As soon as this step has been practised with 
various long columns of figures till it can be performed with 
ease and rapidity, the pupil may proceed to the Second Step, 
which consists in omitting all the words in the first step except 
those in italics. The process of adding the above will then 
require only the following words : Nineteen, thirty-seven, fifty- 
four, sixty-five ; twenty-seven, forty-four, sixty, seventy-nine ; 
twenty-five, forty-nine, sixty-one, seventy-nine; twenty-two, 
thirty-one, fifty-five, sixty-one. 

2. Beading by four figures at ofice. — This method is the 
same as the last, except that four figures are read at the same 
time, in place of three. 

3. Additional Abbreviations. — a. Never stop at ty; that is, 
if, in the sununation of a column, you come to six^^, seven^^, or 
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any other exact number of tens, let the eye catch ike amount of 
two, three, or four figures marej while you are pronouncing the 
word mentally, so that you may take sixty-^, or sixty-mTZ^, in 
place of simply sixty, &c. Thus^ if in summing up a column 
you come to the number 50, and, while that number is passing 
through your mind, you see 4 and 5 as the next two figures 
above, then you just add 9 to your 50, without even mentally 
repeating the word fifty. Thus, in running up a column, the 
words forty, fifty, sixty, &c., never occur alone, but always in 
combination with one, two, or three, &c., additional numbers. 

b. Select the tens as much as practicable; that is, if you 
have, say ihirtj-four, and see a six above in the column, even 
though it may not be adjoining, call your number forty ; and, 
while mentally pronouncing that word, add in two or three 
more figures, so as, not even in such a case as this, to stop at 
ty. By careful practice of this method, an intelligent pupil 
will soon be able to read off tix^ eighty or even sometimes ten 
figures at once. 

c. Let the eye glance up one column whUe yofu. are ivriting 
the units of the preceding one. 

d. Dispense with words altogether. That the mind can call 
up the idea of the sum of three, four, or more figures, without 
thinking of the names of the individual numbers, will be evi- 
dent to any one who will give the experiment a fair trial. We 
open a book, and possibly the first word that meets the eye is 
one of many letters and syllables, such as incomprehensihiUty^ 
and instantly the idea strikes the mind, without its taking cog- 
nizance of any of the nineteen letters or eight syllables. The 
mind seizes it as a whole, without special regard to its in- 
dividual parts. Such a power as this may be acquired with 
numeral characters as well as with letters, and the saving of 
time will be found to be beyond all calculation. Nor is this 
all. The mental discipline thus acquired will be of incalcula^ 
ble value in every other study. 

Questions to be put by the teacher, before the pupil commeTKes 
the next Section, and to be repeated from time to time till they 
are answered without hesitation, — What is addition ? See p. 
56. What is the result of addition called? What is the 
sign of addition ? What is it called ? See p. 57. What is 
the sign of equality ? In what order can figures be placed 
most conveniently for addition ? Should they always be placed 
in this order ? See p. 124. Why ? Where should we begin 
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to add ? Why ? Why are the tens of one column carried as 
units to the next column to the left ? What is an integer ? 
See p. 15. What is a fraction ? What is a decimal fraction? 
Are decimal fractions added differently from integers ? Are 
the tens carried from the column of tenths to that of units in 
the same manner as from one rank of integers to the next ? 
Why ? To what rank does the right hand column belong, in & 
number consisting wholly of integers t Is this the case when 
a number consists partly or wholly of decimal fractions ? How, 
then, is the local value of the figures ascertained ? Explain 
the two methods of proving addition. 

Practical Exercises, ^ 

1. By a census taken in the year 1841, the population of 
the British Islands was as follows : England, 14,995,138 ; 
Wales, 911,603; Scotland, 2,620,184; Ireland, 8,175,124; 
army, navy, &c., 193,469 ; islands in the British seas, 124,040. 
What is the total population of these islands ? 

Ans. 27,019,558. 

2. In the same year, the number of emigrants that left the 
United Kingdom of Great Britain was as follows: to their 
North American colonies, 38,164 ; to the United States, 45,- 
017 ; to the Australian colonies and New Zealand, 32,625 : to 
all other places, 2786. What was the whole number of emi- 
grants from the kingdom that year ? Arts. 118,592. 

3. The value of the principal articles of manufacture in 
Great Britain for that year is estimated as follows : cotton, 
£35,000,000;=^ woollen, £24,000,000; iron and hardware, 
£20,000,000; watches, jewelry, &c., £3,000,000; leather, 
£13,500,000; linen, £8,000,000; silk, £10,000,000; glass 
and earthenware, £4,250,000 ; paper, £2,000,000 ; hats, £2,- 
000,000. What was the gross amount in pounds sterling ? 

Ans, £121,750,000. 

4. The white population of the United States, according to 
the census of 1840, classed according to ages, was as follows : 
Maksy under five years of age, 1,270,790 ; of five and under 
ten, 1,024,072 ; of ten and under fifteen, 879,499 ; of fifteen 
and under twenty, 756,022; of twenty and under thirty, 
1,322,440 ; of thirty and under forty, 866,431 ; of forty and 

* This character, £, stands for pounds in money. 
12 
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under fifty, 536,568 ; of fiflj and under sixty, 314,505 ; of 
sixty and under seventy, 174,226; of seventy and under 
eighty, 80,051 ; of eighty and under ninety, 21,679 ; of ninety 
and under a hundred, 2,507 ; of a hundred and upwards, 476. 
FemdLeSy under five, 1,208,849 ; of five and under ten, 986,921 ; 
of ten and under fifteen, 836,588 ; of fifteen and under twenty, 
792,168 ; of twenty and under thirty, 1,258,395 ; of thirty 
and under forty, 779,097 ; of forty and under fifty, 502,148 ; 
of fifty and under sixty, 804,810 ; of sixty and under seventy, 
173,299 ; of seventy and under eighty, 80,562 ; of eighty and 
under ninety, 23,964 ; of ninety and under a hundred, 3,231 ; 
of a hundred and upwards, 315. What was the number of 
free white males? Of free white females? Total of free 
whites ? Arts, to the last question^ 14,189,108. 

5. The number of free people of color in the United States, 
according to the census of 1840, was as follows : Males^ under 
ten years of age, 56,323 ; of ten and under twenty-four, 52,- 
799 ; of twenty-four and under thirty-six, 35,308 ; of thirty- 
six and under fifty -five, 28,258; of fifty-five and under a 
hundred,13,493 ; of a hundred and upwards, 286. Ferrudes^ 
under ten, 55,069 ; of ten and under twenty-fbur, 56,562 ; of 
twenty-four and under thirty-six, 41,673; of thirty-six and 
under fifty-five, 30,385 ; of fifty-five and under a hundred, 
15,728; of a hundred and upwards, 361. What was the 
number of free males of color ? Of free females of color ? 
Of free persons of color ? 

An^ to the last question, 386,245. 

6. The number of slaves in the United States, according to 
the census of 1840, was as follows : Males, under ten years 
of age, 422,599 ; of ten and under twenty-four, 891,131 ; of 
twenty-four and under thirty-six, 235,373; of thirty-six and 
under fifty-five, 145,264 ; of fifty-five and under a hundred, 
51,288 ; of a hundred and upwards, 753. Females, under ten, 
421,470 ; of ten and under twenty-four, 390,075 ; of twenty- 
four and under thirty-six, 239,787 ; of thirty-six and under 
fifty-five, 139,201 ; of fifty-five and under a hundred, 49,692 ; 
of a hundred and upwards, 580. What was the number of 
male slaves ? Of female slaves ? Of slaves of both sexes ? 

Atis. to the last question, 2,487,213. 

7. What was the whole population of the United States by 
the census of 1840, including 6100 persons of the navy of the 
United States, who were not reckoned in either of the last 
three enumerations ? Ans. 17,068,666. 
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8. The following table exhibits the territorial area of the 

states of Europe and of North America. Find the aggregate, 
which will be correct if it amounts to 11,658,480. 

AREA OF EUBOPE. 

Square miles. 

Russian Emj^re, including Poland . . . 2,000,000 

Austrian Empire, including Lombardy, &c. . . 257,368 

France, including Corsica .... 203,736 
Great Britain and Ireland, British Islands, and 

Malta 120,500 

Prussia • • • ... 107,921 

Spain 182,270 

Turkish Empire 10,585 

Sweden and Norway 91,164 

Belgium . . . . . . . 13,214 

Portugal ........ 36,510 

Holland 13,598 

Denmark ........ 21,856 

Germany . . . . . . . 90,620 

Italy 100,953 

Swiss Confederation . . • . • 14,950 

Greece 17,900 

Ionian Islands 999 

Cracow 488 

Andorre 200 

AREA OF NORTH AMBRICA. 

United States * . 3,306,865 

'New Britain . . 2,598,837 
Upper and Lower 

Canada . . . 346,860 
N. Scotia, N. Bruns- 
wick, C. Breton, &c. 104,701 

3,050,398 



British America, 



Mexico 1,038,834 

Central America 203,551 

Russian America 394,000 

Danish America (Greenland) .... 380,000 

Aggregate 
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9. The following is a statement of the white population of 
each of the states and territories of the United States and of 
the District of Columbia, according to the census of 1850, fol- 
lowed by tables pf the free colored and slave population for 
the same period. Find the sum of each of the columns of 
males and females, which will be correct if they agree with the 
several given aggregates. Then take the sum of the aggre- 
gates, which will be correct if it amounts to 23,190,998. 



STATES, Ac. 
Maine . . . 
New Hampshire 
Vermont 
Massachusetts 
Rhode Island 
Connecticut 
New York . 
New Jersey 
Pennsylvania 
Delaware . 
Maryland . 
Dist. of Columbia 
Virginia . . 
North Carolina 
■South Carolina 
Georgia . . 
Florida . . 
Alabama 
Mississippi . 
Louisiana . 
Texas . . 
Arkansas . 
Tennessee . 
Kentucky . 
Missouri 
Illinois . . 
Indiana . . 
Ohio . . . 
Michigan . 
Wisconsin . 
Iowa . 
California . 



Males. 

296,745 
155,960 
159,658 
484,0^3 

70,340 

179,884 

1,544,489 

233,452 

1,142,734 

35,746 
211,187 

18,494 
451,300 
273,025 
137,747 
266,233 

25,705 
219,483 
156,287 
141,243 

84,839 

85,874 
382,235 
392,804 
312,987 
445,544 
506,178 
1,004,117 
208,465 
164,351 
100,887 

84,708 



Females. 

285,068 

161,496 

^153,744 

•501,357 

73,535 

183,215 

1,503,836 

232,057 

1,115,426 

35,423 
206,756 

19,447 
443,500 
280,003 
136,816 
255,339 

21,498 
207,031 
139,431 
114,248 

69,195 

76,315 
374,601 
368,609 
279,017 
400,490 
470,976 
950,933 
186,606 
140,405 

90,994 
6,627 



Aggregate. 

581,813 
317,456 
313,402 
985,450 
143,875 
363,099 
3,048,325 
465,509 
2,258,160 

71,169 
417,943 

37,941 
894,800 
553,028 
274,563 
521,572 

47,203 
426,514 
295,718 
255,491 
154,034 
162,189 
756,836 
761,413 
592,004 
846,034 
977,154 
1,955,050 
395,071 
304,756 
191,881 

91,335 
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TJBRBITORIES. 




■ 


Minnesota . . . 


3,695 2,343 


6,038 


Oregon . . . • 


8,138 4,949 


13,087 


Utah 


6,020 5,310 


11,330 


New Mexico . . 


31,725 29,800 


61,525 


Aggregate, . . 




19,552,768 


FRKE 


COLORED POPULATION. 




. 


Males. 


Females. 


Under 10 .... 


. 59,125 


59,748 


10 and under 15 


. 26,061 


26,247 


15 and under 20 


. 20,395 


23,399 


20 and under 30 . 


. 35,782 


41,765 


30 and under 40 -... 


. 26,153 


29,072 


40 and under 50 


. 18.199 


19,741 


50 and under 60 


. 11,771 


12,572 


60 and under 70 


. 6,671 


7,362 


70 and under 80 . 


. 2,878 


3,438 


80 and under 90 . 


. 1,106 


1,512 


90 and under 100 . 


319 


549 


100 and upwards . . 


114 


229 


Age unknown, . . . 


150 


137 


Total .... 


, • 




AfiTsresrate. • 




. 434,495 


oo o • • • 

BI 


AVE POPULATION. 






Males. 


Females. 


Under 10 . . . 


. 506,251 


513,331 


10 and under 15 . , 


. 221,480 


214,712 


15 and under 20 . 


. 176,169 


181,113 


20 and under 30 . . 


. 289,595 


282,615 


30 and under 40 . . 


. 175,300 


178,355 


40 and under 50 . . 


109,152 


110,780 


50 and under 60 . , 


65,254 


61,762 


60 and under 70 . . 


38,102 


36,569 


70 and under 80 . . 


13,166 


13,688 


80 and under 90 . . 


4,378 


4,740 


90 and under 100 . 


1,211 


1,473 


100 and upwards . , 


606 


819 


Age unknown . . 


1,581 


1,533 


Total .... 




Aggregate . . . 




3,203,735 



12* 
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10. Benjamin Franklin was born in the year 1706. He 
died when he was 84 years of age. In what year did he die ? 

11. Three merchants entered into partnership. The first 
advanced $5500 dollars towards the capital ; the second ad- 
vanced $1000 more than the first did ; and the third advanced 
$1500 more than the second. What was the whole amount of 
their capital ? Am. $20,000. 

12. The first man was created 4004 years before Christ. 
How long is it from his creation to the present year ? 

13. There are two numbers, of which the smaller is 4520, 
and the difference between them 540. What is the greater 
number, and what is their sum ? 

Ans, to the last question^ 9580. 

14. A man left by will to his widow $5000, and to an 
adopted daughter $2000. The rest of his estate, after the 
payment of his debts, he directed to be equally divided among 
his four sons. The debts amounted to $3426, and each son 
received $1550. What was the value of the whole property ? 

Am. $16,626. 

15. Two brothers set out on a journey in different directions. 
The one travelled 167 miles, the other 134. How many miles 
were they then apart ? 

16. A man sold a house and lot for $6254, which was 
$1746 less than they cost. What was their cost ? 



Section II. — Subtraction. 

[For an explanation of the terms and signs used in subtrac- 
tion, see p. 56, 3 ; 58, 8.] 

Exercises for the Slate and Black-board. 

1. Name the difference between each of the following pairs 
of figures : 



2 

1 


1 
3 


6 

1 


1 

4 


7 

1 


1 
5 


8 

1 


1 
9 


2 
2 


2 
3 


4 
2 


2 

6 


8 

2 


2 
5 


7 
2 


2 

9 


4 
3 


3 
6 


8 
3 


3 

7 


5 
3 


3 

9 


5 
4 


4 

8 


6 

4 


4 
9 


7 
4 


5 
6 


8 
5 


5 

7 


9 
5 


6 
6 


7 
6 


6 
9 


8 
6 


9 

7 


7 
8 


7 
7 


4 
9 


9 
5 


6 

7 


8 
2 


2 
5 


9 
9 


3 
6 


4 

5 


2 

8 


9 
9 
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12 5 17 15 8 11 3 11 7 13 13 6 
9 13 9 6 14 7 12 4 15 9 . 4 10 

13 5 10 5 18 8 16 7 11 9 12 7 
8 12 3 14 9 15 9 10 8 14 4 ,16 

17 9 10 13 6 11 11 8 16 7 11 8 
8 15 5 6 14 9 3 12 8 12 5 11 

10 7 11 2 6 14 2 5 13 12 5 8 
4 14 6 14 15 5 12 .14 3 4 16 12 

10—9 12—6 13—5 17-8 14—9 19—4 16—7 

7—3 15-9 14—8 19—3 17—7 21—5 14—8 

[These figures may be studied on the book, or transferred to 
the slate for that purpose. The pupil should continue to prac- 
tise them till he can recite the differences rapidly from the 
black-board, taken regularly as well as in irregular order, with' 
cut naming the subtrahend or minuend. Pupils should be 
accustomed to name the differences of numbers placed horizon- 
tally, and also with the smaller number above as well as below. 
The former is required in balancing accounts ; the latter fre- 
quently occurs in long calculations.] 

2. What is the di^rence between two heaps of apples, one 
of which contains 12, the other 16 ? If 10 more apples be 
added to each heap, will their difference be changed, or will it 
remain the same ? Will the difference be unchanged by adding 
20, 30, 40, or any other number to each ? Will the difference 
between any two numbers whatever be changed by adding an 
equal number to each ? May not the following, then, be con- 
sidered the sixth principle of Arithmetic ? 

VI. ff equal numbers he added to unjeqmal numbers^ their 

difference remains unchanged, 

3. What is the difference between 10 and 6 ? If this dif- 
ference be added to the smaller number, to what will it be 
equal ? If the difference be taken from the larger, to what 
will it then be equal ? Will the same principle hold in any 
two numbers? [Give examples with oUier numbers on the 
black-board, when necessary.] May not #le following, then, be 
considered the seventh principle of Arithmetic ? 
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VII. (1.) If the difference bettveen two numbers he added to 
the smaller, their sum is equal to the greater, (2.) If the 
difference be taken from the greater ^ the remamder toUl be 
equal to the STnaUer, 

EXEMPLIFICATION OF SUBTBACTION, 

Where soTne of the figures in the subtrahend are greater than 
those of the same rank in the minuend, 

\Far the Black-board.] 

From 52364878 Minuend. 
Take 21436294 Subtrahend. 



Leayes 30928584 Difference, or Remainder. 



Subtraliend+Difference==52364878=Minuend. Proof No. 1. 
Minuend— Difference =21436294=:Subtrah'd. Proof No. 2. 



4. Commencing at the right, for a reason that the student 
will presently discover : Four from 8, how many ? Can .^ be 
taken from 7 ? Adding 10 to the second rank of minuend 
[see Principle VI. above] 9 from 17 ? Then adding 10 to 
second rank of subtrahend, also, will change the 2 in third 
rank to what ? Three from 8, then ? Can 6 be taken from 4 ? 
Adding 10 to fourth rank of minuend, 6 from 14 ? Adding 
10 to fourth rank of subtrahend, also, how many from 6 ? Can 
4 be taken from 3 ? Adding 10 to sixth rank of subtrahend, 
what does the 1 become ? And so forth. If the figures in 
the minuend were always gred.ter than the corresponding ones 
in the subtrahend, would it be of any consequence where the 
process of subtraction commenced ? [Give an example on the 
black-board.] Why, then, is it generally necessary to com- 
mence on the right ? 

Proof 1, By the seventh principle of arithmetic, to what is 
the sum of the subtrahend and the difference or remainder 
equal ? Proof 2. If the difference be subtracted from * t^e 
ininuend, to what mil the remainder be equal ? 
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Exercises far the Slate or Black-board. 



1. 2763850'26 Minuend. 
648273*18 Subtrahend. 



Kemainder. 
Proof No. 1. 
Proof No. 2. 



3. 6420589*37 Debtor. 



Proof. 



4. 9247385*4 Minuend. 
/^ 13746*8 Subtrahend. 



Kemainder. 
Proof 1. 



6. 643464*38 Debtor. 

Balance. 



Proof. 



y 7. 1638296*42 Minuend. 
^ 300512*76 Subtrahend. 



Kemainder. 
Proof 2. 
Proof 1. 



2. 826043*251 Subtrahend. 
963561*37 Minuend. 



Kemainder. 
Proof No. 2. 
Proof No. 1. 



4570634*49 Creditor. 
Balance. 



Proof. 



5. 1234567890*12 Minuend. 
813721437*5 Subtrahend. 



Kemainder. 
Proof 2. 



2365720*83 Creditor. 



Proof. 



8. 524698*73 Subtrahend. 
1293463*5 Minuend. 



Kemainder. 
Proof 1. 
Proof 2. 
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9. 63745896*731— 42638938*9. 

10. 5372849*2358— 789632*15723. 

11. 9716452—3856947*123. 

12. 36894726-14239879. 

[All the above can be changed to new exercises, by making 
a slight change, in the left hand figures, and substituting the 
subtrahend for the minuend. If necessary, others can be added 
by the teacher, or, still better, by the pupil. Subtraction should 
be practised till the class can perform it as rapidly as the 
remainder can be written. But this can only«be done by read- 
ing tinthaut spelUng; that is, by thinking of or writing the 
difference between numbers unthout naming those numbers 
either orally or mentally; and in like manner increasing 
them by ten when necessary, without mentioning that circum- 
stance. Thus, in the following example, all the words are 
superfluous except the three words in italic, namely, four 
eigtt, two : 

527 

i243 _. . ^ '■■:;:..; 

■ 284 



Three from seven leaves ybz^r/ four from two, add ten, leaves 
eight; one to two makes three from five leaves tivo. 



Stibtraction by Addition, 

Definition, — The compleTnent of a number is the difference 
between that number and 1 of the next higher rank or order ; 
that is, a number and its complement amount to 1 of the next 
higher rank or order of figures. Thus, 8 is the complement of 
2, because 2 and 8 together make 10. For the same reason 
2 is the complement of 8 ; 30, also, is the complement of 70, 
and 70 of 30, because together they make 100, 1 of the next 
higher rank. Thus, also, 28 and 72 are mutually comple- 
ments. The complement of 0, of course, is 10. 

1. What is the complement of 6 ? Of 5 ? 3 ? 7 ? 4 ? 
2? 9? 1? 6? 8? 20? 50? 70? 40? 60? 
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i 

2. What are the complements of 2222 and of. 73480. 

No. 1. No. 2. 

2222 Number. 73480 Number. 

7778 Complement. 26520 Complement. 

10000 Sum. 100000 Sum. 



3. Why does the first 2 on the right of No. 1, require 8 as 
its complement, while all the others require only 7 ? [Add the 
complement and see.] 

No. 1. Subtraot*n by adding oomplement. No. 2. Subtraot'n in usual way. 

826492 Minuend. 826492 

243546 Subtrahend. 243^46 



M29m ^ 



826492 Minuend. - 
756454 Compl. of Subt. - 

Dropping 1,-^582946 True remainder. 

O* It is proper to remark here, that in the example " No. 1. 
Subtraction by adding complement," the third and fourth lines 
are altogether superfluous, being placed there merely to exem- 
plify. AH that is necessary in such operations is to add (with- 
out haying it written) tfie complement of the subtrahend to the 
minuend, dropping 1 of the next higher rank of figures than 
the highest of the subtrahend. 

4. What is the minuend ? The subtrahend ? The differ- 
ence, or remainder ? By how much is the minuend greater 
than the remainder ? Atis, By the s . If, in subtrac- 
tion, then, you announce the minuend as the answer in place 
of the remainder, as in the above example No. 1, how much 
too large will your answer be ? [See answer to last question 
but one.] Now, as your answer is too much by the amount of 
the subtrahend, how much too large will it be if you add to it 
the complement of the. subtrahend ; that is, how much does a 
number and its complement amount to ? If the answer, then, 
be too great by the sum of the subtrahend and its complement, 

how can it be rectified ? Am. By dropping 1 of the . 

May not, then, the following be considered as the eighth prin- 
ciple of arithmetic ? 
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Vm. The differertce of ttvo numbers may be obtained by adding 
to the larger the ccmplemervt of t?ie smaRer^ and diminisfmig 
this sum hy Y of the next higher rank of figures than the 
highest of the smaller. 

5. Read off the difference of each of the following pairs of 
numbers, by adding, without writing down or naming, the com- 
plement of the smaller to the larger, and diminishing the 
amount by 1 of the next higher rank of figures than is con- 
tained in the smaller, and repeat similar exercises on the 
black-board and slate till it can be done rapidly. 

4 16 5 15 6 17 3 5 7 6 17 15 1« 7 
6 49 98 891 14 3 18 2 99 

8—2 17-3 14-5 9-0 18-7 25-4 7-2 8—4 

[All the exercises in subtraction given above may now be per- 
formed, by adding the complement, in place of taking the 
subtrahend from the minuend.] 

[On the same principle, the sum of two or more numbers 
may be taken from a minuend, whether it consist of one or 
more numbers, without finding their sum or sums, as in the 
following examples :] 

6. From 46589 take the sum of 2976, 3582, 176, and 24, 
by addition. 

46589 Minuend. 
2976 

lYg V Subtrahend. 

24 



39831 Difference. 



Proof =Sum of difference and subtrahend. 

Solution, — 6, 4, 8, 4 (comps.) and 9=31 ; carrying 3 to 

7, 2, 1, 2 (comps.), 8=23 ; dropping 1 gives 1 to 8, 4, 
(coraps.), 5=18; dropping one, we have 6, 7 (comps.), 6=19; 
dropping 2 (why 2 ?) from 1 and 4=3. 

7. From 7962, take the sum of 5143, 236, 728, 97, 4, and 

8, by addition, and prove by subtraction in the usual manner. 

8. From 549728, take the sum of 72, 3146, 458, 6, 93, 
and 872, by addition, and prove by subtraction. 
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9« From 82493 take 725, 4193, and 6127, and prove by 
subtraction. 

10. From 7248*63 take the sum of 24*5, 784*26, 3158, and 
2*34, and prove by subtraction. 

11. From 946*783 take the sum of 71*375, 42*6, and 84- 
'07, and prove. 

12. From 8148 take the sum of 7*05, 3*56, 92*4, and 145*3, 
and prove. 

13. Find the differenee between the sum of 7643 and 5234, 
and the sum of 6431 and 978, without finding those sums. 



6234 ! Mi'^^®^^- 
978 ( Subtrahend. 

5468 Diflference. 



The process reads thus : 2-|-9 (comps. of 8 and 1) +4+3 
=18; carry 1 to 2+6 (comps. of 7 and 3) +3+4=16; 
carry 1 to 0+5 (comps. of 9 and 4) +2+6=14 ; set down 
the 4 and drop the 1 (Why ?) ; 3 (comp. of 6) +5+7=15 ; 
drop the 1. 

14. From the sum of 5682 and 39476 take the sum of 
2158 and 3426, and prove. [Here the 2 ones will be dropped 
from the rank of tens of thousands.] 

15. From the sum of 3678, 5237, 4286, take the sum of 
12 and 5213. [Here (me will be dropped from the rank of 
hundreds, and (mc from that of tens of thousands.] Prove by 
subtraction. 

16. From the sum of 2*76, 3854, 913*2, take the sum of 
346, 2*71, and 1234. How many ones must be dropped in 
this operation, and from what ranks of figures ? Prove by 
subtraction. 

17. From 9876 take the sum of *71, 360*8, 2*15, 42*76. 
How many ones must be dropped in this operation, and from 
what ranks Of figures? Prove. 

18. From the sum of 8721, 345, and 26*38, take 145. 
How many ones must be dropped, and whence ? 

19. From the sum of 526, 3927, and 44, take the sum of 
1234 and 600. 

13 
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When subtraction is performed by addition of the coiople- 
ments, it should be proved by subtraction performed in the 
usual way. Exercises of this sort afford admirable means for 
the development of the judgment and ima^nation, as Well as 
of the memory. The judgment is employed in deciding what 
number is to be dropped, and when; and the imagination is 
exercised in calling to mind ooe figure by the sight of another. 
Additional exercises may be given by the teacher when neces- 
sary ; that is, when the pupil or class has not acquired a 
facility by those given above. It would be still better, how- 
ever, if liie pupil were accustomed to form them for himself. 

Questions by the teacher, —-^^2^. is subtraction ? See p. 56, 3. 
What is the greater number called? The smaller? The 
result ? What is the sign of subtraction ? Its name ? What 
is the most convenient mode of arranging the figures ? How 
many modes should be used ? Name them. Should subtrac- 
tion be commenced at the right or left ? Why ? In what case 
is it of no consequence where it is commenced ? * Will the 
difference be changed if the same number be added to the 
minuend and subtrahend ? How, then, should we proceed 
when a figure in the subtrahend is greater than the one of cor- 
responding rank in the minuend ? If the subtrahend and dif- 
ference be given, how may the minuend be found? What, 
then, is the first mode of proving subtraction ? When the 
minuend and difference are given, how may the subtrahend be 
found? What, then, is the second mode of proving subtraction ? 
How may the sum of two or more given numbers be subtracted 
from another number, or from the sum of two or more given 
numbers, at one operation, without finding either of the sums ? 

OCT' Addition and subtraction may be performed simulta- 
neously by a much easier method than the above, but it does 
not afford such excellent mental discipline. As, however, it 
may be preferred for practical business, it is proper to present 
it here, as follows : 

Find the difference between the sum of 2556 and 3798, and 
the sum of 1324 and 2796, by writing the complement of the 
subtrahend, and affixing to each complement a hyphen (-), to 

* We may commence at the left in every case, provided we take notice 
as we proceed whether the adjoining figares on the right require 10 to be 
added, and act accordingly. Exercises so performed would afford excel- 
lent intellectual discipline. 
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show that one of the next higher denomination is to be omitted 
for each number in the subtrahend. 



Minuend, ) 370 a 



a u* ^v^^A S -8676 Complement of 1324. 
Subtrahend, | ^^204 Complement of 2796. 



Difference, 2234 



Perform all the above exercises from 1 to 19, writing the 
complements of the numbers to be subtracted in place of the 
actual numbers. 

PracticdL Exercises. 

1. Washington died in 1799, at the age of 67 years. In 
what year was he born ? 

2. There are two adjoining farms, one of which was sold for 
$5820, and the other for $376 less. What was the cost of 
both ? [This, and each of the five following exercises, should 
be performed at one operation by means of the complement.] 

Ans. $11,264. 

3. A lady went a shopping with $24 in her purse. She 
paid $6 for a bonnet, $3 for two pairs of shoes, $5 for a piece 
of sheeting, and $3 for marketing. How much had she left ? 

Ans. $7. 

4. A farmer, who was in the habit of settling annually with 
his creditors, set out for that purpose on New Year's day with 
$150 in his pocket. He paid his blacksmith $20, his tailor 
$28, his shoemaker $25, his saddler $30, and his storekeeper 
$43. After making these payments, how much had he left ? 

Ans. $4. 

5. A farm, including the stock of cattle, sheep, horses, and 
hogs, was valued at $8000. The cattle were considered to be 
worth $240, <;he sheep $175, the horses $150, and the hogs $75. 
What was the value of the land ? Ans, $7360. 

6. A merchant sent his clerk to collect some accounts, and 
directed him to take a purse of silver with him, in case change 
i^ould be wanted. The clerk collected from one person $25, 
from another $140, from another $256, and from another $67. 
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When he came back, he found be had exactly $500. How 
much had he in the purse when he left home ? Am, $12. 

7. Two men set out on a journey, travelling in the same 
direction, and at the end of a week one of them had travelled 
200 miles, and the other 240 miles. How far were they then 
apart ? 

8. A merchant sold a ship for $8000, which was $1500 
more than he paid for it. How much did he pay for it ? 

9. The value of the gold coined in the mint of the United 
SUtes in 1831, was $714,270; in 1832, $798,435; in 1833, 
$978,550 ; in 1834, $3,954,270. How much more was coined 
in 1834 than in the other three years taken together ? 

Ans. $1,463,015. 

10. The following is a statement of the revenue of the 
government of the United States from the year 1837 to 1842, 
inclusive. The revenue is comprised in two classes, namely, 
receipts from customs, and from the sales of lands and miscella- 
neous sources. The latter column is left blank, to be filled by 
the pupil by horizontal subtraction. If the work be correctly 
performed, the total aniount of the receipts from customs and 
from the sales of lands, &c., will agree with that of the aggre^ 
gate of receipts. 



Tears. 


Customs. 


Sales of Landr and 
Miscellaneous. 


Aggregate of Receipts 


1837 


11,165,970 




18,029,528 


1838 


16,155.455 




19,369,639 


1839 


23,136.397 




30,397,515 


1840 


13,496,834 




16,991,191 


1841 


14,481,998 




15,952,293 


1842 


18,176,721 




19,611,599 


Total 









11. In 1790, the first census under the constitution of the 
United States was taken by act of Congress, and it has been 
followed by similar enumerations every ten years. The follow- 
ing table shows the total population at these several periods. 
The column of free colored persons is left blank, to be filled by 
the pupil. The necessary addition and subtraction should be 
performed at one operation, by aid of the complements of the 
several numbers. Prove by horizontal addition of the totals. 
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149 


Teiurs. 


WhifcM. 


Free Colored. 


Slavei. 


Total. 


1790 


3,172,464 




697,897 


3,929,827 


1800 


4,304,489 




893,041 


5,305,925 


1810 


5,862,004 




1,191,364 


7,239,814 


1820 


7,861,937 




1,538,038 


9,638,181 


1830 


10,537,378 




2,009,043 


12,866,021 


1840 


14,195,695 


• 


2,487,455 


17,069,458 


1850 


19,553,068 




3,204,313 


23,191,874 



Total 

12. The following is a statement of the commerce of the 
United States, from the year 1831 to 1842, inclusive. Com- 
plete the table by finding the difference in value between the 
exports and imports of each year, and balance the statement 
by finding -the total difference, which maybe considered the 
cost of the freight, and the amount of the profits of the com- 
merce. The computation will be correct, if the balance of 
the second and third columns is the same as that of the fourth 
and fifth. Why ? 

[All the subtractions in the following table should be per- 
formed horizontally, as a suitable exercise to prepare the pupil 
for balancing books and accounts.] 

Years. Value of Exports. Value of Imports. Excess of Exports. Excess of Imports. 

1831 $ 81,310,583 $103,191,124 



1832 


87,176,943 


101,029,266 


1833 


90,140,433 


108,118,311 


1834 


104,336,973 


126,521,332 


1835 


121,693,577 


149,895,742 


1836 


128,663,040 


189,980,035 


1837 


117,419,376 


140,989,217 


1838 


108,486,616 


113,717,404 


1839 


121,028,416 


162,092,132 


1840 


132,085,946 


107,141,519 


1841 


121,851,803 


127,946,177 


1842 


104,691,534 


100,162,087 


Total 




Bal. 







Aggr. 

13. The following is a statement of the population of some 
of the largest cities and towns of the United States, by the 
census of 1840 and that of 1850. The column of ifwrease in 

13* 
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ten years la left blanl 


:, to be filled 


by the student by horizontal 


subtraction. When that is done, 


add the three columns, and 


if the difference bet^ 
agrees with the sum ( 


^een the sums of the first two columns 


)f the third, the work is correct. 






Tncrease in 


Cities. 


1840. 


1850. 10 years. 


Portland, Me. . . . 


. 15,218 


20,815 


Boston, Mass. . 


. 93,383 


136,881 


Providence, R. I. 


. 23,171 


41,013 


New Haven, Conn. , 


12,960 


20,345 


New York, N. Y. 


. 312,710 


515,547 


Brooklyn, N. Y. . . 


. 36,233 


96,838 


Albany, N. Y. . 


. 33,721 


50,763 


Buffalo, N. Y. . 


. 18,213 


42,261 


Rochester, N. Y. . . 


20,191 


36,403 


Troy, N. Y. . . , 


19,334 


28,785 


Newark, N. J. . 


. 17,290 


38,894 


Philadelphia, Pa. 


. 220,423 < 


340,045 


Pittsburgh, Pa. . . 


21,115 


46,601 


Baltimore, Md. . . 


. 102,313 


169,054 


Washington, D. C. . 


23,364 


40,001 


Richmond, Va. . 


. 20,153 


27,570 


Charleston, S. C. 


29,261 


42,985 


Savannah, Ga. . . 


11,214 


15,312 


Mobile, Ala. . . . 


12,672 


20,515 


Louisville, Ky. . 


. 21,210 


43,194 


Cincinnati, Ohio . . 


46,338 


115,436 


St. Louis, Mo. . . 


. 16,469 


77,860 


New Orleans, La. 


. 102,193 


116,375 


Milwaukee, Wis. . . 


1,700 


29,061 


Cambridge, Mass. 


8,409 


15,215 


Roxbury, Mass. . . 


9,089 


18,364 


Worcester, Mass. 


7,497 


17,049 


Poughkeepsie, N. Y. 


10,006 


13,944-^ 


Syracuse, N. Y. . 


6,500 


22,271 - 


Newburg, N. Y. . , 


6,000 


11,415 - 


Reading, Pa. . . . 


8,410 


15,743 


Wilmington, Del. 


8,367 


13,979 


Cleveland, Ohio . . 


6,071 


17,034 


Columbus, Ohio . . 


6,048 


17,882 


Detroit, Mich. , , 


9,102 


21,019 
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4639268869634248 
4433748579342986 

2. Multiply 42579638 by 2, 3, 4, 5, 6, 7, 8, and 9, sev- 
erally, and prove by addition. 

Exemplification for the Elack-board. 
Where the multiplier consists of one figure oaly. 

42579638 Multiplicand, or 1st factor. 
6 Multiplier, or 2d &.ctor. 



255477828 Product. 



85159276 1st factor taken 2 times. 
Proof by addition, \ 127738914 Ist factor taken 3 times. 

255477828 1st factor taken 6 times. 



Solution, Suggestive Questions, — How many are 6 times 
8 ? 40 of first rank make how many of 2d rank ? How many 
are 6 times 3? How many are 18 -[-4 from the first r»nk? 
20 of second rank = how many of third ? How many are 6 
times 6-f-2 from second rank ? 30 of third rank = how many 
of fourth? How many are 6 times 9-f-3 from third rank? 
and so on till all the figures are taken 6 time?; that is, multi- 
plied by 6. 

[The student can hardly be cautioned too frequently to avoid 
unnecessary uxyrds. All that are requisite in the aboVe exam- 
ple are (if any are necessary at all) forty-eight, twenty-two, 
thirty-eight, fifty-seven, forty-seven, thirty-four, fifteen, twenty- 
five. The student should also be engaged in writing one figure 
while multiplying the adjoining one ; for multiplication, with 
one figure as factor, should proceed as fast as the figures in the 
product can be written.] 

Proof by Addition, How was the first line of proof found 
by addition ? Ans, By adding the first factor to itself. How 
was the second found ? The third ? By these three lines the 
product of the multiplicand by any significant figure could be 
found. How could four times the first factor be found ? (3-j-l.) 
How could five times be found ? (2 -{-3.) How seven times? 
Eight times ? Nine times ? 



aiPT. in.] . MVimaa^ASjm, 16S 

3. Can 200 be taken 4 times as well as 2 ? Can 2000, or 
any number, be taken 4 times ? Can 4, 40, or 400, be taken 
2000 times ? Is it necessary, then, in multiplication, (as in 
addition and subtraction) that the factors should be of the same 
denomination or order ? 

[In multiplication, it is usual to place the smaller &ctor at 
the right hand under the larger factor ; but, as this is fre- 
quently impracticable in long calculations, and as the process 
is precisely the same, however placed, the student should neyer 
be hampered by any peculiar form, but, on the contrary, accus- 
tom himself to place the smaller factor in every possible situa- 
tion, — above, below, at the right, \e% or middle ; and also in a 
horizontal position both before and after the larger, from which, 
in this case, it should be separated by the sign X ^^ *• ^^^ latter 
will be necessary in the bills of parcds below.- The student 
should also be cautioned against the awkward and unnecessary 
practice of ascertaining the various products on a separate part 
oL his slate.] 

4. Multiply 58369247 by each of the significant figures 
except 1, as a separate exercise, and prove by addition. 

5. Multiply 30517284 by each significant figure, and prove. 

6. Multiply 73261543 by each figure, and prove. 

7. Multiply 85063472 by each figure, and prove. 

8. Multiply 14759062 by each figure, and prore. 

Exempiificatians for the BUtck^board. 

When ciphers occur on the right hand of either factor y or of 
both factors y or when deciTrud frdctions occur in either or both 
factors, 

9. Multiply 24500 by 50. 

10. Multiply 3*76 by «4. 

11. Multiply *24 by *4. 

9th. 24500 10th. 3*76 11th. *24 
50 *4 *4 



1225 1504 96 



Solution by Suggestive Questions. — 9th. The ciphers being 
neglected in both factors, what is 5 times 245 ? But, as wo 
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have multiplied by 5 in place of 50, how manj times is the 
product too small ? How can this be rectified ? See p. 115, 
1. 8. But as 245 has been multiplied, instead of 245 hun- 
dred, how many times is the product still too small ? How 
can this be rectified ? When ciphers at the right hand of fac- 
tors are neglected, then, how many ciphers are requisite at the 
right of the product to rectify the process ? Ans. As many 
as there are in . 

10th. As the separatrix has been neglected in the smaller 
factor, thus making it 4 instead of 4 tenths, is the product too 
large or too small ? How many times ? How can this be 
rectified ? See p. 115, 1. 8. Bectify it, then. As the sepa- 
ratrix in the larger factor has also been neglected, thus making 
it 376 in place of 3'76, is the product too large or too small 
on this account ? How many times ? How can this be recti- 
fied ? Bectify it, then. Now, how many decimal places in the 
larger factor ? In the smaller ? In both ? In the corrected 
product ? Is the number in the product the same as in both 
factors ? Had the number of fractional^ places in either or in 
both factors been less, what would have been the effect on the 
product ? What would have been the efiFect had there been 
more ? Must the number of fractional places in the product, 
then, be always equal to the number in both factors ? 

11th. But in this case only two figures occur, and yet' three 
decimal places are wanting. What character is used when 
necessary to show the true place of figures ? See p. 114, 1. 24. 
Should it be placed to the right or left of the significant fig- 
ures ? See Oral Arithmetic, Chap. I., Sect. XV., p. 52, 1. 11. 

From these three elucidations, then, may not the following 
be considered the ninth fundamental principle of arithmetic ? 

IX. In imdtiplicationt the rmmber of cvpkers at the right of 
a product J or the nwmher of decirfud pLaces which it coTitains, 
must aluoays be made equal to the rvumber of either in both 
factors, 

12. Multiply 28700 by 40 ; by 600 ; by 90 ; by 300 ; as 
separate examples. 

13. Multiply 25*7 by *6. How many decimal places should 
be in the product ? 

14. Multiply 3*58 by *8, previously determining the number 
of decimal places in this and in the examples below. 
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15. Multiply 4642 by *005. 

16. Multiply 2*347 by 9. 

17. Multiply 2*347 by *009. How many decimals 1 

18. Multiply 2*347 by '00001. 

19. Multiply 5*19 by 9. 

Ezemplificatian for the Mack^toard. 
Where the multiplier is greater than 10 and less than 20. 

20. Multiply 35264 by 14. 

The long method. 

35264 
14 ' 



141056 Product of multiplicand by 4. . 

86264 Product of multiplicand by 1 and by 10 by position. 

493696 Product of multiplicand by 14. 

The short method. 

35264 
14 



493696 



Suggestive Questions, The Long Method. — How is the 
multiplicand multiplied by 10 by position ? See second' Principle, 
p. 115. To which rank of the product by 4 is the first rank of 
the multiplicand added ? To which rank of the product by 4 
is the second rank of the multiplicand added ? To which is 
the third ? &c. Could not these figures be added in without 
writing them over, and thus save two lines, or two thirds of 
the work ? Let us try. 

The Short Method. 4x4=16; 4x6=25 (24 and 1 car- 
ried)+4 (right hand figure of multiplicand) =29 ; 4x2=10 
(8-4-2 carried)+6=16; 4x5=21 (20+l)+2=23; 4x3 
=14 (12+2)+5=19; 1+3=4. [This short method only 
differs from the long method by adding in the right hand figure 
of the multiplicand as the work advances, instead of adding it 
in after the completion of the product of the multiplicand by 
the imits* figure of the multiplier, as will readily be seen by a 
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comparison of the two methods above. Where the class is 
young, or dull, perhaps it might be proper to postpone the 
short process till the review. Qreat care should be taken, as 
usual, that the pupil does not use too many words ; all that are 
necessary in the above exemplification of the short process are, 
sixteen; twenty-five twenty-nine; ten, sixteen; twenty-one, 
twenty-three; fourteen, nineteen; four. After a little practice, 
four out of these ten words might be dispensed with. [Which 
four ?] 

21. Multiply 23542 by 11 to 19 sev^ally, and prove by 
the long method ; or multiply by the long method, and prove 
by addition. 

22. Multiply as above 4536249 by the numbers from 11 to 
19 severally, and proye. 

23. Multiply as above 49560'34 by 11 to 19 severally, and 
prove. * 

24. Multiply as above 7638*05 by 11 to 19 severally, and 
prove. 

25. Multiply as above 697842*09 by VI to 1*9 severally, 
and prove. 

26. Multiply 3268*534 as above by ai to '19 severally, and 
prove. 

27. Multiply 2343241, by short method, by 21 to 29 sev- 
erally, and prove. 

[This and the following exercises by the short method differ 
in nothing from the preceding, save that each figure of the 
multiplicand must be doubled, or trebled, or quadrupled, &c., 
according to the number of tens in the multiplier, before it is 
added to the product of the figure to its left. Every example 
should be proved by addition or by the long method.] 

28. Multiply 7286159 by 21 to 29 severally, and prove. 

29. Multiply 124932 by 31 to 39 severally, and prove. 

30. Multiply 3946072 by 41 to 49 severally, and prove. 

31. Multiply 2312412 by 51 to 59 severally, Mid prove. 

32. Multiply 65749 by 61 to 69 severally, and prove. 

33. Multiply 98357 by 71 to 79 severally, and prove. 

34. Multiply 85679 by 81 to 89 severally, and prove. 

35. Multiply 142312 by 91 to 99 severally, and prove. 
86. Multiply 35241 by 324. 

[This and the following exercises differ in nothing from the 
preceding, save that three or more products, in place of two, 
are added in mentally ; that is, without being written down.] 
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Exemplifications' for the Etack^hoard. 

The long method. 

35241 First factor. 
324 Second &ctor. 



Partial 



140964 by 4 =4 

, . . 70482 by 2 and by 10 by position = 20 
proaucts, ^ 205723 by 3 and by 100 by position =300 



Total, 11418084 by 324. 324 

The short method. 

35241 First factor. 
324 Second factor. 



11418084 Product. 



Suggestive Questions. The Long Method.-— ^ovr is the 
second partial product multiplied by 10 by position? See 
Second Prindjdey p. 115. How is the third partial product 
multiplied by 100 by position ? Of what does the units' figure 
of the total product consist? Ans. Of the product of the 
units of both factors. Of what two figures does the second 
rank of the total product consist ; that is, of the product of 4 
by what, and of 1 by what ? [Point to the 4 and 1 as they 
are mentioned.] Of what three figures does the third rank of 
the total product consist ; that is, of the product of 2 by 
what, of 4 by what, and of 1 by what? [Point to these 
figures.] Of what three figures does the fourth rank consist ? 
Of what three the fifth ? Of what three the sixth ? Of what 
does the seventh and eighth consist ? Why could not these 
products be added in mentally, that is, without writing them 
during the progress of the work, and thus save nearly three 
fourths of the figures, as below ? 

The Short Method.— (4:Xl) 4; (4x4) 16+(2xl) 2=18; 
(4X2) 9 (1 carried)4-(2x4) 8+(3xl) 3=20; (4x5) 22 (2 
carried) -f- (2x2) 4+ (3x4) 12=38; (4xB)=15+(2x5) 
10+(3x2) 6=31; (2X3) 9+(3x5) 15=24; (3x3) 11. 
All the toords necessary are the following : and very many 
even of these may be omitted after some practice. Four; 
sixteen, eighteen ; nine, seventeen, tioenty ; twenty-two, twenty- 
six, thirty-eight; fifteen, twenty-five, thirty-one ; nine, twenty- 

14 
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four ; eleven. l%iose in italics are the only ones really essen- 
tial. 

Exemplification of the Proof by Addition with large nwnibers, 

35241 First factor. 
824 Second factor. 



11418084 Product of 35241 by 324. 

70482 First factor added to itself XlO by position =r 20 

105723 Sum of 1st factor and 4th line XlOO by pos.=300 

140964 Sum of 1st line and 5th line = 4 



11418084 Proof. 324 



With larger figure in the nmltiplier, 

32541 First factor. 
978 Second factor. 



31825098 Product of 32541 by 978. 

65082 First factor added to itself. . . prod, by 2. 
130164 The last line added to itself. . . prod, by 4. 



260328 The last line added to itself. .... prod, by 8 

227787 Sum of let, 4th, and 5th lines X 10 by position= 70 

292869 Sum of 4th and 7th lines XlOO by position =900 

31825098 Proof. 978 



37. Multiply 213*54 severally by 2'34, by 32*4, and by 
423, and prove by the long method, or by addition. 

38. Multiply 3521*4 severally by *451, by 32*5, and by 
3'58, and prove. 

39. Multiply 765*324 severally by 56*2, by 7*24, and by 
*258, and prove. 

40. Multiply 9815462 severally by 374, by 865, and by 
914, and prove. 

41. Multiply 521432 severally by 1324, by 2413, and by 
4132, and prove. 

[Though the student may be allowed at first to practise by 
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the long method, yet he ought not to pass on to Division till 
he can use the short method with ease and rapidity.] 

Practical Exercises, 

1. If 25 men can do a piece of work in 25 days, how long 
will it take 1 man to do it ? 

2. If 16 men can do a piece of work in 14 days, how long 
will it take 1 man to do it ? 

3. Two men set out from the same place, travelling in oppo- 
site directions ; one at the rate of 42 miles, the other at the 
rate of 36 miles a day. How iar would they be apart at the 
end of 5 days ? 

4. Two men set out from the same place, going in the same 
direction ; the one in railroad cars at the rate of 300 miles a 
day, the other in a wagon, at the rate of 38 miles a day. 
How far would they "be apart at the end of 3 days ? 

5. Two men set out at the same time, but in contrary direc- 
tions, to travel round a large circular course ; the one at the 
rate of 3, the other at the rate of 5 miles an hour, and afler 
3 hours' travel they meet each other. How many miles was 
the circumference of the course ? 

6. A carpenter was employed on a building for 25 days, at 
$1*25 per day. He received at different times $20. How 
much remained due ? - 

[The following bills of parcels should be transferred to the 
slate, and the multiplication be performed horizontally. Where 
the price is given in cents, as 100 make a dollar, the whole 
number of cents divided by 100 will give the amount in dol- 
lars and cents.] 

Boston, Oct. 4, 1853. 

7. Mr. James Scott, 

Bought of Wm. Smith, 
24 lbs. of coffee, at 7 cents ...... 

216 lbs. of sugar, at 6 cents 

5 lbs. of tea, at 65 cents 

250 lbs. of rice, at 4 cents 

14 lbs. of starch, at 10 cents 

6 gallons of molasses, at 36 cents .... 
3 gallons of lamp oil, at 94 cents .... 

175 lbs. of raisins, at 8 cents 

$48*27 
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Boston, Sept. 15, 1854. 
8. Miss Jane Roberts, 

Bought of John Smith, 
9 yards mousseline de laine, ^t 45 cents . 

8 do. do. at 34 cents . 
32 do. cotton cloth, at 7 cents . 
6 do. linen, at 65 cents . 

9 do. calico, at 15 cents • 
6 do. do. at 13 cents . 
5 do. gingham, at 24 cents . 
2 pairs of gloves, at 58 cents . 













$1740 




Beceiyed payment, John Smith. 






Pittsford, Vt., i 


Oct 19, 1854. 


9. Mr. 


John Fox, 








JBought of Henry Sawyer, 


3 thousand J -inch boards, at $6 . . 


• • 


4 


do. 


|-inch do. at $7 . < 








7 


* do. 


inch do. at $12 . < 








2 


do. 


2-inch plank at $18 • , 








4 


do. 


3 by 4, at $8 . 






1 


5 


do. 


shingles, at $3 * . , 









Henry Sawyer. 



Charged in acooont, $213 

10. Mr. John Brown, 

1854. In account with Clement & Norton, Dr. 



Jan. 18. To 68 gallons of molasses, at 31 cents 
To 425 lbs. brown sugar, at 6 cents 

Feb. 21. To 83 lbs. old hyson tea, at 54 cents 
To 75 lbs. coffee, at 7 cents . . . 



Cr. 
Jan. 15. By 72 bushels com, at 65 cents . . 

By 18 bushels rye, at 75 cents . . 

Bj 32 bushels buckwheat, at 45 cents 
Mar. 4. By cash to balance 



21*95 



Errors excepted, 



Clement & Norton. 



\ 
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11. Mr. Jacob Jones, 

Bought of Henry Wheaton, 

24 yards broadcloth, at $2'75 

36 do. do., at $2*90 

48 do. cambric, at 14 cents 

24 barrels flour, at $6^25 

27 firkins butter, at $6*75 

34 barrels pork, at $11*25 ...... 

$891*87 
Albany, N. Y., Jan. 4, 1849. 

12. Make a bill, like that in Ex. 10, of the following state- 
ment : On the 28th of June, 1849, William Jenkins bought 
of S. Talbot & Co., 34 gallons of molasses, at 36 cents per 
gallon ; 26 bushels of salt, at 85 cents per bushel ; 14 pounds 
of tea, at 42 cents per pound ; and paid 36 bushels of corn, at 
58 cents per bushel ; and 45 bushels of oats, at 42 cents per 
bushel. The balance, $0*44, was paid in money. By whom 
was it paid ? 

13. Make a bill and receipt of the following statement: 
Mr. A. Williams bought of Samuel Roberts the following arti- 
cles: A quarter of lamb, weight 7 pounds, at 8 cents a 
pound ; a fillet of veal, weight 9 pounds, at 7 cents a pound ; 
a quarter of mutton, 16 pounds, at 6 cents a pound ; a pig, 
weight 12 pounds, at 10 cents a pound; 2 bunches of celery, 
8 cents a bunch; and a bushel of turnips, for 35 cents. 

Amount, $3*86. 

14. William Hudson sold the following articles to Robert 
Benson. Make a bill and receipt for them. 325 bushels of 
corn, at 65 cents a bushel ; 73 bushels of wheat, at $1,25 ; 
150 bushels of oats, at 40 cents; and 115 bushels of rye, at 
72 cents. Amount, $445*30. 

15. Make a bill, like that in Ex. 10, of the following state- 
ment: Samuel Brown bought of William Roberts, of Phila- 
delphia, Dec. 31st, 1853, 24 lbs. of tea, at 45 cents per pound ; 
16 bushels of salt, at 45 cents per bushel ; 25 yards of cotton 
cloth, at 13 cents per yard ; and 54 lbs. coffee, at 10 cents per 
pound. He paid a hog, weighing 425 pounds, at 8 cents per 
pound. The balance, $7*35, was paid in money. By whom 

was it paid ? ^ 

14* 
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INVOLUTION, 

Or Multiplicaticm by Two or more Equal Factors. 

Involution teaches the method of finding the powers of 
numbers. 

DEFINITIONS. 

1. A square is a figure with four equal sides, and four equal 
angles.^ Squares are employed for the measurement of sur' 
faces, or of any thing of which only two dimensions (length and 
breadth) are considered. In measuring surfaces, the square is 
the form to which all others are reduced. Thus, painters* work 
is estimated by the number of square feet covered by the paint ; 
a sail, by the number of square yards it contains ; a field, by 
its contents in square rods. A great mistake is frequently 
made by using the terms square miles, square yards, &c., for 
miles square, yards square, &c. For, although 1 square mile 
is the same as 1 mile square, yet, with all other numbers the 
result is very different. Thus, 16 square mile^ are only equal 
to 4 miles square, as is evident from an inspection of the fig- 
ure, in which each of the sixteen flmall squares may represent 

one square mile, or square yard, or square 
foot, and the whole sixteen square miles form 
but four miles square, A slight examina- 
tion of the figure will show that a square 
surface, or superficies, is measured by mul- 
tiplying the length by the breadth. 

2. If a number be once multiplied by 
itself, the product is called the square, or 
secoTul power, of that number. Thus, 4x4=16 ; 16 is the 
square, or second power of 4. 

3. A citbe is a solid body, with six equal square sides, and 
consequently of three dimensions, — length, breadth, and depth. 



8 



8 






* An angle is the space comprised between two straight lines which meet 
in a point, as at A and B ; or the quantity by which 
two straight lines departing from a point diverge ^ [^ 
from each other. The iflls containing the angle are 
called its sides, or legs. The size of an angle has 
no reference to the length of its sides. Thus, the ^ 
angle at A is much greater than the angle at B. 
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and containing equal angles, as 
A, B, C, D, E, F. If the length 
or breadth of one of its sides be 
twice mnltiplied by itself, the last 
product will give the number of 
cuidc or solid feet, &c. that the fig- 
ure contains. Thus, if the length 
of one of the sides of the adjacent 
ciddc figure be 3 inches, the con- 
tents, 3x3x3, will be 27 cubic 
inches. Geometry teaches us that 
all similar solid bodies are to each other as the cubes of their 
like dimensions. Thus, if one ball, or globe, have a diameter 
of 2 inches, and another have a. diameter of 4 inches, the latter 
will be 8 times the size of the former, since 4x^X4=64, while 
2x2x2=8. For the same reason, a cube whose sides are 3 
feet long will be 27 times as large as one of 1 fogt long, since the 
cube of 1 (1X1X1) is 1, while the cube of 3 (3x3x3) is 27. 

4. If the product of a. number multiplied by itself be again 
multiplied by the same number, the last product is called the 
cube^ or third powers of that number. Thus, 4*x4x4=«64j 
64 is the cube, or third power of 4. 

5. The term potoer designates the product arising from mul- 
tiplying a number a certain number of times, and the number 
so multiplied is called the root. The powers are distinguished 
from each other by the nwrnher of times that the root is used as 
fitctor. .Thus, 16 is the secoTid power of 4, because it contains 
that factor twice / ' 64 is the third power of 4, because it con- 
tains the factor 4 three times ; and 256 is the fourth power of 
4, because it contains 4 as a factor /ot^r times ; and so on. 

6. A power is sometimes denoted by a number placed at the 
right of the root, and a little above it, which is called the 
indeXj or exponent of the power. Thus, 4^ signifies the third 
power ^ or cube of 4 ; and 4* \kQ fifth power of 4. 

7. The root of a number is designated by a small figure 

placed in what is called the radical sign. Thus, ^/i signifies 

the square root of 4 ; and /s/T& the cube root of 16. The sign 
and number are called the exponent of the root. The figure is 
generally omitted in the radical sign for the square root. Thus, 

/s^ and a/^ both signify the same number, the square root of 
9, namely 3. Boots and powers are also frequently denoted by 
numbers placed in a fractional form, the numerator expressing 
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the power, and ihe denominator the root. Thus # signifies the 
second or square root of the^r*^ power of 4, which in this case 
is simply the square root of 4, since the first power of a number 
is the number itself; and 8^ signifies the third, or cube root 

of the seamd power of 8. Thus 83=>C/Fx^=aJ^^4=4. 
8. Numbers whose roots can be exactly found, are called 
perfect powers, and their roots rational numbers. Numbers 
whose roots cannot be exactly expressed in numbers, are called 
imperfect powers, and the approximation to their roots are 
called surdSy or vrraJtiomal numbers. Thus, 1, 4, 9, are perfect 
powers, because they have exaot roots, namely, 1, 2, 3. But 
2, 5, 10, are imperfect powers, and their roots, >v/2, >v/5, >v/10, 
are surds^ because they cannot be exactly expressed in numbers. 

Exercises for the Black-board or Slate. 

1. What is the square, or second power of 16 ? 

2. What is the cube, or third power of 12 ? 

3. What is the cube of 3*6 ? 

4. What is the numerical value of 4*XB* ? Of 4*X2*? 
Suggestive Questions. — How much is 4* ? How mudi 3* ' 

How much, then, is 4^x3* ? 

5. What is the sum of the squares of the prime numbers 
(see Oral Arithmetic, p. 84) between 1 and 10 inclusive ? Of 
the cubes of the composite numbers between 1 and 10 inclu- 
sive? ' Ans. 88; 2521. 

6. What is the difference between 2* and 2' ? Between 3^ and 
33 ? Between 4* and 4' ? Ans. 4 ; 18 ; 48. 

7. Find the square and the cube of each of the digits, arrange 
them in tabular form as follows, and commit them to memory. 



Boots, 


1 


2 


3 


4 


5 


6 


7 


8 


9 


Square, 
or 2d power. 








V 








■ 




Cube, 
or 3d power. 


■ 



















Exemplification for the Black-board. 

8. Involve 24 to the second and third power ; in other words, 
find the square and cube of 24. Perform this in three ways ; 
1. Keep the units and tens separate throughout, and merely 
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indicate, witiioat performing the multiplication. 2. Perform 
the mulUplication, but keep the ptoduote of the different ranks 
separate. 3. Involve the number in the usual manner. 
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in No. 1. Why is it called the cube of 24 ? Examine the 
dtbe in the three processes, and see if they agree. What does 
the square of 24 contain besides the squares of the units and 

of the tens ? Ans, Twice their . Would that be so, 

whatever was the number of the tens and units ? To what 
does 20^ of the fifth line of No. 1 correspond in the same line 
in No. 2 ? To what does 4^ correspond ? What does the 
cube of 24 contain besides the cubes of the tens and of the 
units ? Arts. Three times the square of the — multiplied by 
the — , and three times the square of the — multiplied by 
the — . Would this be so, whatever was the number of the 
tens and units? Has not, then, the following been developed 
as the tenth principle of arithmetic ? namely, 

X. 1. The SQUARE of any number of tens and units is equal 
to the squares of the tens and of the units taken separatelp, 
plifs tvnce the product of the tens and units, 2. The cube 
of any number of tens and units is equal to the cubes of the 
tern and units taken separately^ plus three times the square 
of the tens multiplied by the units , and three times the squGore 
of the units multiplied by the tens, 

• 

9. Involve 18 to the third power, as in process No. 1 of 
the last exercise, and repeat the 10th principle from the process 
that will stand before you on the slate. 

10. Involve 65 to tibe third power, as in the last exercise, 
and repeat as above*. 

Questions by the teacher. — What is multiplication ? See p. 
56, 2. What is the multiplicand ? The multiplier ? The pro- 
duct? What are the factors? How may multiplication be 
proved ? Should there be ciphers on the right of either factor, 
or of both factors, will the product be correct, or too small, or 
too large, if these ciphers be neglected in the multiplication ? 
How, then, can this product be rectified ? If decimal fractions 
occur in either or in both factors, will the product be correct, 
or too large, or too small, if the separatrix be neglected in the 
multiplication ? How may it be rectified ? What is involution ? 
What is the square, or second power of a number ? What is 
a cube, or third power of a ntftnber ? What is a power of a 
root ? What is the index, or exponent of a root ? What is 
the index, or exponent of a power ? 
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Section TV, ^Division. 

[For an explanation of the terms and characters used in 
division, See p. 56, 4, and 58, 8.] 

Exercises for the Slate and Black-board, 

1. Name the quotients of tho following numbers [to be 
repeated as a daily exercise till the quotients can be given cor- 
rectly at a glance, without naming the divisors or dividends] : 

4^2, 8^2, 6-5-2, 12-^2, 18-f-2, 104-2, 14-4-2, 16-5-2, 9^3, 
18-5-3, 12-5-3, 6-^3, 24-5-3, 16^4, 25^5, 18-5-3, 20-5-5, 27 
-^3, 24-5-6, 12-5-6, 6-5-6, 15-5-3, 21 : 3, 21 : 7, 14 : 7, 10 : 
5, 30 : 5, 24 : 8, 8 ; 8, 18 : 9, 32 : 8, 54 : 9, 28 : 7, 64 : 8, 
49 : 7, 36 : 6, 48 : 6, 63 : 7, 72 : 8, 56 : 7, 81 : 9, 32 : 4, 
40 : 5, 35 : 5, 36 : 4, 45 : 5. 

2. Name the quotients and remainders of the following 
numbers, in this manner, namely, -^J-, -^ ; Two, three ; five, 
two. 



18 


17 


26 


30 


25 


17 


23 


37 


29 


27 


66 


74 


27 


5 


3 


8 


4 


8 


9 


9 


5 


8 


4 


8 


9 


8 


35 


12 


13 


17 


18 


18 


22 


22 


22 


19 


19 


19 


23 


8 


8 


3 


4 


4 


5 


3 


4. 


8 


3 


4 


5 


6 


34 


34 


34 


34 


68 


57 


38 


37 


52 


13 


13 


13 


15 


5 


9 


4 


7 


8 


6 


9 


4 


6 


2 


5 


3 


4 


17 


37 


65 


76 


15 


22 


22 


23 


16 


19 


17 


34 


27 



9779757499796 

3. Name the quotients, and remainders where they occur, of 
the following numbers : 

1834242532 3124293921181425 
46656*75793424 
37 49 62 56 28 35 

7 7 T T T t" 
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Exemplification for the Black-board. 
Short Division ; that isy where thA divisor does not exceed 12. 

4. Divide 63543 by 4. 

Divisor, 4 )63543 Dividend. 

Quotient, 15885 " 3 undivided remainder. 
Divisor, 4 



Proof, 63543 



Suggestive Questions, — How many fours in 6 of the fifth 
rank ? The 2 that remain of the fifth rank make how many 
of the fourth rank ? How many fours in 23 of the fourtii 
rank, then ? The 3 that remain of the fourth rank make how 
many of the third rank ? How many fours in 35 of the third 
rank, then ? How many of the second rank are the 3 that 
remain of the third rank ? How many fours in 34 of the 
second rank, then ? How many of the first rank are the 2 that 
remain of the second rank ? How many fours in 23, then ? 
Our quotient, then, appears to be 15885 and 3 remainder. Is 
the remainder carried to the right or to the left in division, as 
above ? Which^way are numbers carried in all other opera- 
tions ; that is, in addition, subtraction, and multiplication ? 
Why, then, do we commence at the left in division, and at the 
right in all other operations ? 

Proof, — In division, what terms are factors of the dividend ? 
See p. 57, 5. What terms, then, multiplied together, will 
reproduce the dividend, if the work be correctly done ? Is the 
remainder a part of the quotient ? Is it also a part of the 
dividend ? Why must it be added in when the dividend is 
reproduced by multiplying the divisor and quotient? 

5. Divide 264852 by each of the digits severally from 2 to 
9, also by 11 and 12, proving each problem by multiplication, 
as above. 

6. Divide 65382432 by each digit separately from 2 to 9^ 
also by 11 and 12, and prove by multiplication. 

7. Divide 97862432 by each digit separately from 2 to 9, 
also by 11 and 12, and prove by multiplication. 
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Eocemplijication for the Black-board, 

LoJig Division ; that is, where the divisor exceeds 12. 

8. Divide 64235 by 24. [Place the three methods together 
on the black-board.] 

a. The, Long Method. 

Dividend, 64235( 24 Divis or. 

1st partial product, 48000 2000 ^ 

600 



1st remainder, 16235 70 

2d partial product, 14400 6 



Partial Quotients. 



2d remainder, 1835 2676^ Total Quotient. 

3d partial product, 1680 24 Divisor. 

3d remainder, 155 64235 Proof 1, viz. divisorXq^ot. 

4th partial product, 144 [-{-remainder. 

Undivided rem'r, 11 



Proof 2, 64235 Sum of products and last remainder. 

b. Contracted Method, by omitting unnecessary ci'phers. 

Dividend, 64235(24 Divisor. 

1st partial product, 48 2676J-J Quotient. 

1st remainder, 162 64235 Proof 1, viz., divisor Xquo- 

2d partial product, 144 [tient^-remainder. 

2d remainder, 183 

3d partial product, 168 



3d remainder, 155 

4th partial product, 144 

Undivided remainder, 11 



Proof 2, 64235 Sum of products and last remainder. 

15 
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c. Abridged Method^ by performing the Svhtraction mentally. 

Dividend, 64235(24 Divisor. 
Partial dividends fomed of i 162 2676^ Quotient. 

remainders and one figure } 183 

from general dividend, ( 155 64235 Proof. 

11 undivided remainder. 

Solution, — The contracted method differs only in on© respect 
from the exercises already performed by the pupil in division, 
and that is, by vrriting down each partial product before sub- 
tracting it, instead of performing the subtraction mentally. In 
the abridged method^ resort is again had to mental subtraction. 
Take notice, however, that it is frequently necessary to add 
mare than one ten to the minuend and subtrahend. ' Thus, in 
dividing the first partial dividend, we have 6x4=24, which 
cannot be taken from 2 ; adding 30=32 leaves 8 ; 6x2=12, 
and adding 3 (nam^y 30 of the rank on the right) =;:15 from 
16=1. in dividing the second partial dividend, we have 7X 
4=28, which cannot be taken from 3 ; adding 30=33, leaves 
5 ; then 7X2=14, adding 3 (30 of the rank on the right)= 
17 from 18=:1, and so on, adding always as many tens as may 
be necessary. The Ixnig Method is merely given to show the 
reasons for the different steps in the Contracted and Abridged. 
Methods, 

After the class have studied the exemplifications in the book, 
they should be written on the black-board ; the first in full with 
all the explanations ; the second with the figures only ; of the 
third, merely the divisor and dividend. The divisor is placed 
at the right, not only to save room, but to bring together the 
factors of the dividend for the proof. But the mind of the 
pupil should not be shackled by confining him to particular 
forms. It will frequently be found convenient in practice to 
be able to place the terms in division in various positions, as 
below. That he may not be cramped by forms, let him prac- 
tise with those different positions in school. 

Divisor, Divisor, 

or Divisor)Dividend(Quotient Dividend(or Divisor. 

Quotient. 

Questions for the Contrdcted Method, — What is the upper 
number on the left ? [Point to the dividend.] What is the 
upper number on the right ? What is the first number under 
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the dividend ? Of what numbers is it the product ? To what 
rank does it belong by position? [Point, if necessary, to 
the corresponding number in the hong Method.] What is 
the next number below? Whence comes the 2 on the right? 
What is the next number below ? [Always pointing.] It is 
144 of what rank by position ? [Here point again, if neces- 
sary, to Long Method.] What is the next numbpr ? Whence 
the 3 ? What is the rank of this number by position ? What 
is the next number below ? It is 168 of what rank by position ? 
What is the next number? Whence the last 5 ? It is 155 of 
what rank by position ? What is the next number ? Of what 
rank, and why ? What is the next number ? An undivided 
remainder from what ? Why is it placed in the quotient with 
the divisor written under it ? To show that it has not been — . 
Will the product of the divisor and the integers in the quotient 
be the exact dividend ? What number is necessary to com- 
plete the dividend ? 

[Let the teacher now write out and explain on the black-board 
the Abridged Method, as given above, and then call on one or 
more of the class to perform similar operations, and give similar 
explanations on the board.] 

It may be proper to observe here that, when the divisor con- 
sists of many figures, the pupil at first may not readily ascer- 
tain how many times it is contained in the partial dividend. 
To obviate this difficulty, all the figures in the divisor, except 
the first [or the first and second], may be neglected for the 
moment, taking care, however, to make proper allowance for 
them, especially for the second [or third] figure. Thus, sup- 
posing the question was how many times 356 is contained in 
932, the 56 may be neglected, provided it be remembered that 
the 3 (the first figure) represents for the moment more than 3|, 
consequently can only be contai!ined tunce, and not three thnes^ 
in 932. Again, supposing the first two figures of the divisor 
to be 48 or 49, it should be recollected that the first figure is 
in fact nearer to 5 than 4. But, in spite of the utmost care 
of a learner, a wrong figure will occasionally appear in the 
quotient. For division must at first be merely a series of 
suppositions and trials. Happily a correction is easily made 
on the slate. If, then, the remainder proves to be equal to, or 
greater than the divisor, the quotient figure must be too small, 
since the remainder shows that the divisor is contained in the 
partial dividend a greater number of times. On the contrary, 
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if the product of the quotient figure and the divisor be greater 
than the partial dividend, it is equally evident that the quo- 
tient figure is too large. In either case the correct number 
must be substituted. Beginners may be materially assisted by 
forming a table of products of the divisor with each separate 
digit except the first, as in the following example, according to 
the contract^ method. 

Dividend. 

59469806(235 Divisor factor. 



235 



2= 470 
3= 705 
4= 940 
5=1175 
6=1410 
7=1645 
8=1880 
9=2115 



470 

1246 
1175 



253063 Quotient &ctor. 



59469805 Proof. 



719 
705 

1480 
1410 

705 
705 



But aids of this sort should be as seldom used as possible, 
and when used, should be soon discontinued. 

Sometimes it happens, after the figure has been brought 
down from the dividend to the remainder, that the number is 
still too small to contain the divisor, as in the following ex- 
ample. 

Dividend, 80520(264 Divisor. 

132 3 Part of the quotient. 

Here 264 was found to be contained 3 times in 805 with a 
remainder of 13. Bringing down the 2 from the dividend, 
the number 132 is found to be too small to contain the divisor. 
As this shows that there are no tens in the quotient, a cipher 
should be put in the place of tens. For, in fact, 264 goes tio 
times in 132, and •leaves the same number (132) as a remain- 
der. Bringing dowD, therefore, the last figure of the dividend 
(the 0), we ask how many times 264 is contained in 1320, and 
finding it to be 5 times, the 5 is placed as usual in the quotient, 
making it 305. 
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9. Divide 3628497 by 37, bj the abridged method, and 
prove. 

10. Divide 1284634 by 96 by the same. 

11. Divide 47389256 by 375; also by 284 and by 763. 

12. Divide 83245796 by 2458; also by 372 and by 815. 

13. Divide 6529374 by 3275 ; also by 4762. 

14. Divide 5138267 by 789 ; by 426 ; and by 738. 

15. Perform the same operations with the figures of each 
dividend reversed ; and again, with the figures of each divisor 
reversed, the dividend carried to three decimal places when 
necessary. 

Bemark. — The division can be continued as far as may be 
thought proper, if there be a remainder after the integers in 
the dividend are exhausted, by adding ciphers to it, provided 
a separatrix be placed in the quotient after the units resulting 
from the division of the integers. Why ? 

The method of Long Division is commonly used where the 
divisor exceeds 12 ; but, if the class has been properly trained 
in Oral Arithmetic, it will be found advantageous to use Short 
Division in all cases where the divisor does not exceed two, or 
even three figures. In practice, it will be found sufficiently 
easy, and will essentially aid the power of abstraction. 

16. Divide 23569248 by every number containing two sig- 
nificant figures between 12 and 100, by short division, and prove. 

17. Divide 62543965, and also. 34902054 severally by the 
same, and prove. 

18. Divide each of the above two numbers severally by 
126, 135, 224, 364, and 452, and prove. 

ExemplificatioTis for the Black-board, 

Where ciphers occur in the Divisor and Dividend, or in the 

Divisor aJUme, 

19. Divide 568400 by 2600 ; and 673428 by 2400. 

No. 1. Dividend, 5684|00(26|00 Divisor. 

48 218^1^* Quotient. 
224 

Remainder, 1600 568400 Proof. 

No. 2. Dividend, 6734j28(24|00 Divisor. 

193 280^1^1 Quotient. 

Remainder, 1428 

673428 Proof. 
15* 
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Suggegtioe Questions. — If a number sbonid be divided into 
4 equal parts, and eacb of these iDto 3 equal parts, into how 
many equal parts would the number be divided ? If a number 
should be divided into 4 equal parts, and each of these again 
into 100 equal parts, into how many equal parts would the 
number be divided ? 4 and 100 are factors of what number ? 
Is the same result obtained, then, when a number is divided by 
factors taken separately, as when divided by their prodztct ? 
Into how many equal parts is dividend No. 1 divided by cutting 
off two figures at the right ? See Principle 2, p. 123. What, 
then, is the quotient of 568400 by 100 ? What factor remains 
to divide 5684 ? What is the quotient when it is divided by 
26 ? To what ranks of the original dividend does the undi- 
vided remainder 16 belong ? Is it 16, then, or 1600 ? What 

is the quotient of dividend No. 2 by 100 ? What is the 
remainder ? What other factor should divide 6734 ? What 
is the quotient of that division ? What is the remainder ? To 
what ranks of the original dividend does this undivided remain- 
der belong ? Is it 14, then, or 1400 ? Is the 28 also an 
undivided remainder? To what ranks do the 2 and the 8 
belong ? What, then, is the mhde undivided remainder of the 
original dividend ? 

20. Divide 14260 by 530 ; 726500 by 670 ; 257600 by 
8400 ; and 8276000 by 270, and prove. 

21. Divide 265023 by 610; 806284 by 7300 ; and 52648 
by 70, and prove. 

ExemplificatioTis for the Black-board^ 

Where Decimal Fractums occur in the Dividend or Divisor, or 

in both, 

22. Divide 24 by 6 ; 2*4 by *6 ; '24 by *6 ; 24 by *6 ; and 
•24 by 6. 

No. 1. No. 2. No. 3. No. 4. No. 6. 

6)2*4 *6 )2'4 *6)*24 '6)24 6)*24 

•4 4 *4 "~40 "^04" 

Suggestive Questions, — How many decimal places in the 
dividend, or product, of No. 1 ? How many in the divisor 
factor ? As the number of decimal places in the factors, then, 
must correspond with the number in the product (See MuUiplu 
catio7i, pp, 153, 154), how many decimal places are required 
in the quotient factor ? How many are required in No. 2, 



8»CT. !▼.] WVI8I0N. IT6 

then ? Why ? How many in No. 3 ? Why ? How many deci- 
mal places are there in the divisor factor of No. 4 ? How many 
ought there to be in the dividend product, then ? How shall 
that be supplied without altering its value ? See p. 118, 1. 27. 
How many decimal places are there in the dividend product of 
No. 5 ? Are there any in the divisor factor ? How many 
should there be in the quotient factor, then ? How shall the 
second one be supplied ? Is there more than one decimal place 
in this number, *40 ? Where should the cipher be placed, 
then, in quotient factor of No. 4 ? 

23. Divide 325*76 by 23'4 ; 589*42 by *72 ; 68945 by 
7*32 ; 89728 by *8 ; and 56'238 by 62, and prove by multipli- 
cation. 

Practical Exercises. 

1. If a piece of work can be accomplished by 1 man in 36 
days, how long should 4 men be about it ? Prove. 

2. If 5 men can do a piece of work in 4 days, how many 
days should 1 man take to do it ? How many days should 4 
men ? Prove. 

3. If 12 barrels of flour cost $72, what will 1 barrel cost ? 
What will 5 cost ? Prove. 

4. If 5 pounds of brown sugar cost 35 cents, what will 12 
pounds cost ? [In this and several exercises that follow, the 
leading question, what will 1 cost, weigh, &c., is omitted, but 
can readily be supplied by the teacher, if it is found necessary, 
or, still better, by the pupil himself] 

5. If $420 be paid for 60 acres of land, what will be the 
cost of 45 acres at the same rate ? Prove. 

6. If 32 yards of cotton cloth cost $2*56, what will be the 
cost of 5 yards at the same rate ? 

7. If $60 gain $3^60 interest in one year, what will $100 
gain in the same time ? Prove. 

8. If 6 yards of broadcloth cost $18, what will 15 yards 
cost ? Prove. 

9. A man dying, left a widow and 6 children, without a 
will. In such cases the law directs that the widow shall re- 
ceive one third of the property for life, and that the remainder 
shall be equally divided among the children. The estate was 
valued as follows : a farm, at $6000 ; a yoke of oxen, $90 ; 3 
horses, at $75 dollars each ; 16 cows, at $24 each, 8 young 
cattle, at $10 each ; 100 sheep, at $2*50 each ; farming tools, 
$100 ; household furniture, $300 ; grain and provisions, $62. 
What was the share of the widow, and of each child ? 
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EVOLUTION.* 
Or Diviswn mto Two or more Egiud Factors, 



VSSSJSmXSSi OV THB SQUABS BOOT, OB DIVISION INTO TWO JSQUAIi 

FACTOBS. 

a. Pointing off sqitares into periods of two figures. 

Exemplifications for the Black-hoard, 

1. Write in columns, on the slate or black-board, as follows, 
the squares of '01, '1, 1, 10, 100, 1000, being the smallest 
significant figure, and the squares of *09, *9, 9, 90, 900. 9000, 
the greatest significant figure. Write, also, a line of ciphers, 
and point them off into periods of two figures, as under : 

TABLE OF SQUARES. 
Square of *01 = Square of *09 = 

of a = of *9 = 

ofl = of9 = 

oflO = of 90 = 

of 100 = of 900 = 

of 1000 = of 9000 = 

PERIODS. 

5th 4th 3d 9d lit 



OOOOOOOOOO'OOOO 

* Eyolution is generally placed near the close of the book in treatises 
on arithmetic. But, as it is strictly an elementary process, and a mere 
branch* of division, it comes much more appropriately here. And, if the 
preceding part of the book has been thoroughly mastered, the pupil will 
find no difficulty in extracting either the square or the cube root. Teach- 
ers who dislike the arrangement, however, can easily omit evokaion until 
the review of the whole book. 
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Suggestive Questiom, — Of how many figures does the square 
of any number of units consist ? See squares of 1 and 9 above. 
Which period, then, will the square of units occupy ? How many 
ciphers are there in the square of any number of tens ? See 
the square of 10 and of 90 above. Which period, then, will be 
occupied by the significant figures of the square of tens? 
Which period will be occupied by those of the hundreds? 
Of the thousands ? &c. Which period will be occupied by those 
of the tenths ? Ans. The period to the right of that of the 
— . Which period by those of the hundredths ? In which 
period, then, should you look for the root of the units ? The 
root of the thousands ? Of the tenths ? Of the hundreds ? 
Of the hundredths ? Why, then, do we divide numbers whose 
roots are sought into periods of two figures ? 

b. To find the Square JRoot^ when it coTisists of tens and 

units. 

2. What is the square Aot of 2916 ? Prove. 

. . Koot. 
2916(5 Tens, 
502=2500 _4 Units. 

54-54=2916 Proof by 



Divisor, 2-50=100U16 rinvorL 

)th principle, 1, ( 2-50*4= 400 ^ 

p. 166. |4» .16 



000=Diff. between 2916 and 
502 -[-twice 50 • 4^42^ 

Suggestive Questions. — What is the greatest square in 29 ? 
What is its root? Is this root 5 units or 5 tens ? Deducting, 
then, the square of 50 from the given square, as above, what 
must be found in the remainder ? See the exemplification in 
Involution, No. 1, Square of 24, p. 165, or see 10th principle, 
p. 166. Which of these numbers is now known ? Atis. 

Twice the :. When a product [416] and one of its factors 

[twice 50] is known, how can the other factor be found ? See 
p. 57, 5* What should the remainder [416] contain, besides 
twice the product of the tens and units of the root ? Is 2916 
an exact square, then ? 
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3. Find iihe square root of 1296, and prove. 

4. Find the square root of 2916, and prove. 

5. What is the value of V625 ? Prove. 

6. What is the value of V2025 ? Prove. 

c. To find the Square Boot, when it consists of an integer 

of more than two figures, ^c. 

7. Find the square root of 105625, and prove. 



... 



105625(3 Root of tens ) of 
30^= 900 2 Boot of units ) tens. 



Divisor 2*30=60)156 32 Root of tens. 

a iA*u • 1 ( 2«30«2= 120 5 Root of units. 
Bee 10th prin. I* < oa a 

' ■ "" _ 325-325=105625 Pr. 

Divisor 2*320=640)3225 

•n -iA*i. -it 2-320-5= 3*00 
By 10th prin. 1. 1 ^a __ 25 



[The method of finding a square root of a larger number of 
figures does not differ from that of the preceding case, except 
in slight changes in the mimeration of the ranks of the root. 
See Numeration, p. 117, 1. 1. For instance, the 3 and 2 found 
at the beginning of the process, are at first considered as the 
root of tens and units of tens ; but, as soon as they are found, 
they are taken together as the tens of the root ; and bringing 
down to the remainder [32] the first period [25], making 3225, 
we proceed to develop the root of the true units [5] as before. 
When there is a remainder after all the periods have been used, 
it shows that the number whose root is sought is an hnperfect 
power. But we may find a number as near as desirable to the 
root by annexing periods of ciphers to the remainder, and 
thence developing roots for the tenths, hundredths, &o., always 
remembering, however, that all periods for finding square roots, 
after the first, consist of two figures ; and also that we must 
always begin to mark off both ways at the place of units. 
Should a remainder occur at the close of the whole process, it 
must of course be added in, if the work is proved by involu- 
tion. The following example exhibits a case of this nature : 
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8. Find iihe square root of 79238, and prove. 

• . . Boot. 
79238(2 Tens ) ^, 
20«=400 8 Units \ °* ^^^' 
Divisor, 2-20=40)'S52 28 Tens. 
By 10th prin. 1. j|-2<>-8= 320 ^ Units. 

^ ^ ( ^ = ^ 281 Units. 

Divisor 2-280=560)838 *4 Tenths. 

Bj 10th prin. 1. 1 ^•280-1= 660 28lTApproximate root. 

Divisor 2-2810=562"0)27TOO 

T^«in*k • 1 i2-2810*4= 22480 
Bj 10th prin. 1. | ^2__ -j^^ 

Eemainder, 52'04 

Proof 28142+52*04=79238. 

9. Find the square root of 61504, and prove. 

10. Find the square root of 43264, and prove. 

11. Find the square root of 61928, to two places of deoi- 
mals, and prove. 

12. Find the square root of 363729*61, and prove. 

13. Find the square root of 432*64, and prove. 

14. Find the square root of 92165*4, and prove. 

15. What is the value of /\/2, carried to three places of 
decimals? Prove. 

16. Find the square root of 10 carried to two places of 
decimals, and prove. 
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XXTRACnON or THE CUBB KOOT, OR DIVISION INTO THREB 19QUAL 

FACTORS. 

a. Pointing off Cubes into periods of three figures. 

Exemplifications for the Black'board. 

1. Write in columns, as follows, on the slate or black-board, 
the cubes of •Ol, ♦!, 1, 10, 100, &c., being the smallest sig- 
nificant figure, and the cubes of *09, *9, 9, 90, 900, &c., being 
the greatest significant figure. Write, also, a line of ciphers, 
and point them off into periods of three figures each, as under : 







TABLE 


OF 


CUBES. 


Cube of *01 = 

of a = 

ofl = 
of 10 = 
of 100 = 






Cube of *09 
of *9 
of 9 
of 90 
of 900 
PERIODS. 




6th 

• 


ith 

« 


3d 

« 


2d 

• 


l8t. 



000000000000000*000000 

Suggestive QuestionSf to be repeated till aU can be ansujered 
withmt hesitation. — Of how many figures does the cube of any 
number of units consist ? See 1 and 9 of table of cubes above. 

Atis, Not less than , nor more than . Which period 

will the cube of units occupy, then ? How many ciphers are 
there in the cube of any number of tens ? See the cube of 10 
and of 90 above. Which period, then, will be occupied by the 
siginficantjigures of the cube of tens ? Which period will be 
occupied by those of the hundreds ? Of the thousands ? &g. 
Which period will be occupied by those of the tenths ? Ans. 

The period to the right of that of the . Which period 

by those of the hundredths ? Where, then, should you look 
for roots of the units ? For roots of the thousandths ? Of 
the tenths ? Of the tens ? Of the hundreds ? &c. Why do 
we divide numbers whose roots are sought, into periods of three 
figures? 
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b. To Jind the Cube Boot when it contains an integer of two 

figures. 

2. Find the cub« root of 13824, and prove. 

13824(2 
208= 8000^4 [Proof 

24*24*24=243=13824 

Divisor, 3*202=1200)5824 Dividend. 
3-202-4 =4800 
By loth prin., 2. 1 3-4^-20= 960 

43 =64 



Suggestive Questions, — What is the greatest cube in 13 ? 
What is its root ? Is this root 2 units or 2 tens ? Deducting, 
then, the cube of 20 [8000] from the given cube, what should 
be looked for next in order in the remainder [5824] ? See the 
exemplification, in Involution, No. 1, cube of 24 ; or see the 
10th principle, p. 166. Which of these numbers is now 
known? Ans. Three times the square of — . If a product 
[5824] and one of its factors [3-20^] be found, how can the 
other factor be found ? See p. 57, 5. What should be looked 
for next in the remainder [5824]? Is it known? What, 
lastly, will be found in that remainder ? Is 13,824 an exact 
cube, then ? 

3. Find the cube root of 373248, and prove by involution. 

4. Find the cube root of 19683, and prove by involution. 

5. Find the cube root of 262144, and prove by involution. 

6. Find the cube root of 166375, and prove by involution. 

c. To find the Cube Root, when it contains an integer of rnore 

4han two figures, ^c. 

The directions given in treating of the extraction of the 
square root, when it consists of more than two figures, apply 
almost literally to that of the cuhe root, namely : Proceed with 
the two periods at the left, as if those were the whole, and 
then, bringing down another period, consider the two figures of 
the root that are thus found as the tens of the root, and find 
the units of the root as before. Should a remainder occur at 
the close, annex three ciphers as a period for tenths, unless 
there should be decimal places sufficient, and proceed to find 

16 
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the root for the rank of tenths, in the same manner that the 
root for units was found, and so on, as far as may be considered 
necessary. The evolution of decimal fractions, in fact, does 
not differ from that of integers. The following example will 
make all this sufficiently plain. 

7. Find the cube root of 14513286'7, and prove. 



14513286*7(2 
20«= 8000 _4 

Divisor, 3-202=1200 )6513 24 

( 3-202-4==: 4800 3 

By 10th principle, 2. } 3*42*20= 960 243 

( 43 = 64 «9 

Divisor, 3*2402=rl72800 )689286 243^ 
( 3-2402-3= 518400 
By 10th principle, 2. } 3-32-240= 6480 

/ 3» = 27 

Divisor, 3*24302=17714700 )164379700 

3*24302«9= 159432300 
By lOth principle, 2. ^ 3«92«2430= 590490 

98 = 729 



4356*181 



Proof, 243*9«+4356a81=14513286»7. 

8. Find the cube root of 84604519, and prove. 

9. Find the cube root of 21024576, and prove. 

10. Find the cube root of 28913245, to two places of deci- 
mals, and prove. 

11. Find the cube. root of 21036589, to two places of 
decimals, and prove. 

12. Find the cube root of *000729, and prove. 

13. Find the cube root of 2 to two decimal places, and 
prove. 

14. Find the cube root of ^02 to two decimal places, and 
prove. 

15. Find the cube root of 20 to two decimal places, and 
prove. 

16. Find the cube root of 3932586*4 to two decimal places, 
and prove. 
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Practical Exercises in Involution and Evclutienu 

DEFINITIONS. 

I. A figure of three sides is called a triangle, and, if one 
of its corners, or angles, should be a square corner, like the 
angle at B in the annexed figure, it is called a right angle; and 
the figure is called a rigkt angled triangle, 
and the two sides adjoining the right angle 
are said to be perpendicular to each other. 
The side A C, opposite the right angle, is 
called the hypothenuse. It is shown by 
Geometry, that the square of the hypothe- 
nuse is equal to the sum of the squares of 
the other two sides. It follows that the dif" 
ference between the square of the hypothe- 
nuse and that of either of the other sides is 
equal to the square of the remaining side, 
since, if 9=4-f^5, then 9 — ^5=4, and 9 — 4=5. 

II. The round line which forms the boundary of a circle is 
called its drcwmference. Any straight 
line which passes through the centre, 
or middle point, of a circle, and is ter- 
minated in both ends by the circumfer- 
ence, is called its diameter. Now, we 
also learn by Geometry, that the areas, 
or contents, of circles, are not in pro- 
portion to their diameters, but to the 
squares of these diameters. Thus, a 
circle of 6 inches, or 6 feet, in diame- 
ter is 4 times as large as one of 3 inches, or 3 feet, in diameter, 
because the square of 6 [36] is 4 times as large as the square 
of 3 [9]. 

1. If a square field contain 2304 square rods, how many rods 
does it measure on each side ; in other wordS; what is the 
square root of 2304 ? See Definitions 1 and 2, Involution, p. 
162. 

2. If each side of a square field be 48 rods long, how many 
square rods does it contain ? 

3. There are two square fields ; the side of one being 20, 
and of the other 40 rods long. How many square rods in 
each, and how many times is the one larger than the other ? 
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4. If the sides of one square field be twice as long as that 
of another square field, how many times is the larger greater 
than the less ? 

ffl?" In order that the pupil may have a clear conception of 
this fact, let him halve a straight line upon his slate, and form 
squares of the half and of the whole lines, the one within the 
other. 

5. If each side of a square field measure 25 rods, what 
will be the length of the side of a square field containing 4 
times as many square rods ? 

6. If the side of a square field measure 50 rods, what will 
be the length of the side of another square field which contains 
exactly one-fourth of the number of square rods ? 

7. A square mile contains 640 acres. How many acres are 
contained in two miles square ? How many square miles in 
two miles square ? Ans. to \st question, 25i50 acres. 

8. A certain square orchard contains 1600 trees. The trees 
are in rows, two rods apart each way, and on every side the 
orchard fence is a rod from the trees. How many acres are 
there in the orchard, if 160 square rods make an acre ? 

9. How many trees can be placed in rows in a square field 
containing 40 acres, the trees to be two rods apart each way, 
and the outer rows exactly a rod from the fence ? 

10. A carpenter has a wooden square, one side of which is 
4 feet long, and the other 3 feet long. What is the length 
of a board which will just reach from one end to the other ? 
See Definition 1, above. 

11. One of the sides of a carpenter's square is 4 feet long, 
and a board 5 feet long just reaches from one end of it to the 
other. What is the length of the other side of the square ? 

12. A wall is 32 feet high, and a ditch before it is 24 feet 
wide ? What is the length of a ladder that will reach from 
the top of the wall to the opposite side of the ditch ? 

13. If a ditch be 24 feet wide, what is the height of a wall 
that can just be reached by a ladder 40 feet long ? 

14. If the*ladder be 40 feet, and the wall 32 feet, what is 
the width of the ditch ? 

15. If a ladder 60 feet long be so placed as to reach a win- 
dow on one side of a street 36 feet from the ground, and, by 
turning it over to the other side of the street, without moving 
its foot, it just reaches a window 48 feet from the ground, what 
is the width of the street ? 
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DI7* If the pupil be at a loss here, let him draw on his slate 
a horizontal line, to represent the width of the street, and two 
lines perpendicular to its ends, to represent the walls of the 
opposite houses, and then complete the figure by another line 
for the ladder, placing its foot not far from the middle of the 
street. 

16. A certain street is 84 feet wide. How far from the 
middle of the street must a ladder 60 feet long be placed so as 
to reach to the top of a wall of the height of 48 feet on one 
side of the street ? 

17. The distance across a building between the outer edges 
of the plates on which the rafters rest is 32 feet, and the height 
of the ridge above the beam on which they stand is 12 feet. 
Required the length of the rafters if they project one foot be- 
yond the walls. Ans, 21 feet. 

18. There is a building 30 feet in length, and 22 in width, 
and the eaves project beyond the walls one foot on every side. 
The roof terminates in a point at the centre of the building, 
and is there supported by a post, the top of which is ten feet 
above the beams on which the rafters rest. What^s the dish 
tance f^om the foot of the post to the corners of the eaves ? 
the length of a rafter reaching to the middle of one side ? of 
a rafter reaching to the middle of one end? of a rafter 
reaching to the corners of the eaves ? 

Am. in order, 20 ft. ; 15*62+ft.; 18*86-f ft ; and 23»36-f ft. 

19. What is the distance from the centre to each comer of 
a square field containing 1600 sqtiare rods ? 

Am, 28«28+rods. 

20. A society of men raised $576 for a certain purpose, 
each man contributing as many dollars as there were men. 
What was the number of the society ? Ans, 24. 

21. At another time, their treasurer informed the same 
society that their funds had been reduced by payments to $39. 
Whereupon all present made a new contribution, each paying as 
many dollars as there were members present, when, on a fresh 
count, the funds amounted to $400. How many members were 
present ? Ans. 19. 

22. If the diameter of a circle be 2 feet, what will be the 
diameter of one 4 times as large ? Ans, 4 feet. 

23. What is the distance measured through the centre of a 
cube from one corner to its opposite comer, the side of the cube 
being 3 feet? Am. &'196 feet* 

16* 
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« 

24. There are two circular pieces of land, the one 100 feet^ 
the other 20 feet in diameter. How many times ,is the one 
greater than the other ? Ans, 25 times. 

25. What is the superficies of one side of a cubical block 
containing 6859 solid inches, and what is the superficies of the 
whole block ? Ans. to the last question^ 2166 square in. 

26. How many times is a globe 2 feet in diameter greater 
than one that is 1 foot in diameter ? Ans, 8 times. 

27. If a globe of silver, 1 inch in diameter, is worth $6, 
what is the value of a globe 12 inches in diameter ? 

Am. $10368. 

28. Find the sum of the roots of all the perfect squares 
oontained between 1 and 100 inclusive. Atis, 55. 

29. Find the sum of the numbers whose square roots are 
surds between 1 and 20 inclusive. Ans. 180. 

30. Find the sum of the numbers whose cube roots are surds 
between 1 and 20 inclusive. . Ans. 201. 

31. Find the sum of ^5^64, 343*, V64, 256*, and 8$. 

Am. 39. 



BlULTIPLICATION AND DIVISION BY EASY NUMBEKS. 
1. Multiplication by Division. 

1. Multiply 2647938 by 5 by division (See Oral Arithmetic, 
Chap. I., Sect. XVIII., 3, 4, 5, p. 60), and prove by multipli- 
cation. 

2. Multiply 7946287 by 5 by division, and prove as above. 

3. Multiply 1678432 by 25 by division (See Oral Arith- 
metic, pp. 61, 10), and prove as above. 

4. Multiply 6238937 by 25 by division, and prove. 

5. Multiply 421695 by 25 by division, and prove. 

6. Multiply 2834926 by 25 by division, and prove. 

7. Multiply 7394845 by 25 by division, and prove. 

8. Multiply 84739284 by 125 by division (125=xiyuL), 
and prove. 

9. Multiply 3462845 by 125 by division, and prove. 

10. Multiply 64834921 by 125 by division, and prove. 

11. Multiply 1346824 by 125 by division, and prove. 
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2. Multiplication by Sttbtraction, 

12. Multiply 87649324 by 9 by subtraction. 

Suggestive Questions. — ^If a namber has been taken 10 
times, when it ought to have been taken only 9 times, how 
many times has it been taken too many ? How can the error 
be rectified? 

Then 87649324 ^10 times by position, 
less 87649324= 1 time. 



leaves 788843816= 9 times. 

But it is unnecessary to use so many figures, as it may 
plainly be seen that the process consists simply in subtracting 
the right hand figure from 0^ every other figure from the figure 
at its right, and lastly from the left hand figured 

On the same principle, a number may be multiplied by 99, 
999, or any number of nines, by subtraction, by supposing as 
many ciphers to be annexed to the multiplicand as there are 
nines in the multiplier, and then subtracting the original mul' 
tiplicand from this product. For instance, if 999 be the mul- 
tiplier, take each of the three figures at the right from zero, 
every other figure from the third figure on its right, and zero 
from the three figures at the . left, the reasons for which will 
distinctly appear from an inspection of the following example. 

13. Multiply 47368259 by 999 by subtraction, and prove 
by adding the complement. 

Hence 47368259 =1000 times by position, 
less 47368259 =1 time, 



leaves 47320890741 =999 times. 

14. Multiply 67245896 by 99 by subtraction, and prove by 
adding the complement. 

15. Multiply 34 by 9999 by subtraction, and prove by add- 
ing complement. 

16. Multiply *246 by 9999 by subtraction, and prove by 
adding complement. 

* In the aboye and in the succeeding exemplification the pnpil should 
omit the 2d line, which is only iifterted here to show the reason for the 
process. 
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17. Multiply 893254*25 by 999 by subtraction, and prove 
by adding complement. 

In a similar manner the process of multiplying by 49, 29, 
or any other two figures ending in 9, may be abridged by using 
50, 30, <&c., as multiplier, and at the same time subtracting the 
multiplicand once, or adding its complement. Thus, 

18. Multiply 7236408 by 69; that is, by 70 with the ad- 
dition at the same time of the complement of the multiplicand* 
and prove by multiplying by 69. 

7236408 
70 



499312152s=70 — ^1 time by adding the complement of the 
multiplicand while performing the multiplioation. 

19. Multiply 1423746 by 49 [50 and complement], and 
prove by 49. 

20. Multiply 653492 by 899, as above [by 400 and com- 
piemen t], and prove. 

21. Multiply 28*56 by 29, as above, and prove. 

22. Multiply 6734*5 by 79, as above, and prove. 

23. Multiply 6248 by 2499 by division and addition of 
complement separately, and prove. k 

24. Multiply 4588*24 by 499 by division and addition of 
complement separately, and prove. 

25. Multiply 2346 by 8 ; that is, by supposing the multipli- 
eand to be multiplied by 10, and adding double its comple- 
ment. For example : 

8 • 2346 



18768 



Suggestive QuestioTis. — If the multiplicand were multiplied 
by 10, what would be the right hand figure ? If to that we 
add twice the complement of 6, what would it then be ? What 
would the next figure of the product be if twice the comple- 
ment of 4 were added to the 6 ? The next figure of the pro- 
duct ~f- twice the complement of 3 ? and so on, dropping 2 for 
twice the complement of the rank next above the highest fig- 
ure of the complement. 

26. Multiply 45827 by 38 [liy 40 and twice the comple- 
mont], and prove by dividing by 38. 
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27. Multiply 372*65 by 98 [100 and twice the complement], 
and prove by (fividing by 98. 

28. Multiply 2536 by 248 by division, adding two comple- 
ments afterwards, and prove. 

29. Multiply 3847 by 78 [80—2], and prove by division. 

3. Multiplication partially or wholly by Addition, 

30. Multiply 62305496 by 11 by addition,, and prove. 
Suggestive Questions, — If a number has only been taken 10 

times, when it ought to have been taken 11 times, how many 
times too few has it been taken ? How shall the error be rec- 
tified ? 

Then 62305496 =10 times by position, 

more . 62305496= 1 time, 



makes 685360456=11 times. 

The intelligent pupil will readily perceive that the above 
depends on a similar principle to that shown in example 12, 
and that the second line is wholly superfluous, being merely 
inserted here to show the principle. Of ooturse, in the follow- 
ing exercises, he will omit 'the superfluity. In fact, it would 
be preferable that he should even omit the first line also, and 
write the product by 11 simply by inspection of the book. 

31. Multiply 52643889 by 11 by addition, and prove by 
division. 

32. Multiply 846*25 by 11, and prove by division. 

33. Multiply 2345421 by 22, and prove by division. 

This, and the 17 succeeding exercises, can be performed 
without writing any figures on the slate except the product. 

34. Multiply 2862*75 by 33 by addition and multiplica- 
tion, and prove by division. 

35. Multiply 243692801 by 44 by addition, &c., and prove. 

36. Multiply 8210432 by 55 as above. 

37. Multiply 5B0438 by 66 as above. 

38. Multiply 2439*004 by 77 as above. 

39. Multiply *008 by 8*8 as above. 

40. Multiply 3926 by 111 as above. 

41. Multiply 62*25 by 111 as above. 

42. Multiply 426832 by 222 as above. 

43. Multiply 364852 by 444 as above. 

44. Multiply 125896 by 555 as above. 



190 WRITTEN A&rCHMSTIC. [OHAP. II. 

45. Multiply 28*96 by 333 as above. 

46. Multiply *006 by 6*66 as above. 

47. Multiply 1236 by 442 as above, and the use of the 
double complement. 

48. Multiply 7216 by 886 as in last exercise. 

49. Multiply 18425 by 774 by addition and use of treble 
complement. 

50. Multiply 3215 by 996 as in last exercise. 

51. Multiply 7326489 by 4829 by addition. 

1. 7326489 

4829 



1. 

2- 
4- 

8- 



1=2. . 14652978 multiplied by 10 by position. 
-2=4 . . 29305956 «* ** 1000 by position. 

4=8. . 58611912 « « 100 by position. 



1=9 65938401 



35379615381 Total product. 



52. Multiply 6248351 by 3624 by addition, and prove by 
multiplication. 

53. Multiply 1324658 by 18532 as above. 

54. Multiply 9024368 by 2936 as above. 

4. Multiplication by Resdvtion, 

55. Multiply 73250147 by 64328. 

73250147 
64328 



No. 1. 586001176 multiplied by 8 

No. 2. 2344004704 No. 1 by 4 and by 10 by pos. . 320 
No. 3. 4688009408 No. 2 by 2 and by 1000 by pbs. 64000 

4712035456216 Product by 64328. 64328 



56. Multiply 16348792 by 8567. This may be done in two 
ways : 1st, by 7, by 8=56-5-7=8 ; or 2d, by 7a=56-^8=7. 
Prove by division. 
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57. Multiply 27364895 by 64816 two ways : 1st, by 8 and 
by 8=64h-4=16 ; 2d, by 6 and by 8=48-5-3. Prove by 
division. 

58. Multiply 39460582 by 72836 [8 • 9=72-5-2]. Prove 
by division. 

59. Multiply 82964523 by 27315 [3, 9, 5], Prove by 
division. 

60. Multiply 21879030 by 28442 by resolution. Prove by 
division. 

5. Bwision by Mtdtiplicatum. 

61. Divide 3265 by 5 by multiplication, and prove by 
division. 

3265 5 )3265 

2 653 Proof. 

653^0 

62. Divide 8244 by 5 as above. 

63. Divide 91*23 by 5 as above. 

64. Divide 26345 by 5 as above. 

65. Divide 3276885 by 25 as above. 

3276885 25)3276885 
A 131075*4 Proof. 



131075*40 



66. Divide the following numbers severally by 25 by mul- 
tiplication, and prove by division : 9258, 326725, 8396289. 

67. Divide 62845936 by 125 by multiplication, and prove 
by division. 

62845936 125 )62845936 

8 502767*488" Proof. 

502767*488 

68. Divide the following numbers severally by 125 by mul- 
tiplication, and prove by division: 74263485, 29632652, 
81297124 

69. Why is it that in dividing integers by 5, the number of 
decimal places cannot exceed one ; in dividing by 25, two ; by 
125, three ? 

70. What is the greatest number of decimal places possible 
in dividing integers by 2 ? by 4? 8? 16? 32? 



CHAPTER III. 

THB SHORTENED PROCESSES OF INCREASE AND DBCRBASB 
APPLIED TO COMMON FRACTIONS AND DENOMINATE 

FRACTIONS. 



DEFINITIONS. 



There are three kinds of fractions : Decimal, Common, and 
Denominate Fractions. All these, as well as integers, have 
two names or values, namely, the primary, or simple, or abso- 
lute value; and the secondary value. The primary name 
originates alike in all. It is the same with that of the charac- 
ter or characters by which it is represented. The secondary 
name is derived as follows : 

1. In integers and decimal fractions from their horizontal posi- 
tion ; that is, from their distance to the right or left of the place 
of units. (See Chap. L, p. 112, 1. 83). Thus, in the number 

44*44, 

the primary name of each of the figures is the same, namely, 
four ; but their secondary names are different ; that of the 
first being ty (or tens) ; of the second, units ; of the third, 
tenths ; of the fourth, hundredths, 

2. In common fractions, the secondary name is written under 
the number of the fraction in figures. Thus, in ^, the 4 repre- 
sents the primary, or simple, and the 5 the secondary name and 
value of the fraction, which, therefore, is called four fifths. 
The chief difference between decimal and common fractions is, 
that in the former, the integer can be divided only by some 
power of ten, and hence we can only have tenths, hundredths, 
&c. ; whereas, in common fractions, any number whatever may 
be used as the divisor. Thus, we have not only ^ (four 
tenths), T^^ (four hundredths), but may use as divisor 5, 6, 18, 
356, and so on without end, making |, ^, ^^, ^^, &c. From 
this difinition it results, that a common fraction may be changed 
into an equivalent decimal fraction by performing the dunsion. 
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indicated by the horizontal line, while a decimal fraction may 
be changed into a common one by ivriting under it its secondary 
name in figures, instead of denoting it by a separatrix. Thus, 
|=*6 ; and <6=Y^^=f . This definition gives us the eleventh 
principle of arithmetic, as follows : 

XI. An integer or a decimal fraction is changed into a comr 
rrum fraction by expressing its secondary name under it in 
figures ; a common fraction is changed to a decimal one, or to 
an integer y by performing the division indicated, 

3. Denominate fractions are subdivisions of measures of any 
kind, whether of length, surface, or solidity; of weights, 
money, time, &c. In calculations, their secondary name is 
written over or beside them, in words, conlaracted or in full, as 
gr., or grains, p., or pecks, or in conventional characters, as ^, 
§, for drams and ounces. The unit in this kind of fractions is 
a certain conventional measure, such as pound, bushel, yard, 
dollar, year, &c., of which the fractions are subdivisions. 

Questions by the Teacher, — How many kinds effractions are 
there ? Name them. What is the primary name of all num- 
bers ? The same as that of -■ . Whence is the secondary 

name of integers and decimal fractions derived ? Why is this 
sometimes called their heal name ? How is the secondary name 
of common fractions ascertained ? What is the meaning of 
the word vulgar, frequently used in place of common fractions ? 
Why is the word common preferable ? Ans, Because the word 
vulgar is now chiefly used in the sense of mean, rude, low. 
How is the secondary name of denominate fractions ascer- 
tained ? What is the unit in denominate fractions ?^ 

SxcnoN I. — Common Fractions, 

[For a full development of the first principles of Common 
Fractions, see Oral Arithmetic, Chap. II. and III. throughout.} 

1. Change of Form. 

Remarks and Definitions, — Common fractions are capable 
of assuming, as already noticed, an infinite variety of forms. 
For, as no change of value takes place when both terms are 
multiplied' by the same number, it is evident that by multiplica- 
tion alone they may be infinitely varied. Thus, ^ assumes the 

17 
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fbrms of f , f , -/^^, and iso on without end, by contanaal multi- 
plication of both terms bj 2 ; and the same fraction, ^, or any 
other, will assume other endless series of forms by multiplying 
both terms by 3, 4, 5, 6, or any other number, and all this 
without the slightest change of value. The same remark ap- 
plies also to integers and to decimal and denominate fractions, 
since each of these may assume the form of a common fraction, 
simply by writing their secondary value under them in figures. 
Thus 6, 18, *25, 4s. (shillings), may take the fractional forms 
of f , -1^, ^jf^f fs., a shape in which they are susceptible of all 
the variety of form shown above. This capacity of change of 
form is exceedingly useful in simplifying and abridging the 
operations of arithmetic. 

There are six kinds of coramob fractions, which may be 
arranged under two heads : 1, proper, improper, and mixed ; 
2, simple, compound, and complex. 

1. A proper fraction is less than unity, and consequently its 
numerator is less than its denominator, as |. An improper 
fraction is greater than unity, consequently its numerator is 
greater than its denominator, as ^ or ■^. When an integer is 
separated from the fractional part by division, the improper 
fraction becomes a mixed number. Thus, the improper frac- 
tions ^, J^, are the same as the mixed numbers 1;^, 3f , the 
integers being separated in the latter by the partial perform- 
ance of the division indicated. Integers in a fractional form, 
without accompanying fractions, such as f , or -^^, are also con- 
sidered improper fractions. 

2. A simple fraction is a fraction in a single expression. It 
may either be proper, as J, or improper, as J. A compourtd 
fraction is composed of two or more expressions. It is a fraction 
of a fraction, or a fraction of an integer, and is known by the 
word of between the expressions, a word which was found in 
Oral Arithmetic, p. 83, 13, always to indicate multiplication in 
this connection. Thus, \ of |, or f of ^^ of y^, or ^ of 3, are 
compound fractions. By performing the multiplication indi- 
cated, they become simple ; the first being ^§, the second ^^, 
and the third f . A complex fraction is a fraction in which one 

or both terms are themselves fractional, as -i, -I, -— _, and 

12 54 15f 

& These, also, become simple by performing the operations 
indicated. Any pupil that is familiar with Chap. III., Oral 
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Arithmetio, can change their forms to those of rimple fractions 
by the aid of the following questions : 

First, ^. How many fourths in 1 ? How many in 4 ? 
In 4J ? How much is -^ divided by 12 ? 

Second, ^ How many fiMs in 3^ ? How many fourths 

in 5^ ? Divide Jf by ^^. 

Third, -5— Put 6 in a fractional form. How many 

eighths in 15 1 ? Divide f by ^^. 

Fourth, t* Divide -^ by ^, as indicated by the horizontal line. 

a. To change a fraction to its egfuivdlent lowest expression, 

1. Change f | to its lowest expression, by striking out the 
prime factors common to both terms. 

28 2*2*7 
35"" 5*7 

Suggestive QuestioTis. — ^What factors are the same in both 
terms ? What will the fraction be if the factor 7 be omitted 
in both terms ? Is f the lowest term of the fraction ? 

2. Cl^ange f|^^ to its lowest expression. 

275 5*5«n 



440'"2*2-2-5«ll 



Suggestive Question, — When the factors common to both 
terms are stricken out, what will be the lowest expression of 
the fraction ? 

3. Change ^/^ to its lowest expression by inspection 
merely. 

4. Change f^% to its lowest expression by inspection. 
6. Change f | to its lowest expression by inspection. 

6. Change -^^ to its lowest expression by inspection. 

7. Change ^ to its lowest terms by inspection. 

8. Change ^f H- to its lowest terms by analysis. 

9. Change j^^ to its lowest terms by inspection. 
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b. To change an integer or a decimal fraction to the form of 

an equivalent common frajction, 

1. Change 42 to the form of an equivalent oommon frac- 
tion. See p. 193, XI. 

2. Change 3' 75 to an equivalent common fraction. I 

3. Change 7*07, 2'5, *003, 4^25, 265, severally to the form - | 
of equivalent common fractions. 

c. To change a common fraction^ whether proper or improper^ 

to a whole or mixed number , or to a decirrud fraction. 

1. Change yj^, yu^» \%t -¥ir» severally, to decimal fractions, 
or mixed numbers ; that is, perform the division indicated^ and 
prove by rechange to common fractions. See 11th principle, 
p. 193. 

2. Change ^^^ ^rW^> *°^ ^* severally, to whole numbers, 
and prove by rechange to common fractions. 

3. Change |, |, |, ^7, -^, and ^, severally, to decimal frac- 
tions, and prove by rechange to their original form. 

4. Change |, Jj^-, -^, and ^^, severally, to mixed numbers, 
and prove by rechange to their original form. 

DEFINITIONS. 

I. Every decimal fraction consists of a specified number of 
tenths, or of some power of tenths, such as hundredths, thou- 
sandths, &c. ; consequently every fraction that cannot be ex- 
pressed in tenths, or one of the powers of tenths, cannot be 
accurately expressed in a decimal form. It follows, thdti, that 
in changing common fractions to a decimal form, the division 
will never terminate, but go on to infinity in every case where 
any prime factor other than 2 or 5 (prime factors of 10) re- 
mains in the denominator after the fractiou has been brought 
to its lowest terms. For instance, if 3 or 7 (or any other 
prime factor but 2 and 5) should be a factor in the denomi- 
nator and not in the numerator, an undivided remainder would 
always occur in the division, and, by adding a cipher, the 
quotient would form an endless series of figures. Thus, if we 
perform the division indicated in J, it gives *333, &c., without 
end ; and in ^ it gives (324324324, &c., a period of three 
figures endlessly recurring. Such decimals as these, which 
continually recur in periods of one or more figures in the same 
order, are called circulating decimals. They are distinguished 



. I.] oomam rKMomem, 1#7 

from ordinary decimals by a dot placed over the £rst and last 

figure of the circulating period. Thus, | is expressed by S, 

and if by 324. The set of figures which repeats is called a 
repetend, 

II. When a period begins with the first decimal figure, it 
is called a simple repetend. But when other decimal figures 
occur before the period commences, it is called a compound 
repetend. Thus, | ^'333, &c., forms a simple, and ^=:*1666, 
&c., forms a compound repetend. 

1. Decimal Fractions tmtk Simple Repetends. 

1. Change the following common fractions to equivalent 
decimal fractions carried to twelve or fifteen places, allowing 
the operation to remain on the slate till examined by the fol- 
lowing questions : 

1. 1= , &o. 

2. ^= , &c. 

4. &c. , &c. 

Suggestive Questions. — ^What decimal fraction is equivalent 
to ^ ? Then what decimal fraction is equivalent to f , or 2 
times ^ ? What to f ? To | ? &c., up to | ? If, then, it 
were required to change a decimal fraction of one figure con- 
tinually repeated, that is, a cireidating decimal with one figure 
for repetend, into a common fraction, what would be the nume- 
rator ? What the denominator ? 

2. What decimal fraction is equivalent to ^^ ? What to 
/^, or 2 times ^ ? To^^? To^? To^V^ To J|? To 
fl^ ? To f ^ ? &c. If, then, it be required to change a cir- 
culating decimal with two figures for a repetend into a common 
fraction, what will be the numerator ? What the denominator ? 

3. What decimal fraction is equivalent to ^^y ? What to 
fIt? To yf^? To y|y? &c. To ^^? To ^g| ? To 
III ? To IJI ? &c. ? If, then, it be required to change a cir- 
culating decimal with three figures for a repetend into a com- 
mon fraction, what would be the numerator ? What the 
denominator ? 

4. In general, then, if it be required to change a circulating 
decimal with any number of figures for a repetend, what would 
be the numerator ? What the denominator ? May it not, then, 
be considered as the I2th principle of arithmetic, that, 

17* 
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XII. Ciradating dedmals, with a simple repetendy are changed 
to camTwm Jracticms by using the repelerid as numerator, and 
as many 9s as there are figures in the repetend as denomi' 
nator» 

5. Change |, f , and f , severally, to circulating decimals, 
without any formal division, and prove by rechange to common 
fractions by the 12th principle above. 

6. Change /g^, ||, and f J, severally to circulating decimals 
by inspection, and prove by rechange to common fractions. 

7. Change yf g, ^, ^yV» if t' HI' severally to circulating 
decimals by inspection, and prove by rechange to common frao- 
tions. 

2. Decimal Fractions with Compound Repetends. 

1. Change ^ to the form of a decimal fraction, and prove 
by rechange to its original form. 

Suggestive Questions. — Of what denomination is the 1 in 
the decimal fraction? Of what denomination would the 6 
with a dot over it have been, had it stood in the place of the 1 ? 
What, then, is its denomination standing one rank more to the 
right ? What prime factor in the denominator of ^ causes it to 
repeat ? Why are the two parts of the decimal changed sepa- 
rately to common fractions ? 

2. Change i^^ to a decimal fraction, £rst determining what 
figures, if any, in the denominator will cauae it to repeat, and 
prove by rechange to its original form. 

Suggestive Questions, — ^Why is the 6 changed to ^inr ^ 
place of f ? What prime factor in ^ causes the decimal to 
repeat ? From the last two demonstrations, then, may it not 
be legitimately inferred as a principle in arithmetic, that, 

XIII. Circtdating decimals^ toith compound repetends, may he 
changed to common fractions, by changing separately the 
repetends and the figures that precede them to common frw> 
tions, and then adding them together. 
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3. Ohaiige the blowing eontmoa fzaotions to a decimal 
* form, first determining what prime factors in the denominators, 
if any, will <;ause them to repeat. Prove by a rechange to 
their original form : ^, ^\, ^, ^j, ^, gV- 

V d. To change a mixed ?mmber to an equivalent improper frac- 
tion, 

1. Change 4| to an improper fraction, and prove by 
rechange to its original form. See definition 1 to this section, 
p. 194. 

2. Change 9|, 62|, 81|^, 6|, severally to improper fractions, 
and prove by rechange to their original form. 

3. Change 14f , 27^^^, 38^, and 8|, severally to improper 
fractions, and prove by rechange to their original form. 

e. To change a compound fraction to an equivalent simple one, 

or to a whole or a mixed number, 

1. Change | of ^ of \^ to an equivalent simple fraction. 

3*4'10 _120_2 
4^505 ■"" 300 -5 

Suggestive Questions, — ^What is the meaning of the word of 
in common fractions ? What is indicated by the period placed 
between nmnbers ? What, then, is the process for simplifying 
compound fractions ? 

Remark, — By cancelling, that is, by striking out the prime 
factors common to both terms in the compound fraction, the 
intermediate multiplication is always shortened, and sometimes, 
as in the present instance, rendered wholly unnecessary. For, 
if 10 in the numerator is mentally resolved into its two factors, 
2 and 5, it will be perceived that the 3 and 5 in the numerator 
will cancel the 15 in the denominator ; and, as the two 4s 
destroy each other, nothing remains but 2 and 5, making f . 

2. Change J^ of ^ of f of |^ to an equivalent whole num- 
ber, cancelling by inspection. Ans, 1. 

3. Change | of f of ^- of -^^ to an equivalent simple frac- 
tion, cancelling by inspection. 

4. Change J of f of | of f to an equivalent mixed number, 
cancelling by inspection. Ans, 4J. 

5. Change f of f of f of ^ to an equivalent simple frao- 
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tion, by eanoelliiig two figares in the numerator and one in tlte 
denominator. Atis, -^^^ 

6. Change | of |^ of f to an equivalent simple fraction. 

Am. ^. 

/. To change fractions of different denominators to equivalent 
fractions with a common denominator, 

1. Change ^ and ^ to equivalent fractions with a common 
denominator. See Oral Arithmetic, Chap. III., Sect. III., p. 
89. 

2. Change | and j- to equivalent fractions with a common 
denominator. 

3. Change ^ and ^fj to equivalent fractions with a common 
denominator. 1st. By multiplication ; 2d, by division ; in both 
cases by inspection. 

DI7' Whenever an operation can be performed by division as 
well as by multiplication, the former should always be chosen, 
since it leaves the result in a more simple form. 

4. Change | and ^ to equivalent fractions with a common 
denominator by inspection. Can this be done by division? 
Why ? Must both fractions or only one be changed, in order 
to bring them to the same denomination ? 

5. Change ^ and -^ by inspection to equivalent fractions 
with a common denominator. 1st, By multiplication ; 2d, by 
division. 

6. Change J and -^ to equivalent fractions with a common 
denominator by inspection. By division and multiplication. 

g. To change fractions of different denomirwXors to equivalent 
fractions with the least common denominator, 

1. Change | and | to equivalent fractions with the least 
common denominator, by inspection. (The factor 2 in the 
second denominator may be omitted, as it is to be found in the 
first. See Oral Arithmetic, Chap. III., Sect. III., p. 89.) 
Prove by changing each fraction to its lowest denomination. 

2. Change ^ and -^ to equivalent fractions with least com- 
mon denominator. What &.ctors may be omitted in 12? 
Why ? Prove as in last example. 

3. Change -^, ^, f , §, ^, -^j, to equivalent fractions with 
least common denominator by inspection. The 2d, 3d, 5th, 
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and^Ui denominators may be omitted. Why ? Point them 
out in the 1st and 4th. Prove, as in last example. 

Remark. — Hitherto fractions have been changed to equiva- 
lent fractions with least common denominator by inspection 
merely. When the denominators are large and numerous, 
however, this is somewhat difficult for the unpractised student. 
It may be proper, therefore, to show how such changes may be 
effected by calculation on the slate or black-board, as follows : 

4. Change /^y, /y, y^, -^y and ^V, to equivalent fractions 
with the least common denominator. Prove as in last example. 

By analyzing the denominators into their prime factors, we 
have 

a , h c d e 

bV /i- tV t^ sSt 

2*2«2«2«5 2«2«2«3 2*2«3 2«2*2«2 5«5 



Suggestive Questions, — Are all the underlined factors to be 
found in the denominators of the fractions marked a and b ? 
Should they be omitted, then, in finding the lotvest common 
denominator ? What is the product of the factors that are not 
underlined ? (80* 3* 5.) B[as this product every factor contained 
in all the given denominators ? Will it form their common 
denominator, then ? Does it contain no more factors than they 
do ? Will it form, then, their lowest common denominator ? 

If, then, Uie fraction a is to be changed to the denomination 
of 1200, and one of its factors (80) is given, how shall the other 
factor be found ? Should the second factor for each of the 
other denominators be found by the same process (division) ? 
Probably, then, the numbers cannot be arranged more conven- 
iently than as follows : 



Divisor fEu^r, or 
given denomi- 
nator of 

a 80^ 
b 24 
c 12 
d 16 

e 25 



General product, or 
dividend, or com- 
mon denominator. 



1200 



Quotient factors. 

15 for a 

50 for b 

100 for c 

75 for d 

48 for e 



Gives 



5. Change -f^, |, -f^^ and §, to least common denominator. 
Prove as by last example. 

S'5 2*2 2'2'3 2'2«2=120. 



'I 
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15^ 




r 8 


4 
12 


120 < 


30 
10 


8 




15 



o 



6. Change |, -^^ -^^^ -r\-, by calculation, to equiyalent frac- 
tions with least common denominator. Prove by changing 
each fraction severally to its lowest denomination. 

7. Change ^, ^3^, §, and J, by calculation, to equivalent 
fractions with least common denominator. Prove as in last 
example. 

8. Change f , f , ^u, and #, by calculation, to equivalent 
fractions with least common denominator. Prove as in last 
example. 

9. Change f , |, J, f , ^, and ^^, by calculation, to equiva- 
lent fractions with least common denominator. Prove as in 
last example. 

10. Change y^^, f, |, ^, J, by inspection, to equivalent 
fractions with least common denominator. One only of these 
denominators is a factor in the least common denominator. 
Which is it ? Prove as in last example. 

11. Change f, f , |-, ^, ^, |, by inspection, to equivalent 
fractions with least common denominator. Prove as in last 
example, 

12. Change 4^, f , -j^, -,&^, /y, ^, by calculation, to equivalent 
fractions with least common denominator. Prove as in last 
example. 

13. Change f , |, f , -^^ ^, by calculation, to equivalent 
fractions witih least common denominator. Prove as by last 
example. 

14. Eepeat examples 4, 5, 6, 7, 8, 9, 12, and 13, by inspec- 
tion, and prove as above. 

h. To change a complex fraction to an equivalent simple one. 

1. Change | to an equivalent simple fractioa ; in other 

"5" 

words, perform partially the division indicated. 

2. Change t to an equivalent simple fraction in its lowest 

expression, peHbrming both changes at one operation by inspec- 
tion. Ans, ^. 



com- 
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3. Change | and ^ severally to equivalent simple fractions. 

The manner of doing this will be readily perceived, if the in- 
tegers 4 and 7 be each placed in a fractional form. 

Ans. 4f and ^. 
Suggestive Questions.-^Wkai terms must be multiplied 

together to change 7 to a simple fraction ? What terms, then, 

in the same fraction in the other form ( ^ j ? In changing 

plex fractions of three terms, then, to simple ones, which terms 
are factors of the new numerator, when the upper term is an 
integer ; the first and second, the second and third, or the first 
and third ? 

What terms are factors of the new denominator in changing 

1^ to a simple fraction ? What terms, then, in the same frae- 
T 

tion in another form i, when the lower term is a whole number ? 

7 

E«peat the rule developed by these illustrations. Ans. In 
ohanging complex fractions of three terms to simple fractions, 
when the upper term is an integer, the — and — terms are 
factors of the — , and the other term is the — ; but, when the 
lower term is an integer, the — and — terms are factors of 
the — , and the other term is the — . 

Remark, — The pupil will remove all difficulty in simplify- 
ing complex fractions of three terms by inspection, by merely 

placing the integer, mentally, in a fractional form. 

a 

4. Change ^ to an equivalent simple fraction by inspection. 

Am. ^. 

5. Change j to an equivalent mixed number by inspection. 

Atvs. 4|. 

6. Change ^ to an equivalent mixed number by inspection. 

Am. 10}. 

7. Change ^ to an equivalent simple fraction by inspection. 

Am. -j^. 
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Z 

8. Change >|- to an equivalent whole number by inspection. 

Am. 2. 

9. Change -^ to an equivalent simple fraction, in its lowest 

terms, at one operation, by inspection. Ans. ^. 

43 2i . . 

10. Change ^ and -^ ^ equivalent simple firacdons in 

their lowest terms. Ans, -J^f^ and j[^. 

t. To change an integer, a decimal fractum, or a cominon 
fraction^ to an equivalent common fraction of a specified 
nuTnerator or denominator. 

It has already been shown that an integer, or a decimal frac- 
tion, assumes the form of a common fraction by uoriting its de^ 
nominzUion under it in figures. As any number, then, readily 
assumes this form, the proposition becomes, simply, to supply a 
deficient numerator or denominator in a common fraction, where 
an equivalent fraction is given with a different denominator or 
numerator. 

Case I. Where the given Numerator or Denominator of the 
imperfect fraction is a Factor of the Numerator or Denomi^ 
nator of the perfect one, 

1. Change f to an equivalent fraction with 2 for numerator; 
or, in other words, supply the deficient denominator in the fol- 
lowing equivalent fractions : 

2 6 



9 

Suggestive Questions, ---Is 2 a factor of 6 ? What is the 
other factor of 6 ? How, then, shall f be changed to an 

equivalent fraction with 2 for denominator ? Ans, By • 

both terms by . 

2. Supply the deficient denominators in each of the follow- 
ing pairs of fractions by inspection : 

2^10. 4__^. 1_S_^ 7_14. 7_14 6_5-12 
25' ■""'24' ""45' 84' 26' "'^M^' 
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3. Change | to an equivalent fraction with 2 for denomi- 
nator ; in other words, supply the deficient numerator in the 
following equivalent fractions : 

9 

2"~6 

Suggestive Questions. — Is 2 a factor of 6 ? What is the 
other factor of 6 ? How, then, shall f be changed to an 
equivalent fraction with 2 for numerator ? 

4. Supply the deficient numerators in the following pairs of 
equivalent fractions by inspection : 

25 24 45 84 26 8-15 4-28 



2*^10 ' 4"" 8 ' 1"" 3 ' 7~14 ' 7"~14 ' 6""512 ' 9"~3-42 

Case II. Where the Numerator or Derurmruitor of the imper- 
fect fraction is a Multiplier of the Numerator or Denomi- 
nator of the perfect one, 

1. Change |^ to an equivalent fraction with 45 for nume- 
rator ; that is, supply the deficient denominator. 

45__5 

Suggestive Questums. — Is 45 a multiple of 5 ? How, then, 
may ^ be changed to an equivalent fraction with 45 for nume- 
rator? 

2. Supply the deficient denominators in the following pairs 
of equivalent fractions by inspection : 

18__3 24_ 6^ ?^__5^ 42_7 65_13 
""4' ""15' ""14' ""9' ""16 

3. Change f to an equivalent fraction with 45 for denomi- 
nator ; that is, supply the deficient numerator. 

9 

45"~5 

Suggestive Questions. — Is 45 a multiple of 5 ? How, then, 
may f be changed to an equivalent fraction with 45 for denomi- 
nator? 

4. Supply the deficient numerators in the following pairs of 
equivalent fractions by inspection : 
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4 15 2 5 _^^ 

18""3 ' 24"" 6 ' 35""5 ' 42""7 ' 65'~13 

Case III. Where the Numerators or the Denominators are 
prime to each other ; that is^ where neither of t?ie respective 
Numerators or Denominators are Factors the one of the 
other. 

1. Change -^ to an equivalent fraction with 7 for nume- 
rator, 80 as to supply the deficient denominator. 

abed 

I— 1 7-6 ^7-6 _ 7 

""18'^748 126 ""21 

Suggestive QttestioTis, — Are the fractions marked a, 5, c, d^ 
equivalent ? How is fraction a changed to that of ^ ? b to c? 
c to d? 

2. Repeat the above operation, omitting fraction c. Repeat 
it once more, omitting b and c. 

3. Change -^ to an equivalent fraction with 7 for denomi- 
nator,' so as to supply the deficient numerator. 

abed 
__18_718_126 _21 
7"^ 6 ■"7- 6"" 7-6 "7 

Suggestive Questions, — Are the fractions, marked a, b, c, d 
equivalent ? How is fraction a changed to that ofb? b to c? 
c to d? 

4. Repeat the 3d example, omitting fraction c. Repeat it 
once more, omitting b and c. 

Remark. — Every fraction may be changed into an equivalent 
one, with a specified denominator or numerator, by the method 
elucidated above. But frequently it can be done in a more 
simple manner, as follows : by bringing it in under Case I. or 
II., where the given numerator or denominator, though neither 
factors nor multipliers the one of the other, still contain one 
or more common factors. Thus, 16 and 6 are neither fieictors 
nor multipliers one of the other, yet they contain a common 
factor, 2. An instance like this happ'ens very commonly where 
the complete fraction is compound. Often, indeed, the whole 
process consists in cancelling such factors in the complete frac' 
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tion as are not to be found in the given term of the imperfect 
fraction, as shown in Examples 5 and 6, below. 

5. Supply denominators in the following pairs of fractions : 
11= I ; ii.=§if ; and prove by bringing the newly-completed 
fraction to the denomination of the given complete one. 

Suggestive Questicms. — How can f be changed to | ? Un- 
der what Case will such a change bring the first pair of frac- 
tions ? Again : how may f be changed to ^ ? Under what 
Case will such a change bring them ? 

How can^f be changed to J ? Under what Case will such 
change bring the second pair of fractions ? Again : how may 
Jnf be changed to |f ? Under what Case will such a change 
bring them ? 

6. Supply numerators in the following pairs of fractions : 
j-^=| ; ^^=||. ; and prove by bringing the newly completed 
fractions to the denomination of the given complete ones. 

Stiggestive Questions. — How can | be changed to J ? Un- 
der what Case will the change bring the first pair of fractions ? 
How may | be changed to ^§ ? Under what Case will such 
change bring them ? 

How can ^{ be changed to f ? Under what Case will such 
change bring the second pair of fractions ? How may f f be 
changed to ^^ ? Under what Case will such change bring 
them? 



7. Supply the denominator 
in 11=:^-. of ^o^ of f of I; 
and prove by restoring the com- 
pleted fraction to the denomi- 
nation of the given complete 
fraction ; that is, change the 
answer, ^§, into an equivalent 
fraction whose denomination 
shall be 57600 [=6*200*8-6]. 
Should the new numerator be 
11520 [=:24*20*6-4], it ac- 
cords with the given numerator, 
and thus proves the process to 
be correct. 



8. Supply the numerator in 
T^=2\ of ^# of f of f , and 
prove by restoring the com- 
pleted fraction to the denomi- 
nation of the given complete 
fraction ; that is, change the 
answer^ f ^, into an equivalent 
fraction whose numerator shall 
be 57600 [=6*200-8«6].— 
Should the new denominator be 
11520 ];=24«20*6*4], it ac- 
cords with the given denomi- 
nator, and thus proves the pro- 
cess to be correct. 



No 7 2*2*2*2 2*2'2'3x 2*^*^ X 1^*3 XM 

*~ 2*3 X5a*Si*^*5*5x2'2*2 xi*i 
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By resolving both fractions as above into their prime fac- 
tors, and striking out [or marking] all those that occur in both 
terms of the complete fraction, and are not found in the imper- 
fect one, the required denominator appears to be 2»2»2»5=80. 

By following a similar process for No. 8, the required nume- 
rator would also be found to be 80. 

But processes like these may be rendered much more simple 
by cancelling while transferring the compound fraction to the 
slate, reserving, of course, such factors as are found in the 
imperfect fraction. Thus, 

16 4 * 1 *0'4 1'1O'8'0 

Wo. 7. —-1^0^ ^''•^- 16— 4« 1 -0-4 

giving 80 as before for the required deficient term, when the 

two superfluous 6s are struck out. 

10. Supply the numerator in 

16- 6 , 

, and prove. 



9. Supply the denominator 

. 18 14-27 , 

in — ==: , and prove. 

16-6 ^ 

Prime factors 2-3'3^ 27 X3-3-i 

2-2-2-2X 2-^ 

Here, cancelling the marked 3s, and dividing by the super- 
fluous 7, gives 4f as the required deficient term. 



18 14*27 

Prime fiwjtors —-—-= ■ , ^ ^ — 1- 
2-3-3 2-7 X3-3-3 



11. Supply the denominator 

* 24 16* 5 '14 „„^^,,^, 
m — - , and prove. 

^18-35-16' ^ 



12. Supply the numerator in 

18-35-16 , 

., and prove. 



24—16* 5 '14 



Prime factors for No. 11, g:!:!:! 2*2>2>^X g X M 

• 

Here, as there is a 3 in the given term of the imperfect 
fraction, and none in the corresponding term of the perfect 
one, it must be supplied in both terms of the latter ; that is, 
the fraction must be multiplied by 3, giving, after proper can- 
cellation, as marked above, 216 for the required deficient terms. 
Or the operation may be more simply performed by cancelling 
whilst transferring to the slate, as under : 

24 8*1*1^ 
■~'9»Jf*8 

By striking out the two 7s, and inserting 3, as before, we have 
again 216 as the deficient term. 



8BCT. I.] 



OOMHQN TBACnONB. 



209 



No. 12 does not differ from the above, except in the reversal 

of the terms. 



13. Supply the denominator 

. 15 16*14*17 . 

in — = , and prove. 

25*34«28 ^ 



14. Supply the numerator in 

25*34*28 , 

., and prove. 



15""16*14-17 



Here, as the corresponding terms of the equivalent fractions 
have no common factor, no advantage would result from resolv- 
ing them into their prime factors. But, as 17 and 34, and also 
14 and 28, admit of cancellation, and as the two 2s thence 
arising may be cancelled with 16, the complete fraction thus 
becomes ^, giving 93| for the deficient term. 

15. Supply the denominator! IQ. Supply the numerator in 



— , and prove. 



7— 4*2«13 



. 7 4«2-13 , 
m _=s= — ?r-3— » and prove. 
5-3-17 

Here, as no factor is common to the equivalent fractions, and 
the perfect fraction admits of no cancellation, the problem can 
only be solved as in Example 1 of this Case, namely, by placing 
7 in both terms of the perfect fraction ; that is, by multiplying 
by 7 ; and then dividing by the factors 4*2»13, or their pro- 
duct, 104. 

Suggestive Questioris, — ^How can both terms of the perfect 
fraction be multiplied by 7 ? How can the other factors of 
the numerator on the left, and of the denominator on the right 
(4»2»13), be removed, thus leaving 7 as sole numerator [or 
denominator] ? Will this solve the question ? 



17. Supply denominators in 
each of the following pairs of 

equivalent fractions : = 



■48«3 
(solely by division of perfect 

fractions); — =-rr (division 



15 



20 



and multiplication) ; — = . 



12 

15 
(division and multiplication) ; 

— =— s (change mixed num- 

I. 
ber to improper fraction, and 

I to eighths.) Prove as be- 
fore. 

18* 



18. Supply the numerators 
in each of the following pairs 

of equivalent fractions: — = 

56 

48*3 

(solely by division of per- 
fect fraction) : (division 

^ 18'~"27^ 

15 

and multiplication) : — ^ 

^ [ 20 12 

(division and multiplication) ; 

±. (change j to eighths, 

and mixed number to improper 
fraction.) Prove as before. 
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19. Sapply the denominator [ 20. Supply the numerator. 



1*3*4*3*2 
11*4*7*5*3 



, and prove. 



11*4*7*5*3 



, and prove. 



5 1*3*4*3*2 
Multiply by 5, and divide by 3*4*6, or their product. Why ? 

22. Supply the numerators : 
644* 3 16 

• • _ 

16' 



21. Supply the denomina- 

4 69*16 15 19 
tors : -=— — ; _=--— ; 

644* 3 16 

504 5 12 5*18*2 7 



3*6 , 350 

4*18 ' 

5 7 5 



6*30*5 
9 *15 16 



> — : 



12' 
4 



"686' 



"320 



6 ~"6 

Prove each 



as before. 

23. Change ^^ of 10 of J 
of j to an equivalent fraction, 
with 16 as denominator, by in- 
spection, and prove. 

25. Change ^ of f^^ to an 
equivalent fraction, with 56 as 
denominator, by inspection, and 
prove. 

27. Change T^ff of -VVl?^ to 
an equivalent fraction, with 4 
as denominator, ascertaining 
the sole divisor by inspection, 
and prove. 

29. Change Jf^ of y to 
an equivalent fraction, with 4 
as denominator, ascertaining the 
sole divisor by inspection, and 
prove. 

31. Change | into an equiva- 
lent fraction, with ^^ as de- 
nominator, and prove by again 
resolving it into a simple frac- 
tion of lowest denomination. 

33. Chans;e - and 1 into 
equivalent simple fractions, and 



4" 

9 
— > 





69 



15" 
6*30*5 



19 



12"~5*18*2 
12*6 



» =•- 



6 



9 



15 
320 



504 
4*18 

>6 

■ 



16"~5 ' 5 
Prove each as 



350" 
686 

7 
before. 

24. Change ^^ of ^ of | 
of ^ to an equivalent fraction, 
with 16 as numerator, by in- 
spection, and prove. 

26. Change ^ of. J^ to an 
equivalent fraction, with 56 as 
numerator, by inspection, and 
prove. 

28. Change V of T^Vir to 
an equivalent fraction, with 4 
as numerator, ascertaining the 
sole divisor by inspection, and 
prove. 

30. Change -^ of ^ to an 
equivalent fraction, with 4 as 
numerator, ascertaining the sole 
divisor by inspection, and prove. 

32. Change ^ into an equiva- 
lent fraction, with -^ as nu- 
merator, and prove by again 
resolving it into a simple frac- 
tion of lowest denomination. 



34. Chan£i;e 1 and - into 
3 i 

equivalent simple fractions, and 

prove by again resolving the 
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prove by again resolying the 
first into a fraction whose de- 
nominator shall be ^, and the 
secQpd into one whose denomi- 
nator shall be 5. 

35. Changre _ and I into 

. t 9 

equivalent simple fractions, and 
prove bj again resolving the 
first into the denomination of 
|, and the second into the de- 
nomination of 9ths. 



first into a fraction whose nu- 
merator shall be ^, and the 
second into one whose nume- 
rator shall be 5. 

36. Change 1 and _ into 

equivalent simple fractions, and 
prove by again resolving the 
first into a fraction whose nu- 
merator shall be ^, and the 
second into one whose nume- 
rator shall be 9. 



HIT' A remarkable property of numbers is developed by the 
above examples, namely, that any number whatever may be 
expressed by a common fraction, whose numerator (or whose 
denominator) . shall consist of any specified number, whether 
whole or fractional. 

II. — Addition and Subtraction of Common Fractions, 

Suggestive Questions. — Can numbers of different denomina- 
tions be added together or subtracted ? See Oral Arithmetic, 
Chap. III., Sect. IV., p. 91. What previous operation is 
necessary ? 

Exercises for the Slate or Black-board, 

1. Find the sum and the difference of f and /^. 

Ans. Sum | ; DifF. f . ' 

2. Find the sum of the five following fractions, and prove 
the operation by subtracting from it the sum of the last four : 
h h h /?' T%- ^^a.t fraction will be left ? 

3. Add |, -f^y ^\t ^, ^\, and prove by subtracting the sum 
of the first four. 

4. Add 7f , 3f , 9^, 5^, and prove by subtracting the sum 
of the last three. [Change the fractional parts of these num- 
bers to the same denomination, add them, carrying what in- 
tegers they may contain to the given integers.] 

5. What is the sum and difference of -I and -i. 

6f 7| 

Ans, Sum, |}f * ; Diff , iUl 

6. Add |, |, ^Y, and {, and prove the operation by giving 
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these 4 fractions a decimal fonn, and changing their sum into 
a common fraction, which, of course, will be equivalent to the 
sum of the four common fractions. 

7. Add |, j, and t/^, and prove by the same process as in 
the last example. 

III. — Midtiplication arid Division of Common FractioTis. 

[See Oral Arithmetic, Chap. HI., Sect. V., p. 93.] 

Exercises for the Slate or Blackboard. 

1. Multiply tV V ^' A by 7, ^ by 3, and ^ by 7, all by 
division ; or, which is the same thing, by cancelling what would 
otherwise be equal factors in both terms of the product. Prove 
the operations by performing them by multiplication, and bring- 
ing each fraction to its lowest denomination. 

.5 

2. Divide | by -^, or, which is the same thing, change -i. 

into a simple fraction, or integer. Ans, 2. 

3. Dividejbyl; f byf; J by J. 

\10r' Eemark, that in the above example, and in all other 
cases of division where the numerators (or where the denomi- 
nators) are alike in the divisor and dividend, the quotient is 
formed by removing the like term in the dividend, and putting 
the unlike term of the divisor in its place. Thus, ^-f-|=J; 
f -r-|=f . WTiy is this so ? Perform the above example in 
the usual method, and see. 

4. Divide H^JHi ii by B ; f f by f i ; H by H ; each 
at a glance. 

5. Divide | by ^f , by cancelling what would otherwise be 
equal factors in tUe quotient. SdiUion. |-7-^=|Xff= 

377^=^ ; or, omitting the superfluous steps, —-^=^. 

6. Divide ^| by f^ by inspection, first cancelling equal 
factors in the numerators, and equal factors in the denomina- 
tors. Why? Ans, J. 

7. Divide S^byJ; ^ybyif; s^hj^^; yV^by^; by 
cancelling as in the preceding example. Prove by reproducing 
the dividend as in division of integers ; that is, by considering 
the divisor and quotient as factors of the dividend. 

8. Change § of | of |. of § of f of A, by cancellation, into 
a simple fraction, by inspection, ai)d prpve by dividing the 
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result by each of these several factors except f , employing 
cancellation in the division wherever practicable. 

9. Multiply 6i by 4| ; 34§ by 6 ; 27 J by 8 ; 88^ by ^. 

It is usual to change mixed numbers into improper fractions 
before multiplying them. But, in some of these, as well as in 
many other oases, it will be found quite as easy, and much 
shorter, to multiply without any such change. For example, 

41 



27 =4x6J 
4J=iX6| 



31i=4|x6| 



But in division; where the divisor is a mixed number, and the 
dividend is either a mixed number or an integer, it will be 
found most convenient to change both to the form of improper 
fractions. 

10. Divide 3 J by 4f ; also 16 by 5f ; and prove by mul- 
tiplication. 

RAPID AND CONCISE MBTHODB OF COMPUTING WITH COMMON 

FRACTIONS. 

In all treatises on arithmetic, the pupil is directed to bring 
fractions that are to be added or subtracted to a common de^ 
noTiUTiator. But, when the fractions do not exceed two in 
number, these operations can frequently be performed much more 
rapidly and quite as correctly by bringing them to a common 
numerator^ as will appear from the following exemplifications 
and exercises : 

I. — Addition by a Common Numerator. 
Exemplification for the Black'board* 
1. Find the sum of ^ and |. 

(f+i)=(ife+^)=H- 

Suggestive Questions, — 1. Compare the new numerator with 
the given denominators, and say what relation it bears to them. 
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Is it their sum, difference, product, or quotient ? The given 
numerators remaining the same (1), would the new numerator 
be the swm of the given denominators, whatever might be their 
numbers ? 2. What relation does the new denominator bear 
to the given denominators ; is it their sum, difference, product, 
or quotient ? Would it be so whatever were the numbers of 
the given denominators ? How, then, can any two fractions of 
different denominations be added by simple inspection if their 
numerators be 1 ? 

2. Add \ and \ by inspection ; that is, by using the sum 
and product of their denominators for the sum of the two frac- 
tions, and prove by addition in the old method. 

3. Add, in the same manner, 4 and -f ; ■J+ J ; J + J; ++ 
i 5 iV+i » *"^ prove each by addition in the old method. 

Suggestive Questions, — If the sum of 1 seventh and 1 fifth 
be 12 thirty-fifUis, what will be the sum of 4 sevenths and 4 
fifths ; that is, how many times will the amount be greater 
than the other ? How many times will the sum of 3 sevenths 
and 3 fifths be greater than the sum of 1 seventh and 1 fifth ? 
How, then, can you add two fractions by inspection, when their 
equal numerators are greater than 1 ? 

4. Add, by inspection, f and ^ [itX4=jf], or, omitting 
superfluous figures rt+t=i|]« 

5. Add ^ and | oy inspection, and prove by addition in the 
old method. 

6. Add and prove in the same manner, f and ^ ; f and 
•^7 ; t and t ; | and | ; /^ and Z^; f and ^5. 

Bemark, — ^When both terms are unlike in the fractions to 
be added, a single glance will generally show whether it be 
easier to make the numerators or denominators common ; and, 
by having a choice, it will very rarely be necessary to change 
both fractions before they are added. The numerators may be 
altered as follows : (^+f )=(^\+|), by multiplication ; (|-}- 
?)=(I+-A-); (t+H)=(i|+i|) by division. In all these 
oases, it will be perceived that it is a more simple operation to 
change the numerators than the denominators. 

7. Add, by inspection, f and |, and prove by the old 
method. 

8. Add, by inspection, \ and f ; f and ^g ; § and J (chang- 
ing numerators to 6) ; f and f ^ ; and | and \%. 
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II. — Subtraction by a Common NuTnerator. 

[Subtraction and Addition by this method differ in no respect, 
save that the difference, instead of the sum of the given de- 
nominators, constitutes the new numerator J] 

1. Find the difference of \ and ^ by inspection, and prove 
by the old method. 

2. Find the difference of j- and ^ ; ^ and | ; -^ and ^ ; ^ 
and ^, as above, and prove. 

3. Find the difference of | and |, f and ^, ^^ and J, | 
and f , as above, and prove. 

4. Find the difference of f and |, ^ and f , f and |§, ^ and 
|, as above, and prove. 

III. — Multiplication. 

Where the numerator of one factor is equal to the deTumiinator 

of the other. 

Exemplification for the Black-hoard. 

1. What are the several products of f by t^, and ^^ by |, 
in their lowest denominations ? 

Suggestive Questions. — Which of the numbers in the two 
given factors are retained in the product ; the equal or the un- 
equal ? Do the unequal numbers retain their respective places, 
or are they reversed in the product ? 

2. Multiply f by f by striking out the equal numbers, and 
prove by division. 

3. Multiply f by ^ f ^7 A» t by /j, ^V bj ih by inspec- 
tion, and prove by division. 

When aU the numbers in the ttvo factors are unequal. 

Exemplification for the Black-board. 

1. Multiply ^ by -j^;-, | by ^J, J by ^, by inspection, and 
prove by division. 

Suggestive Questions. — How can -^^ be changed to a fraction 
with 6 for a numerator ? How can ^ be changed to a fraction 
with 5 for a numerator ? How can ^ be changed to a fraction 
with 3 for a denominator ? 
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2. Multiply ^% by Jf , f by i, | by f , A l>y *» ^7 inspec- 
tion, and prove by division. 

IV. — Division. 

Where the two numeraiors or the two deTumdruxtors are 

equal. 

1. Divide, in the usual manner, f by |, and ^ by f . 
Suggestive Questions — Comparing the numbers in the given 

divisor and dividend of both problems with those of the quo- 
tients : which are removed, those that are equal, or those that 
are unequal ? Where is the remaining number of the divisor 
found in the quotient ? Atis. In the vacant place in the — . 

2. Divide | by J by inspection, and prove by multiplication 
by inspection. 

3. Divide f by ?, f by f, H by i^, ^ by ^, Jf by Jf. 
If by ^, all by inspection, and prove as above. 

WTiere aU the given terms are unequal. 

1. Divide f by f , f by ^f , | by f , by inspection, and prove 
by multiplication. 

Suggestive Questions. — How can f be changed to an equiva- 
lent fraction, with 6 for a numerator ? How can ^\ be changed 
to an equivalent fraction, with 7 for a denominator ? How 
can § be changed to an equivalient fraction, with 5 for a nu- 
merator ? 

2. Divide ^ by y^y, f by ^j, \ by ^, by inspection, and 
prove as above. 

3. Divide f by |, | by |, f by f f, by inspection, and 
prove. 

V. — Multiplication and Division by Addition or Subtraction. 

ExemjUiJications for the Black-hoard. 

1. Multiply 32 by |f . 

Suggestive Questions. — If 32 were to be multiplied by ^f 
(=1) instead of \^y how much too large would the number be ? 
Ans. 1^ too large. Then what portion of 32 must be sub- 
tracted to make the process correct ? 

32xi«=32xif (or 1)-^^ ; therefore, 
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32Xii=32 

82XtV= ^ 0"') omitting superfluoua figures, 32X11=30. 

32xiJ=30 

2. Multiply 54 by ^f . -^ of 54=7f ; therefore, 

54X11=54 
54XA= 7^ 



54Xif=46f 



8. Multiply 7f by f 



7fX|=7§ 
7 §Xi=li8 

7§Xt=5j^ or 5tV 

4. Multiply 24^ by f^. 

24TiVXTV=12 A 
24/r XTV= 1t¥s 

24AX-,^g=10if8 

5. Multiply each of the following numbers, namely, 216, 
325, 84, 125, 64, 236, 27, |, 7}, 9^^, severally by i^-, by f |, 
by ff, by 5, by f , by f, by f , by i^, by if, by ^^, by f, by 
f » by iit by ff . As the last three factors are improper frac- 
tions, the process consists of addition. Why? Try the prob- 
lem, and see. Prove each of the above by multiplying in the 
usual manner. 

Exemplificatums for the Black-hoard. 

6. Divide 42 by J. 42xf =42++ of 42=48. 

7. Divide 37 by f 37xi=37+| of 37=47^. 

8. Divide 24. by f. 2|Xi=2f+^ of 2f=2|f. 

9. Divide 24 by |. 24xf==24— f of 24=20f 

19 
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10. Divide each of the following numbers, namely, 75, 254, 

36, 5J, 28, 60, 3g, 7 j, 92, 46, and 316, severally by |, by ^f, 

by ih by f , by f (4-i), by f, by if, by ^^ (h^r^)^ by 

T^F (tV+t^f)» by ih by f* (?*7-A), by f* (f^+^V), by ff, 
and by f f . Prove each by division by the old method. 

11. Perform problems from 1 to 10, immediately above, by 
inspection ; that is, omit all superfluous steps, as follows : 

No. 1. 32x11=30. No. 2. 54x+|=46f 

No. 3. 7iXt=5A- No. 4. 26^^X^=101??, &c. 

The above rapid and concise methods will furnish excellent 
exercise for the pupil, giving employment both to his thinking 
and active faculties. Some few of the computations may be 
found more operose than by the usual methods; but a little 
practice will enable the student at a glance to tell which will 
be the simplest mode, and to choose accordingly. 

Invohition and Evolution of Common Fractions. 

1. What is a square? See Involution, Def. 2, p. 162. 
How much is I of I ? Is •^^, then, the square of j ? If a 
fraction, then, be squared by multiplying each of its terms by 
itself, how can the square root of a fraction be found ? A?is» 
By dividing each of its terms into equal factors, or find- 
ing the square root of each term. What, then, is the square 
root of ^^ ? 

2. What is a cube ? See Involution, Def. 4, p. 163. How 
much is I of I of J ? Is f J, then, the cube of | ? How is a 
fraction involved to the third power, or cubed, then ? If a * 
fraction, then, be involved to the third power, or cubed, by 
multiplying each of its terms twice by itself, how can the 
cube root of a fraction be found ? A?is. By dividing each 

of its terms into equal factors, or by finding the cube 

root of each term. What, then, is the cube root of f J ? 

Bemark, — Fractions should always be placed in their most 
simple form before attempting to find their roots ; that is, com- 
pound fractions should be changed to simple ones, mixed num- 
bers to improper fractions, and every fraction should be in its 
lowest terms, as any other course would unnecessarily multiply 
figures. If either term has no exact root, an approximation 
may be found by putting the common fraction in a decimal 
form. 
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3. Find the square root of each of the following fractions : 
§f » if » T^T» *^^ prove by involution. 

4. Find the cube roots of ^^Vs* xVs^* xf ?» ^^^ f M» and 
prove by involution. 

5. Find the square roots of f of ^ ; also of f of ^, and 
prove by involution. 

6. Find the cube root of Jf Jf , ttVb'» ^^^ f f » ^^^ prove by 
involution. 

Bemark, — Sometimes the exact square or cube root of a 
common fraction, both of whose terms are surds, can be found 

by changing their form. Thus, y4^^g=/J/^6^2=i=i 5 ^.nd 

7. Find the exact square root of ^, and the exact cube 
root of -^^y and prove by involution. 4 ^ns, § and f . 

8. Find the exact square root of — £, and the exact cube root 

Practical Exercises on Fractumal Quantities. 

1. A tradesman, taking an account of stock, desired his 
clerk to ascertain the amount of the following remnants of 
calico : 3 J yards, at 6 J cents per yard ; 2 J yards, at 8 J cents; 
5| yards, at 9 cents; and 2|- yards, at 7| cents. What was 
the amount ? Ans, $1*00|^. 

2. A lady bought 5|- yards of cotton. How much would 
remain after using 2f yards ? Ans. S^^, 

3. A merchant, owning f of a ship, sold f of his share for 
$4500. What portion of the ship did he sell ? and what por- 
tion remained in his possession ? Ans, f ; and ^^. 

4. If f of f of a ship be worth $4500, what is J of the 
vessel worth ? and what is the value of the whole ship at that 
rate ? Ans. to the last question^ $12,000. 

5. The purchaser of the part of the vessel mentioned above, 
wishing to have the whole in his own hands, offered the owners 
to take the remainder of the ship at the same rate (that is, at 
$4500 for ^ of ^). What would be the amount of this second 
purchase? Ans. $7500. 

6. If 4 yards of cloth cost a certain sum, what portion of 
that sum will 1 yard cost ? If 1 yard cost \ of the sum, what 
portion of it will 7 yards cost ? By what fraction, then, must 
the price of 4 yards be multiplied to ascertain the price of 7 
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yards ? Then, if 4 yards of cloth cost $12, what will 7 yards 
of the same ch)th cost ? Of what cancellation is ^ of 12 sus- 
ceptible ? Cancel, and ascertain the result by inspection. 

7. If 7 yards of cloth cost a certain sum, what portion of 
that sum will 1 yard cost ? What portion, then, will 4 yards 
cost ? By what fraction, then, must the price of 7 yards of 
cloth be multiplied to ascertain the price of 4 yards ? If 7 
yards of cloth, then, cost $21, what will 4 yards cost ? Of 
what cancellation is 4^ of 21 susceptible ? Cancel, and ascer- 
tain the result by inspection. 

OCT' In the last two examples, 1 yard requires less (that is, 
costs less), than 4 or 7 yards, and is represented by ^ or ^. 
But it frequently happens that 1 requires more than a larger 
number, and consequently is represented by an improper frac- 
tion, as f or ^, as will plainly appear from the two following 
examples. As this inversion, as it is called by mathematicians, 
frequently occurs in computations of this nature, it is requisite 
that pupils, when forming the factor fraction, should ask them- 
selves LESS or MOBS ? at least, until the subject has become very 
familiar to them. This question is inserted into a few of the 
examples that follow, to show how and where it should be 
introduced. The pupil himself should introduce it into aU the 
others. 

8. If a piece of work can be finished in a certain number 
of days by 5 men, in what time can it be done by 1 man ? In 
LESS or MORE time ; that is, in -J^ or {^ of tho time ? If 1 man 
require ^ times longer to finish it than 5 men, how much time 
will 6 men require ? Less or more ; that is, ^ or f the time ? 
What is ^ of ^ ? By what fraction, then, must the time re- 
quired by 5 men be multiplied to give the time required by 
6 men ? If, then, 5 men can do a piece of work in 10 days, 
in what time will 6 men perform it? Ascertain the result 
by inspection, as follows : 

(|XlO)=8idays. 

9. If 6 men can do a piece of work in a certain number of 
days, in what time can 1 man do it ? Less or more ? in ^ or f^ ? 
If 1 man require f longer than 6 men, what time will be 
necessary for 5 men ? Less or more ? -J or ^ ? What is ^ of 
f ? By what fraction, then, must the time required by 6 men 
be multiplied to give the time required by. 5 men ? If, then. 
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6 men can do a piece of work in 8( days, in what time can 5 
men perform it ? Cancel, and ascertain the result by inspec- 
tion, as follows: 

(|X^)=2x5=10days. 

10. If 8 men, in a certain time, can make 24 rods of wall, 
how many men will be required for 18 rods in the same time ? 
Less or more? Jf or ff of 8? Cancel, and ascertain the 
result by inspection. 

11. If 4 lbs. of tea cost $2*50, what will be the cost of 24 
lbs. ? Less or more ? 

12. If 24 lbs. of tea cost $15, what will be the cost of 4 
lbs. ? Less or more ? 

13. If 16 lbs. of sugar cost $1*28, what will 54 lbs. cost ? 

14. If 54 lbs. of sugar cost $4*32, what will 16 lbs. cost ? 

15. If 6 bushels of turnips cost $1*50, what will 33 bush- 
els cost ? 

16. If 33 bushels of turnips cost $3*25, what will 6 bushels 
cost ? 

17. How many men must be employed to finish a piece of 
work in 8 days, if 4 men can do it in 24 days ? 

18. If 12 men can finish a piece of work in 8 days, how 
many men will be able to finish it in 24 days ? 

19. If 4 men can do a piece of work in 24 days, in how 
many days can 12 men do it ? 

20. If 12 men can perform a piece of work in 8 days, in 
how many days can 4 men do it ? 

21. If 15 cords of wood cost $50, what would 27 cords of 
the same wood cost ? 

22. If 27 cords of wood cost $90, what would be the cost 
of 15 cords of the same wood ? 

23. If 60 bushels of potatoes can be exchanged for 25 
bushels of rye, how much rye can be had for 200 bushels of 
potatoes ? 

24. If 83| bushels of rye can be exchanged for 200 bushels 
of potatoes, how much rye can be had for 60 bushels of pota- 
toes ? 

25. If 6 men can cut 24 acres of grain in 5 days, in how 
many days could 4 men have cut the same field ? 

26. If 4 men take 7J days to cut a certain field of grain, 
in what time could 6 men cut it ? 

19* 
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27. If 5 days be required for 6 men to reap a certain field, 
how many men could reap it in 7 J days ? 

28. If ^ of a bushel of grain cost $-^jf^, what will 18f 
bushels cost ? Simplify the money term by performing the 
division indicated, and the other two terms by multiplying each 
by 5, and dividing by 4. Why ? 

29. If 18| bushels of grain cost $17J, how much will f of 
a bushel cost ? Simplify as above. 

30. Bought 5000 planks, of 15 feet long, 1 foot wide, and 
2| inches thick. To how many planks of 12| feet long, 1 foot 
wide, and 1| inches thick, are they equivalent ? Make the 
fractional quantities disappear, by quadrupling the length and 
thickness of the planks. Why ? 

31. A carpenter exchanged 8571^ planks, each 12| fbet 
long, 1 foot wide, and 1| inches thick, for some that were 15 
feet long, 1 foot wide, and 2^ inches thick. How many ought 
he to receive ? 

32. If 8 men, in a certain time, make 24 rods of wall, how 
many men will be required to build 18 rods in the same time ? 
Less or more ? ^ or f | of 8 ? Again ; if 8 men can make 
the 18 rods in 6 days, how many men can make it in 3 days ? 
Less or more ? f or f ?. Now, if a change in the length of 
wall requires ^| the number of men, and the change of time 
I the number, what are the factors of both changes, as in the 
following statement ? 

If 8 men can build 24 rods of wall in 6 days, how many 
men can build 18 rods in 3 days ? Kesolve into primes, and 
cancel as follows : 

jj.jj.jj 2*3'3 2*3 
• (8 X ~ X |)=12 men. 

^ [C7* Observe here that the number of men depends upon two 
circumstances, — the number of rods, and the number of days. 

33. If 12 men can build 18 rods of wall in 3 days, what 
number of rods can be built by 8 men in 6 days? Kesolve 
and cancel. The number of rods will be affected' by what 
fraction ? To know which term is numerator, ask, for eaoh 
fraction, more or less rods ? 
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(18X AXf )=4X6=:24 rods. 

DCT^ Look at the statement within parentheses, and say 
whether the fractions could not as easily be cancelled before 
writing them, so that the computation could be readily per- 
formed by inspection merely. Thus, 

(18x§X2)=24 rods, as before. 

34. If 18 rods of wall can be built by 12 men in 3 days, 
in what time can 8 men build 24 rods ? 

35. If 24 rods of wall can be built by 8 men in 6 days, 
how many rods can be built by 12 men in 3 days ? 

86. K 6 men build a wall 20 feet long, 6 feet high, and 4 
feet thick, in 16 days, in hjow many days will 24 men build one 
200 feet long, 8 feet high, and 6 feet thick ? The number of 
days is modified by the number of men, and by the length, the 
height, and the thickness of the wall. Cancel the four frac- 
tions mentally before writing them, and place them together in 
the form of a simple fraction, the better to bring them under 
the eye. 

By inspection, ( 16X-— — ^^ 1=80 days, the compound frao- 

V ^-1 •3-«/ tion being equal to 6. 

37. If a wall 200 feet long, 8 feet high, and 6 feet thick, 
can be built by 24 men in 80 days, how many men will build 
one 20 feet long, 6 feet high, and 4 feet thick, in 16 days? By 
cancelling before writing, we have 



(^24x1-^:^^6 

V 10-4-3*iy 



men. 



Here the factors 3»2»5 balance the divisors 3*10, leaving 4 
as divisor to the 24==6. 

38. If 24 men can build a wall 200 feet long, 8 feet high, 
and 6 feet thick, in 80 days, in what time will 6 men build one 
20 feet lonff, 6 feet high, and 4 feet thick ? 

39. If men can build a wall 20 feet long, 6 feet high, and 
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4 feet thick, in 16 days, how many men will be necessary to 
baild one 200 feet long, 8 feet high, and 6 feet thick, in 80 days ? 

40. If 60 bushels of oats serve for 15 horses for 16 days, 
how long will 24 bushels last 8 horses at the same rate ? Can- 
cel whilst writing the fraction, and ascertain the result by 
inspection. 

41. If 24 bushels of oats serve for 8 horses for 12 days, 
how many bushels will be wanted for 15 horses for 16 days at 
the same rate ? By inspection, after cancelling. 

42. If 8 horses eat 24 bushels of oats in 12 days, how 
many horses may be fed on 60 bushels for 16 days at the same 
rate? 

43. If 15 horses require 60 bushels of oats for 16 days, 
how many horses can be fed on 24 bushels for 12 days at the 
same rate ? 

44. If the interest on $100 for 12 months be $6, what will 
be the interest of $250 for 8 months ? 

45. If the interest of $250 for 8 months be $10, wjiat will 
be the interest of $100 for 12 months ? 

46. What principal (or sum lent at interest) will gain $10 
in 8 months, if $100 gam $6 in 12 months ? 

47. The sum of $250 was put at interest until it had gained 
$10, at the rate of $6 interest for every $100 for 12 months. 
How long was the $250 lent ? 

48. If $100 gain $6 interest in 12 months, how much will 
$356 gain in 4 months ? 

49. If $6 be the interest of $100 for 12 months, in what 
time will $356 gain $7*12. 

50. What principal will gain $7^12 in 4 months, if $6 be 
the interest for 12 months for $100 ? 

51. What will be the interest of $100 for 12 months, if $356 
gain $7'12 in 4 months ? 

52. What will be the interest of $450 for 24 days, if $100 
gain $6 in one year ? 

ttZT* In calculating interest for days, it is customary to con- 
sider the year as 360 days, and the months as 30 days each, 
unless the months are designated. 

53. If the interest of $450 for 24 days be $1*80, what will 
be the interest of $100 for one year ? 

54. Nine merchants associated to build a steamboat, fi^r 
which they advanced equal sums of money. After a while, 
one of the partners purchased the shares of 6 of thet others ; 
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but afterwards, being pressed for money, sold to a friend one- 
fifth of his entire right. What share of tiie boat did he retain ? 
what share did he sell ? and what wonld be the dividend for 
the last purchaser, if the boat cleared $45,000. Ans. $7000. 



Section II. — Determinate Fractions, or Compound JSiamhers. 

The different methods of increasing and decreasing integers 
as well as decimal and common fractions, have now, it is be- 
lieved, been sufficiently exemplified. A class of numbers, 
however, remains to be noticed, called by some writers Dbter- 
MiNATE Fractions, from the circumstance of being limited 
in number and variety of expression, while other fractions are 
unlimited in both. But, by most arithmeticians, this class is 
called, rather inappropriately, Compound Numbers. These 
relate chiefly to the division and subdivision of weights and 
measures, coins, and time. The total want of uniformity in 
these divisions makes them exceedingly complex and perplex- 
ing. Old habits, unconnected in their origin, have introduced 
such a variety, that Tables of these subdivisions have become 
absolutely necessary. Strictly speaking, these tables are defi- 
nitions. They will be found below ; and, a knowledge of them 
being essential to the business of life, they should be thoroughly 
committed to memory. 

In France, during the first revolution, a system of weights 
and measures was established on the decimal scale, which was, 
of course, exceedingly simple and intelligible ; and the govern- 
ment of Great Britain is at present engaged in a similar 
undertaking. The coins of the United States have also been 
arranged on this scale. But we have not derived all the ad- 
vantages we might from this simple system, owing to the 
tenacity with which the people have clung to their old habits 
of reckoning by pounds, shillings, and pence, — denominations 
sufliciently perplexing anywhere, but particularly in the United 
States, as they are not exactly represented by the coins, and 
as the same denominations possess a different value in the 
different states. This inconvenience would probably have dis- 
appeared long ago, but for the foreign coins which mingle in 
our circulation. Many attempts have been made in Congress 
to simplify the system of weights and measures, but hitherto 
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without effect. Such an enterprise, indeed, does not properly 
belong to an individual nation. To be effectual and thorough, 
it should be executed bj a commission representing all the 
commercial powers. The movement now making in Great 
Britain, it is to be hoped, will be followed up by a general con- 
gress of scientific men, for the establishment of a system 
coextensive with the field of trade. Meanwhile our youth 
must be content to waste their time and burden their memory 
with these unconnected and unphilosophical divisions of the 
unit of length and capacity. 

TABLES OF COIN, WEIGHT, AND MEASURR 

I. Coin. 

1. Federal MoTHey, 

10 mills (marked m,) make . 1 cent. c. 

10 cents 1 dime, d, 

10 dimes 1 dollar. $. 

10 dollars 1 eagle, e, 

ffi c d % e 

10= 1 
100= 10= 1 
1000= 100= 10= 1 
10000=1000=100=10=1 

2. English or Sterling Mcmey. 

4 farthings (g.) make . . 1 penny, d, 

12 pence 1 shilling, s, 

20 shillings . . . . , 1 pound. £, 

q d s £ 
4= 1 
48= 12= 1 
960=240=20=1. 

ICT* Farthings (fourthings) are often written as fractions of 
a penny. Thus, 1 farthing is written \\ 2 as j^ ; and 3 as |. 

3. Provincial Currencies, 
While the United States were British colonies, their cur- 
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rency, like that of the mother country, was sterling. Each 
colony issued its own money in bills of the denomination of 
pounds, shillings, and pence. During the revolutionary war, 
these bills depreciated, and in different degrees in the different 
colonies, so that a pound or shilling no longer had the same 
value throughout the land. The federal currency of dollars 
and cents was adopted soon after the peace. But the people 
still cling to their old habits of expressing prices in pounds, 
shillings, and pence ; and, as the value of these still differs in 
different places, it is proper that the student should understand 
the method of changing a sum of money from one currency 
into another. This is best done by means of the dollar, which' 
serves as a universal measure, being the uniform standard of 
value. 

- The relative value of the dollar, and of the pound, and its 
subdivisions in the Provincial currencies, is as follows : 



f 



a. In Englisn, or Sterling Money, 
£l=20s.=r24:Qd. $l==:4s. 6^.=54(i.; therefore, 

b.' In Canada, Nova Scotia, and New Brunsunck. 
£1=205. $1=:55. ; therefore, 



c. In New England, Kentttcky, and Te7inessee. 

£l=20s. $1=6;.; therefore, 

£l=£2^Q=jyi. 



d. In New York, North Carolina, and, except Vermont, aU the 
States added to the Union since 1786. 

£l=20s. $1=8;.; therefore, 

£1=$2#=^. 

$i=je3^=f. 
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e. In Penjisylvama, New Jersey ^ Bdamoare^ and Mari^nd. 
£1=20;. =240(2. $1=7;. M.=:^M. ; therefore, 

£l=$Viy^=|. 

/. In South Carolina and Georgia, 
jei=20;.=240^. $1=4;. %d.=bU. ; therefore, 

£1=$^V^=^. > 

n. Weight. 

1. Tray Weight. 

For weighing gold, silver, jewels, liquors, ^c. 

24 grains (gr.) make . .^1 pennyweight, dwt. 
20 pennyweights . . .^. ounce. . • oz. 
12 ounces .1 pound. • . lb. 

gr. dwt. 
24= 1 oz. 
480= 20= 1 lb. 
5760=240=12=1. 

2. Avoirdupois Weight. 

For weighing hay, grain, groceries, and all coarse articles. 

16 drams (dr.) make 1 ounce. . . . oz. 

16 ounces 1 pound. ... lb. 

25 pounds 1 quarter. . . . qr. 

4 quarters 1 hundredweight. ewt. 

20 hundredwei^t ... 1 ton T. 

dr. oz. 

16= 1 lb. 

256= 16= 1 qr. 
6400= 400= 25= 1 cwt. 
25600= 1600= 100= 4= 1 T. 
512000=32000=2000=80=20=1. 

Formerly 28 pounds were reckoned to the quarter, 112 
pounds to the hundredweight, and 2240 pounds to the ton. 
but this practice is &st becoming obsolete. 
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8. Apothecaries* Weight, 
Used for mixings InU riot for sellings medicines. 



20 grains {gr.) make 
3 scruples . . . 
8 drams . . . 

12 ooQces . . . 



20= 

.60: 
480: 

5760: 



B 

-' 1 5 

: 33=z 1 

: 24= 8= 
:288=96= 



1 scruple, d 
1 dram, 5 
1 ounce. S 
1 pound. & 



1 ft 

:12=1 



175 ounces Troj are equal to 192 oz. Avoirdupois ; 1 lb. 
Tfoj to 5760 gr. ; and 1 lb. Avoirdupois to 7000 grains. The 
pound and ounce in Apothecaries' weight are the same as in 
Troy weight ; the only difference is in l£eir divisions and sub- 
divisions. 

III. MXABURES OV CaPAGITT. 

1. Dry Measure. 

For dry wares^ as grain, seeds, fruity roots, sugar, salt, coal, 

lifne, <^c. 

2 pints (pts.) make 1 quart. . , « qt. 

4 quarts 1 gallon. 

2 gallons 1 peck. 

4 pecks 1 bushel. 

36 bushels 1 chaldron. 

8 bushels 1 quarter. 

5 quarters • . * . . 
2 weys 

The last three measures are hardly, if at all, used in the 
United States. 



. gal. 

. pk. 

. bu. 

. ch. 

. qr. 

1 wey, load, or ton. wey. 

1 last last. 



pts. 

2ss 

8= 
16= 
64= 



It. 



qt 

1 gal. 
4» 1 pk. 
8= 2= 1 bu. 
82= 8= 4= 1 qr. 
512= 256= 64= 82= 8= 1 last. 
5120=2560=640=320=80=10=1. 
20 
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2. WzTie Measure. 
For spirits, wines, <nl, honey, ^c. 



4 gills (gi.) make 

2 pints . 

4 quarts 

31 J gallons 

42 gallons 

63 gallons 

84 gallons 

2 hogsheads 

2 pipes . , 



1 pint . . . 

1 quart . . 

1 gallon . . 

1 barrel . . 

1 tierce . . 

1 hogshead . 
1 punchpon 
1 pipe, or butt. 

1 tun . . . 



pt. 

qt. 

gal. 

bar. 

tier. 

hhd. 

pun. 

p. or b. 

T. 



gi. pt. 

4= 1 qt. 

8= 2= 1 gal. 
32= -8= 4= 1 bar. 
1008= 252= 126= 31J=1 tier. 
1344= 336= 168= 42 =li=l hhd. 
2016= 504= 252= 63 =2 =14=1 pun. 
2688= 672= 336= 84 =2§=2 =li=l 
4032=1008= 504=126 =4 =3 =2 =1J: 
8064=2016=1008=252 =8 =6 =4 =3 = 



P- 

:1 T. 
:2=1. 



3. Ale or Beer Measure, 
For ale, beer, and mUk. 



2 pints (pt.) make 
4 quarts . . ; 

36 gallons . . . 

54 gallons . . . 



1 quart. . . qt. 

1 gallon. . . gal. 

1 barrel. . . bar. 

1 hogshead. . hhd. 



pt. qt. 

2= 1 gal. 

8= 4=: 1 bar. 
288=144=36=1 hhd. 
432==216=54=1J=1. 

The dry gallon contains 2QS^ cubic inches ; the wine gallon 
231 cubic inches ; and the beer gallon 282 cdbio inches. 
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IV. Measures of Length. 
1. Cloth Measure, 



2\ inches (in.) make 
4 nails . . 

4 quarters . 
3 quarters . 

5 quarters . 

6 quarters . 



m. na. 



36 

27 
45 
64 



= u 



1 

4 

:16 
:12 

:20 
:24 



1 nail. . . na. 
1 quarter. . qr. 
1 yard, . . yd. 
1 ell Flemish. Fl. e. 
1 ell English. E. e. 
1 ell French. Fr. e. 



r. 
yd. 
4=1 

:3=1 Fl. e. 
:5=1 E. e. 
:6=1 Fr. e. 



2. Long Measure. 

For length or distance, 

3 barley-corns (b. c.) make 1 inch in. 

12 inches 1 foot. .... ft. 

3 feet 1 yard yd. 

5J yards, or 16J feet . . 1 rod, perch, or pole. rd. 

40 rods 1 furlong . . . fur. 

8 furlongs 1 mile m. 

3 miles 1 league. ... 1. 

69^ miles ...... 1 degree. . deg. or ^. 



D. C. 


m. 


' 3= 


1 


36= 


12= 


108= 


36= 


594= 


198= 


23760= 


7920= 



rd. 

1 fur. 
40= 1 m. 



ft. 

1 yd. 

3= \ 

16i= 5i= 

660= 220= 

190080= 63360= 5280= 1760= 320= 8= 1 1. 

570240= 190080= 15840= 5280= 960= 24= 3 = 1 deg. 
13210560=4403520=366960=122320=22240=556=69J=23j=l 

The point, the line, the hand, and the fathom, also belong to 
this measure. Six points make 1 line ; 12 lines 1 inch, used 
in measuring the length of pendulums for clocks, and other 
small measurements. The hand is 4 inches, and is used for 
measuring the height of horses. The fathom is 6 feet, used 
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principal! J for measuring depths of water. Sixty geographical 
miles make a degree. 

y. Measure of Sobfacb. 
For land or square measure. 



144 square inches (sq. in.) \ 

[12*12, that is, 12 in. long > 1 square foot • 
and 12 broad] make ) 



sq. ft. 



9 square feet r=3«3, 3 ) ^ ^ j « j 

lonj and 3 broid] 1 1 square yard. . . . sq.yd. 

80^ square yards . . . 1 square rod, perch, or pole. sq. rd. 

40 square rods ... 1 rood R. 

4 roods, or 160 sq. rods, 1 acre. .... a. 

640 acres 1 square mile. . . sq. m. 

sq. in sq. ft. 
144= 1 sq. yd. 
. 1296= 9 = 1 sq. rd. 
39204= 272i= 301= 1 R. 
1568160=10890 =1210 = 40=1 a. 
6272640=43660 =4840 =160=4=1. 



By this measure, land, and husbandman's and gardener's 
work are measured ; also the work of artificers, such as boards, 
glass, pavements, wainscoting, flooring, and every thing that 
has the two dimensions of length and breadth. Land is usually 
measured by Gunter's chain, which is four rods in length, and 
is divided into 100 equal parts, called links. 

Pupils are sometimes at a loss to understand why there are 
nine square feet in a square yard, and 144 square inches in a 
square foot. The following figures will make the matter plain : 

No. 1. 







1 
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1 

4 


No. 


.2. 
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— 
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— 









— 


— 
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— ^ 
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_— 
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- — 









—^ 




—^ 


— 


^-. 




^m^^t 
















J 


1 













No. 1 represents a square yard ; that is, each of its four 
sides is one yard in length. Each of the sideti^are divided 
into three parts, representing feet, by lines running across the 
figure, which is thus divided into nine equal surfaces, each 
representing one square foot. Now, if we take the whole 
length, 3 feet, and one foot in breadth, we shall have 3x1=3 
square feet. Taking 2 feet broad, and 3 feet long, we have 
2X^=6 square feet. And, taking the whole figure, we have 
3x3=9 square feet. By using a similar process in No. 2, it 
will appear that there are 144 square inches in one square 
foot. The figures also distinctly show why 3 square feet are 
only i of 3 feet square ; and 12 square inches ^ of 12 inches 
square. 

VI. Measure of Solidity. 

For solid or cubic Measures, 

1728 cubic inches (o. i.)=12xl2xl2, ) 

that is, 12 long, 12 broad, and > 1 cubic foot. . c. f. 

12 deep, make ) 

27 cubic feet=3x 3x3 .... 1 cubic yard. c. yd. 

40 cubic feet of round timber, or ) ^ . « 

50 of square timber, ) ^°* ... 1. 

42 cubic feet of shipping .... 1 ton. . . . T. 

16 cubic feet 1 cord foot. c. ft. 

8 cord feet, or 128 cubic feet . . 1 cord of wood. 

20* 



e. 
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A pile of wood 8 feefc long, 4 feet wide, and 4 feet lughy 

contains just one cord, since 8x4x4=128. 

By this measure, firewood, timber, stone, and other articles 

which have the dimensions of length, breadth, and thickness, 

and are of regular form, are measured. 

It has been shown that a sqmure yard, or yard of surface, by 

having two dimensions, contains 8x3 
=9 square feet. In like manner, a 
cubicy or solid yard, having three 
dimensions, contains 3x3x3===27 
cubic feet, as will evidentljr appear 
from an inspection of the figure. The 
difference between a cube of 3 feet 
and 3 cubic feet, will also be appar- 
ent, the one being only ^ of the 
other. 




YII. Measure of Circular Motion. 

60 seconds (") make 1 minute. . . ('). 

60 minutes ..... 1 degree. . . ®. 

30 degrees 1 sign. . . S. 

12 signs, or 860^ ... 1 circumference. 0. 

60= 1 
3600= 60= 1 S. 
108000= 1800= 30= 1 C. 
1296000=21600=360=12=1. 

This measure is used for estimating latitude and lon^tude, 
and also in measuring the motions of the heavenly bodies. 
Every circle, whether great or small, is supposed to be divided 
into 360 equial parts, called degrees. A degree of a great cir- 
cle of the earth contains 60 geographical miles, equal to 69| 
statute miles. 

YIII. Measure of Time. 

60 seconds (sec.) make 1 minute. . min. 

60 minutes ..... 1 hour. . hr. 

24 hours 1 day. . . day. 

7 days 1 week. . . wk. 
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sec. 

60= 

3600= 

86400= 

604800= 



mm. 



1 

60: 
: 1440: 
:10080: 



hr. 
1 day. 
: 24==1 wk. 

:168=7=1. 



Four weeks are sometimes called a month. In computing 
interest, 30 days are considered a month, when no particular 
ones are named. The calendar months are 12 in number. 
Their lengUi is as follows : 



January . 
February . 
March . . 


. 31 
. 28 
. 31 


April . . 
May . . 
June . . 


. 30 
. 31 
. 30 



July . . , 


. . 31 


August . . 


. . 31 


September 


. . 30 


October . 


. . 31 


November 


. . 30 


December 


. . 31 



When the hundreds of any centennial year, and when the 
tens and units of any other year, are divisible by 4, every such 
year is called leap^ear, and then February has 29 days. The 
number of days in each calendar month will be more easily 
remembered by committing to memory the following lines : 

Thirty days hath September, 
April, June, and November ; 
February hath twenty-eight alone ; 
All the rest have thirty-one ; 
Except in leap-year, when, in fine, 
February's days are twenty-nine. 

The solar, or true year, consists of 365 days, 5 hours, 48 
minutes, and 48 seconds. The Julian year consists of 365 
days and 6 hours. The calendar year consists of 365 days for 
three successive years; every fourth year, which is called 
bissextile, or leap-year, having 366. The calendar year is 
thus adjusted to the Julian year. By the omission of the odd 
day of the first year of the century (which would' always be 
leap-year) for three out of four centuries, the calendar year is 
80 nearly adjusted to the true, or solar year, that the only cor- 
rection it will require will be the suppression of a day and a 
half in five thousand years. 
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IX. Books. 

A sheet folded in 2 leaves is called a folio. 

" "4 quarto, or 4to. 

" "8 octavo, or 8vo. 

" "12 duodecimo, or 12mo. 

" "18 octodecimo, or 18mo. 

" "24 24mo. 

X. Miscellaneous. 

12 things .... make 1 dozen . . . doz. 

12 dozen 1 gross . . . gro. 

12 gross 1 great gross. 

20 things 1 score. 

24 sheets of paper ... 1 quire. 

20 quires (19 good, 1 broken) 1 ream; [or salmon. 

200 pounds 1 barrel of pork, oeef, shad, 

196 pounds 1 barrel of flour. 

30 pounds 1 barrel of anchovies. 

112 pounds 1 barrel of raisins. 

256 pounds 1 barrel of soap. 

74 pounds ...... 1 gallon of train oil. 

11 pounds 1 gallon of molasses. 

14 pounds ...... 1 stone of iron or wood. 

8 pounds .1 stone of meat. 

28 pounds 1 tod. 

56 pounds 1 firkin of butter. 

94 pounds 1 firkin of soap. 

112 pounds .1 quintal of fish. 

30 gallons 1 barrel of fish. 

364 pounds 1 sack. 

19| cwt '^ 1 fother of lead. 

32 gallons 1 barrel of cider. 

8 bushels of salt ... 1 hhd. at sea. 

7 1 bushels of salt ... 1 hhd. on shore. 

Specimen of the mode of questioning the classes, after they have 
recited a table. — 1. How many mills make a cent ? How many 
cents make a dollar? How many mills in a dollar, then? 
How many dollars make an eagle ? How many mills in an 
eagle, then ? How many cents in an eagle ? 2. How many 
farthings in a penny ? How many pence m a shilling ? Then 
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how many farthings in a shilling ? How many shillings in a 
pound ? How many farthings in a pound ? How many pence 
in a pound ? 3. How many grains in a pennyweight ? How 
many pennyweights in an ounce ? Then how many grains in 
an ounce? and so on throughout the tables, till they are 
thoroughly committed to memory. 

a. Change of Form, 

[It has already been shown, when treating of Common Frac- 
tions, p. 193, 4, that it is sometimes extremely convenient to 
change their form, without altering their value, and that this is 
effected by multipljdng or by dividing both terms by the same 
number. Such a change of form is equally convenient and 
necessary in the case of Determinate Fractions, and it is 
effected in precisely the same manner. This we shall readily 
perceive if we only notice that the sole difference between them 
IS, that the denominations of the one are limited in number, and 
expressed in words or ^^tz^, while those of the other are vn- 
limited in number, and expressed by figures vrritten under 
them. Thus, if a pound sterling is considered the unit, 5 shal* 
lings is the same thing as ^. If we wish to change the sum 
into pence, by multiplying by 12 (the number of pence in a 
shilling), we have 60 pertce^ or ^^. Here the intimate con- 
nection of determinate with common fractions is too evident to 
escape notice. By multiplying the denominator (shillings) by 
12, it is changed to perice, reducing the value of the determi- 
nate fraction . twelve fold, just as, by multiplying the denomi- 
nator of the common fraction, ^, by 12, we change it to ^j-^, 
reducing its value twelve fold. And as, by multiplying the 
numerator in both fractions by 12, we increase Uieir value 
twelve fold, it is evident that by multiplying both terms in 
either fraction by the same number, the value of the fraction 
is unchanged. 

Again : if a bushel be considered the unit, 8 quarts is the 
same as ^. If we wish to change the quarts to gallons, divid- 
ing both terms by 4 (the number of quarts in a gallon), the 8 
quarts become 2 gallons, and the common fraction becomes f . 
In neither case is there the slightest change of value. For, by 
dividing the denominator of the determinate fraction by 4, the 
quarts are changed into galUmSj thus ejihaneing the fraction 
four fold ; and by dividing the numerator by 4, thus diminish- 
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ing the fraction four fold, the one effect completely counter- 
balances the other, and leaves the value of the fraction 
unchanged. 

It is evident, then, whether these numbers be considered as 
fractions or as compound numbers, that, when we wish to 
change their form from one of a greater to one of a less value, 
it must be performed by multiplication ; because the greater 
number of less value will be equivalent to the less number of 
greater value. And, on the contrary, when we wish to change 
their form from a denomination of less value to one of greater, 
it must be performed by division, since the smaller number of 
greater value will be equivalent to the greater number of less 
value. Thus, to change 4 pounds to shillings, the 4 must be 
multiplied by 20 (the number of shillings in a pound), since 80 
.8hillings=4 pounds. And, to change oO shillings into pounds, 
the 80 must be divided by 20, since 4 pounds=80 shillings. 
Hence, also, it results that questions of this sort may be proved 
by changing the number back to its original denomination.] 

OCT" Federal money being arranged on the decimal scale, no 
Other operation is necessary, in changing a number from one 
denomination to another, than a mere change of the separatrix. 
Thus, to change 5 eagles through all the inferior denominations, 
and vice versa. 



e, $ d, C. 972. c. d. 9 €, 

6=50*«500*=5000'=:50,000'=50O0*0=500*00=50*000=5*000O 

Exempli^fication for the Black-board, 
1. Change £3 5^. 6^. Zq, to farthings. 



£ 


s. 


d. q, 


3 


5 


6 3 


960 


48 


4 



2880+240+24+3=3147 farthings. 

Suggestive Questums, — How many farthings in one pound ? 
Why, then, are the three pounds multiplied by 960 ? Of what 
denomination, then, is the 2880 ? How many farthings in one 
shilling ? Why, then, are the 5«. multiplied by 48 ? Of what 
denomination, then, is 240 ? How many farthings in one pen- 
ny ? Why, then, are the pence multiplied by 4 ? Of what 
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denomination, then, is 24 ? Of what denomination is the 3 ? 
Of what denomination, then, are all the four numbers ? How 
many farthings, then, in all ? 

2. Change 3147 farthings to pounds, shillings, and pence. 

Farthings, 3147(960 Divisor. 

Divisor, 48)267 £3 6*. Qd. Sq. total quotient. 

Divisor, 4)27 

3 

# 

Suggestive Questions, — How many farthings make one 
pound ? Why, then, are the whole number of farthings divided 
by 960 ? What is the quotient of 3147 divided by 960 ? Of 
what denomination, then, is the 3 ? Of what denomination is 
the remainder, 267 ? How many farthings make one shilling ? 
What is the quotient of 267 by 48 ? Of what denomination, 
then, is the 5 ? Of what denomination is the remainder, 27 ? 
Why divided by 4 ? Of what denomination, then, is the quo- 
tient, 6 ? Of what denomination is the remainder, 3 ? What, 
then, do 3147 farthings amount to in pounds, shillings, and 
pence? 

3. How many grains in 24 lb. 3 oz. 15 dwt. of silver ? 



lb. 


oz. 


dwt. 


24 


3 


15 


5760 


480 


24 



138240+1440+360=140040 grains. 

Suggestive Questions, — How many grains of silver in a 
pound ? In an ounce ? In a pennyweight ? Why, then, are 
the pounds, ounces, and pennyweights, severally multiplied by 
these numbers ? Of what denomination, then, are the three 
products ? 

4. How many pounds, &c., in 140040 grains of silver ? 

140040(5760 

24840 24 lb. 3 oz. 15 dwt. 
480)1800 
24)360 
120 

Suggestive Questions, — ^Why are the grains of silver divided 



240 WBCREK Axamaaao. [cha». nz. 

by 5760 ? What is the quotient ? Of wiiat denominatioB ? 
What is the remainder ? Why divided by 480 ? Why is the 
remainder of that division divided by 24 ? 

5. Change jCf to the fraction of a penny. 

|X240=A|i^ 

6. Change the same sum, namely, £f , to penoe. 

f X240=A|A=63J pence, 
or (as 240=3x80) 3xf X 80= 4a=53J, as before. 

7. Change i^ pence to the fraction of a pound. 

d.A|ii^240=f£. 

8. Change the same sum, namely, 53| pence, to the fraction 
of a pound. 

53J=-4A^240=4J*=S; 

or, by inspection, omittmg superfluous steps, 

9. Change | of f of a cwt. to the fraction of a pound. 

iXfXlOO=4ftQ^=Ji^lb.; or i;3;ioo_i6, 

10. What part of f of a cwt. is 151bs. ? 

15H-100=^V-^f =A=i 5 or ^=|. 

Am, ^ of i of 100 lbs« or a cwt. 

11. Change £| ^. ^d. to the fraction of a penny. 
Changing to least common denominator, 

^ H iP' IK 
240 12 



BEOr. n.] DFTBRMMATB FBACTIONB. 241 

Suggestive Questions. — Why axe tlie giTen numbera changed 
to least commoD denominator T Avs. Becauae tbej are to b« 
— . Wh; are the ponnda multiplied by 240, and the shillings 
by 12! Of what deuomiDBtioii, then, are the prodoots? 

12. Change ^-J^. to fractions of pounflB, shilliiigi end 
pence. 

6 )953 
1 2)190^ 

Ihs. lOjrf ., or 

13. Change 3^. to the fraction of a pound, and then back 
to shillings. 

s. £. 

3-^20=aVX20=3*. 

14. Change £4 15s. M. to the fraction of a pound. 



960+180 -|-9=1149X ^A:V= W 

15. Change £^/- to determinate fractions ; that is, to 
pounda, shillings, and pence. jThis ia nothing more than to 
get rid of the common fraction by performing the diviuoa 
indicated.] 

80]383(^ 15<. Qd. 
Change 63 tem'i. to shillings, 20x63 

1260 
Change 60 rem. to pence, 12x60 

720 

16. Change I5f. to the dedmal of a pound. 

17. Change iC0'?5 to a deteiminatfl fracti<HL 

21 
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£*75x 20=165. 

18. Change 12;. 6d. dq. to the deoimal of a poand. 

.12 6 3 

48 4 



576+24+3=f§^=£0«628125. 

19. Change £0*628125 to determtnate fractions. 

£0*628125 
20 



s. 12*562500 
12 

d. 6*7500 
4 



q. 3*00 

Suggestive Questions, — Does the given nnmber amount to 
more or less than a pound ? Why is it multiplied by 20 ? 
How many shillings are there in the product ? How much 
remainder? Ans, 5625 tens of thousandths of a shilling. 
Why are the ciphers neglected ? Why is the remainder mul- 
tiplied by 12 ? What is the integer in the product ? What 
is its denomination ? Why is the remainder multiplied by 4 ? 
What is the denomination of the product ? What, then, is the 
answer ? 

Remark, — A more concise method has been devised of 
changing shillings, pence, and farthings, to the decimal of a 
pound, and of changing decimals of a pound to shillings, 
pence, and farthings, sufficiently correct for all practical pur- 
poses, which is called finding the decimal of shillings^ pence, 
and farthings, by inspection. It will be readily understood by 
the aid of the following questions : What part of a pound is 
two shillings? Is every 2^. -^^ or *1 of a pound, then? If 
any number of shillings be divided by 2, then, will the quo- 
tient be the number of tenths of a pound ? What is the only 
possible remainder when a number is divided by 2 1 What is 
the half of a tenth ? Ans. 5 — . What decimal of a pound. 
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then, is 1 shilling ? Fill up the blanks, then, in tl^ statements 
that follow : 

Shillings. Decimals of a pound. 

1=0*.. 
2=0*. 
3=0*.. 
4=0*. 
5=0*.. 
6=p0*. 
7=0*.. 
&c. &c. 

So much for shillings. And now as to pence and farthings. 
How many farthings m a pound ? What part of a pound, 
then, is a farthing ? Which is the larger portion of any thing, 
i ^^ i ^ vi^T 0^ toVtt • Must the number, then, representing 
a given number of ^rthings be increased or diminished, if 
thej are considered as lOOOths of a pound in place of 960ths ? 
What part of 960 added to itself will make 1000 ? (j^) What 
part of a given number of farthings, then, when added to the 
number, will reduce its value from 960ths to lOOOths of a 
pound ? On this principle, what part of a pound will 24 &r- 
things be ? What portion, then, of any number of farthings 
must be added to that number to change it from 960ths to 
lOOOths of a pound ? 

N. B. — As the remainder will frequently be large when the 
number of farthings is divided by 24, it is thought best, when 
that number falls short of 12, to make an increase : from 12 
to 36, then, increase it by 1 ; above 36, increase it by 2. This 
principle, applied to the 18th and 19th examples, gives us, . 

Ex. 18.— 12* =*6 

• Qd. 3g. =27g. . . =*028 Why 28? 

125. 6^. 3g. . .... =*628 

Ex. 19.— *6 =*125. 

*028=27g. . . . = Qd, Sq. 

*628 . . . . . =125. Qd. Sq. 

20. Change 13*. 9^^. 2q, to the decimal of a pound, and 
rechange to determinate fractions. 
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.12*. =:*6 

1^ =»05 

dd. 2g .=38g. =*040 Wliy40? 

13^. 9d. 2q. , . . =:*69 

*6 "32*. 

*05 =1*. 

*04=T^^==T^g^=38g. = 9d. 2q. 

'69 == 13y. 9<Z. 2q. 

21. Change 2 roods and 20 square rods to ihe decimal of 
an aere. 

2 20 
40 

80+20=-Jfg=*625a. 

22. Change '625 acre to denominate fractions. 

*626 
4 

2*500 
40 

20'0 Am, 2 roods, 20 square rods. 

■♦ 

Exercises for the Slate or Black-hoard, 

1. Change £46 5^. lid, 8g. to farthings. 

2. Change A444:7 farthings to pounds, &c. 

3. Change £54 to pence. 

4. Change 12960 pence to pounds. # 

5. Change 62 lb. 7 oz. 14 dwt. 18 gr. Troy to grains. 

6. Change 360834 grains Troy to pounds, &c. 

7. Change 4 cwt. 3 qr. 24 lb. 10 oz. 12 dr. to drams. 

8. Change 127916 drams to cwt., &c. 

9. Change 3 lb. 1 g 2 5 1 9 1 gr. to grains. 

10. Change 17901 grains, apothecaries' weight, to lbs., &o. 

11. Change 18 bu. 3 pk. 1 gal. to gills. 

12. Change 4832 gills to bushels, &c. 

13. Change 5 pipes, 1 hhd. 3 qts. of oil to gills. 
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14. Change 22200 gills of oil to pipes, &q. 

15. Change 12 gal. 2 qts. 1 pt. of milk to pints. 

16. Change 101 pints of milk to gallons, &c. 

17. Change 15 yds. 3 qu. 3 n. to nails. 

18. Change 255 nails to yards, &c. 

19. Change 5 miles, 3 fur. 12 rods, 3 yds. 2 ft. 6 in. 2 
b. c, to barley corns. 

20. Change 1029224 barley corns to miles, &c. 

21. Change 3 acres and 3 roods to square inches. 

22. Change 23522400 square inches to acres, &c. 

23. Change 36 tons of round timber to cubic inches. 

24. Change 2488320 cubic inches of round timber to tons. 

25. Change 24 tons, 17 feet of square timber to cubic 
inches. 

26. Change 2102976 cubic inches of square timber to tons. 

27. Change 1 circumference, 2 signs, 15 degrees, to min- 
utes. . 

28. Change 26100 minutes to circumferences, &g. 

29. Change a solar year, namely, 365 days, 5 hours, 48 
minutes, and 48 seconds, into seconds. 

30. Change S1556928 seconds into days, &c. ' 

31. Change £^ to the fraction of a penny. 

32. Change ^^^, to the fraction of a pound. 

33. Change ^f ^ of an ell English to the fraction of a nail. 

34. Change f of a nail to the fraction of an ell English. 

35. Change 25 yards to ells English. [25 X|. Why?] 

36. Change 20 ells English to yards. [20 Xf Why?] 

37. Change ^ of a minute to^the fraction of a day. 

38. Change y^^Tr ^^ * ^^J ^ *^® fraction of a minute. 

39. Change 2 qr. 8 lb. to the decimal of a cwt. 

40. Change 0*58 cwt. to quarters, &c. 

41. dnange 3 qr. 2 n. to the decimal of a y^.rd. 

42. Change 0*875 yd. to quarters, &o. 

43. Change ^ of an acre to roods and square rods. 

44. Change 3 roods, 17^ square rods, to the fraction of an 
acre. 

45. Change, by inspection, 13*. 9d» ^q, to the decimal of a 
pound. 

46. Find the value of £*691. 

47. Change ISs. M. Iq. to the decimal of a pound, by 
inspection. 

48. Find the value of £*914. 

21* 
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49. Change, by inspection^ the following sums severally into 
decimals of a pound : 15$. Sd, ; Ss, lid, 2q, ; IO5, 6d, Iq. ; 
Is, Sd. 2q, ; 2q, ; 2d, Sq, 

50. Find the value of £*762, £«448, £*526, £»085, £*002, 
£*011. 

But, besides these changes from one denomination to another, 
in the several species of determinate fractions, it is frequently 
necessary to change numbers from one species to another. 
Thus, longitude may be changed to iimef or time to longitude; 
and a sum of money may be resolved into an equivalent sum 
in another currency, a process technically called Exchange. 

1. To change Longitude into Timje^ and vice versa. 

The earth performs an entire revolution on its axis in 24 
hours ;^ and, as its circumference is divided into 360^, it fol- 
lows, that the motion of the earth's surface, from west to east, 
is 2V P*^* ^^ ^^^**==1^*« Consequently, 

15® of motion, or longitude=l hour of time. 
V* of motion, or longitude=^Y hour=4 minutes. 
1' of motion, or longitude=^ min.=4 seconds. 

Hence, when two places on the earth dilQFer in longitude, they 
will have a corresponding difference in the hour, or the time of 
day ; and, when the time of day differs in two places, there 
will be a corresponding difference in their longitude, the time 
being most advanced in the places situated most easterly. 
Thus, when the sun is setting at any one place, it will be an 
hour higher at a place 15** directly west, and it will have been 
set for an hour at a place 15® directly east. Again, when it is 
noon at any one place, it will be one o'clock, p. m., at^ll places 
15® east, and eleven, a. m., at all places 15® west of the place. 

Exemplifications for the Black-board. 
1. Change 24® of longitude into time. 

* This is not, strictly speaking, correct. The exact time of the earth*a 
revolution on its axis is a trifle less than 24 hours. But this revolution, 
oombined with the earth's motion in its orbit, brings the sun <« the merid- 
ian, on an average, once every 24 hours, and thus produces exactly the 
same effect on tinu as if the earth revolved on its axis in 24 hours, with no 
other motion. 
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As every 15* of longitudessl hour of time, 

15)24 24 

ih. 36m. ^^ _i 

96m. =lh. 86m. 

2. Change 1 hour, 36 minutes, into longitude. 

h. Dzfn. min. h. min. 

As every 4 min.=l<> long. 1 86=96(4 1 36 

"24^ 0^ 15 



24« 



Exercises for the Slate or Black-board, 



1. Change^lSO^ of longitude into time. 

2. Change 12 hours of time into longitude. 

3. Ghsmge 17*^ 24' 30" into time. 

4. Change 1 h. 9 min. 38 sec. into longitude. 

5. Change 35* 20' 15" into time. 

6. Change 2 h. 21 min. 21 sec. into longitude. 

7. What is the difference of time between Washington and 
London ; the longitude west of the former being 77® 1' 48", 
that of the latter, 0® ? Is the time at London faster or slower 
than that of Washington ? 

8. If the difference in time between Washington and Lon- 
don is 7 h. 8 m. 7^ sec., what is their difference of longitude ? 

2. Exchange. 
Exemplifications for the Black-board. 

1. Change £5 12^. sterling to federal money. 

£5 12*.=£5*6xV=*24f. 

2. Change $24| to sterling money. 

$24f X/tr=^^*6=£5 12*. 

Suggestive Questions. — No. 1. Why is £5*6 multiplied by 
^. See p. 227. No. 2. Why is $24f multiplied by ^^. 
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Exercises for the Slate or Black-board, 

1. How much New York currency is equal to £98 Penn- 
sylvania currency ? 

2. How much Pennsylvania currency is equal to £104^9^ 
New York currency ? 

3. What sum in New England currency will pay a debt of 
£376 10^. in New York ? 

4. What sum in New Yotk currency will pay a debt of 
£282 7s. Qd. in Boston ? 

5. How much New England currency must a Vermont mer- 
chant pay to cancel a debt in New York of £144 10^. ? 

6. How large a debt in New York currency will be can- 
celled by the payment of £108 7;. 6(2. New England cur- 
rency ? 

7. How many dollars will pay a debt of £86 in Philadelphia ? 

8. How many pounds Pennsylvania currency will be paid 
by $229J ? 

9. How many Bergenia ducats, at ^2d. each, can be had for 
216 1 Saragossa ducats, at 66d, each ? 

10. How many Saragossa ducats, at QQd, each, can be had 
for 275 Bergenia ducats, at bM, each ? 

11. When the exchange from Antwerp to London is at £1 
4s, 7d, Flemish for £1 sterling, how many pounds sterling 
must be paid in London to balance £236 Flemish at Antwerp ? 
See " Provincial currencies," p. 227, for the manner of solving 
this. 

12. When the exchange from London to Antwerp is at £1 
sterling, for £1 4^. 7d. Flemish, what must a merchant pay in 
Antwerp for a bill of £192 sterling ? 

13. In a settlement between C, of Philadelphia, and D, of 
London, C is found indebted £750 2^. sterling. How many 
dollars should he remit to pay this balance, when exchange is 
84*56 per pound sterling ? 

14. A merchant of Philadelphia remitted to London prop- 
erty to the amount of $3420*456. For how much sterling 
money could he draw at the rate of $4*56 per pound sterling ? 

b. Addition, Subtractiajiy Midtiplicationy and Division^ of 

Determinaie Fractions. 

The only peculiarity in these processes consists in carrying 
by the denominator of the several fractions, or by the sub- 
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divisions of the several units (accordingly as we consider the 
'numbers as determinate fractions or as compound numbers), ia 
place of carrying by tens, 

ExemplificatioTis for the Black-board, 

1. Add together £54 14*. Bd. 2q. ; £23 5*. Sd. ; £65 19*. 
6rf. ; £42 17*. 4d. Sq, ; £36 15*. 8rf. 1^. ; £9 17*. Qd. ; and 
prove by adding from above downwards. 

£ *. d. q, 
54 14 3 2 
23 5 8 
65 19 6 
42 17 4 3 
36 15 8 1 
9 17 6 



£233 10 2 



Suggestwe Questions. — What is the amount of the column 
of farthings ? Equal to how many pence ? To which column 
should the penny be carried ? What is the amount of the 
column of pence ? Equal to how many shillings ? To what 
column, then, does the 3 belong ? What is the amount of the 
column of shillings ? Equal to how many pounds ? To which 
column, then, does the 4 belong ? 

cwt. qr. lb. oz. dr. 
2. From 224 20 8 12 Minuend. 
Take 37 2 16 12 14 Subtrahend. 



186 2 3 11 14 Difference. 

Proof, 224 20 8 12 Amount of Difference 
■ and Subtrahend. 

Suggestwe Questions, — Can 14 drams be taken from 12 
drams ? How many drams in an ounce ? If, then, we change 
one of the 8 oz. in the minuend into drams, how many drams 
will there be from which to take the 14 drams ? Since we 
have changed one of the ounces in the minuend into drams, 
how many ounces remain from which the 12 oz. may be taken ? 
Is it necessary, then, to change one of the pounds into ounces 
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in the minuend ? How many ounces will there then be ? Since 
one of the pounds has been changed into ounces, how many 
pounds remain from which to take the 16 pounds ? Is it 
necessary to change one of the hundredweights into quarters ? 
How many will then remain from which to take the 37 pounds ? 
3. How long a period elapsed from May 3, 1852, to Jan. 
15, 1854 ? 

y, m. d. 

From 1854 1 15 

Take 1852 5 3 



Leaves ly. 8m. 12d. Ans, 

4, Multiply 1 cwt. 2 qr. 14 lb. 12 oz. 3 dr. by 236, and 
prove it by division. 

cwt. qr. lb. oz. dr. 
1 2 14 12 3 

10 



16 1 22 9 14 product of 10. 
10 

164 3 12 12 prod, of 10X10=100. 

2 

329 2 2 5 8"product of 200. 

49 1 17 13 10 product of 3x10=30. 

9 3 13 9 2 product of 6. 

388 cwt. 3 qr. 8 lb. 12 oz. 4 dr.(236 divisor, 236 
Eem'r., 152x4 Proof, 1 cwt. 2 qr. 14 lb. 12 oz. 3 dr., quot 

611 
Rem'r., 139x25 

3483 
1123 
Rem^r., 179x16 

2876 
Rem'r., 44x16 

708 
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Suggestive Questions^^^The multiplication above will bo 
readily understood. The questions that follow relate to the 
division. What is the quotient of 388 cwt. divided by 236 ? 
Of what denomination is the remainder, 152 ? How many 
quarters in a cwt. ? Why, then, is the remainder, 152, multi- 
plied by 4 ? Why is the product 611 in place of 608 ? What 
is the quotient of 611 quarters divided by 236 ? Of what 
denomination is the remainder, 139 ? How many pounds in a 
quarter ? Then why multiplied by 25 ? What is the quotient 
of 3483 pounds divided by 236 ? Of what denomi^tion is 
the remainder, 179 ? How many ounces in a pound ? Why, 
then, is the remainder, 179, multiplied by 16 ? Why is the 
product 2876 in place of 2864 ? What is the quotient of 
2876 divided by 236 ? Of what denomination is <lie remain- 
der, 44 ?* How many drams in an ounce ? Why, then, is the 
remainder, 44, multiplied by 16 ? Why is the product 708 
in place of 704 ? What is the quotient of 708 drams divided 
by 236 ? 

Exercises for the Black-board or Slate, 

1. Add together £14 12^. bd. 2q. ; Qs, Od. Iq. ; £33 ; £67 
4s, Od. Iq. ; £3 15*. Qd, 2q, ; £29 19^. 9d, ; £55 9d. ; £37 17^. 
6d. Iq. Am, £241 16^. Od, Sq. 

2. Add together 3a. 2 r. 29 sq. rd. 6sq. yd.;' 15a. 3r. 17 
sq. rds. 18 sq. yd.; 5a. 3r. 6sq. rd. 3sq. yd.; 15a. Ir. 18 
sq. rd. 2 sq. yd. Ans. 40 a. 2 r. 30 sq. rd. 29 sq. yd. 

3. What is the difference between 9 cwt. 2 qr. 181b., and 6 
cwt. 3 qr. 24 lb. ? Ans, 2 cwt. 2 qr. 191b. 

4. W^hat is the difference between 9 m. 6 fur. 15 rods, and 
18m. 3 fur. 12 rods? Ans. 8 m. 4 fur. 37 rods. 

5. Find the time elapsed from March 19, 1838, to Feb. 17, 
1852. Ans. 13 y. 10 m. 28 d. 

6. Find the time from Dec. 16, 1853, to Jan. 28, 1854. 

An^, 1 m. 12 d. 

7. Find the time from May 21, 1796, to April 15, 1828. 

Ans, 31 y. 10 m. 24 d. 

8. Find the time from Jan. 1 to Oct. 16, 1853. 

Ans. 9 m. 15 d. 

9. Multiply 1 lb. 4 g 35 19 12 gr. by 6, 14, 150, and 
325, separately, and prove each product by division. 

10. Multiply 42 gal. 2 qt. 1 pt. by 6 and by 72, and prove 
each separate product by division. 
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11. Multiply 16 yds. 3 qr. 1 na. by 14, and prove by 
diyision. 

Besides the moltiplicatioo, as aboye, by integers, there are two 
other kinds of multiplication of determinate fractions, 
namely, that of one lineal fraction by another, to form sur- 
faces and solids ; and that of fractional caifu by other deter- 
minate fractions. The first of these is called MuUijjiicatian 
of Duodecimalsy or Cross Multiplication; the other is called 
Practice, 

1. Multiplication of DuodeciTnals, or Cross Multipiication. 

It was stated above, p. 248, that the only peculiarity in the 
computation of determinate fractions was that of carrying by 
their varying denominations, in place of carrying uniformly by 
tens, as in integers. Cross multiplication, however, may seem 
an exception to this remark. But it is only a seeming excep- 
tion, as will presently appear. A surface has been defined as 
the product of the length and breadth of the sides of any sub- 
stance or space ; solids are estimated by the product of their 
respective lengths, breadths, and depths. Now, it frequently 
happens that* the extent of these sides consists of more than 
one denomination. For instance, a substance may be 6 feet 5 
inches long, and 4 feet 1 inch broad, and in such a case the 
pupil might be at a loss how to multiply the one number by the 
other. But this difficulty vanishes, if we consider these dimen- 
sions as mixed numbers in common fractions, the foot repre- 
senting the integer, and the inches the fraction. The length 
will then be G-j^, the breadth 4y^, and the multiplication can 
be readily performed as has been already shown. But the 
mode of computing such numbers by Cross Multiplication is 
shorter than that by common fractions, all changes from one 
kind of fraction to another being avoided. A single example 
will make the subject plain and easy. First, however, it is 
necessary to remark, that inches, in these operations, are called 
primes, or twelfths of a foot, and that the primes are subdivided 
into twelflhs, called seconSs, or 144ths of a fbot, and those 
seconds into twelfths, called thirds. Hence their name, duo^ 
decimals, which signifies twelfths. They are respectively marked 
thus : '. ". '". 
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Exemplification for the Black-board. 

1. What are the solid contents of a block of marble 6 ft. 
4' long, 3 ft. 5' wide, and 2 ft. 6' thick ? 

feet ' 

6 4 Length. 
3 5 Width. 

19 Product of 6 feet 4' bj 3 feet. 
2 7 8 Product of 6 feet 4' by 5', or ^. 



21 7 8 Superficies of one side. 
2 6 Thickness to opposite side. 



43 3 4 Product of 21 ft. T 8" by 2 ft. 
10 9 10 Product of 21 ft. T 8" by 6'. 



ft. 54 r 2 Solid contents. 



Suggestive QuestioTts. — Recollecting that a foot is the integer, 
and primes ('), seconds ("), and thirds ('"), fractional parts, what 
are 3 times 4' ? Equal to how many feet ? 3 times 6 feet and 
1 foot carried? 5'X4' (or tVXtV)» 20 of what denomina- 
tion ? Equal to how many primes ? 5'x6 ft. (or -j^XS) 30, 
and 1 carried, of what denomination ? Equal to how many 
feet ? [The same questions, varying only in the numbers and 
denomination, may be applied to the rest of the exemplification.] 

The result of such computations as these may be restored to 
its original elements by division ; that is, the thickness of a 
solid may be found, if its solid, contents and the superficies of 
one of its sides be given ; and one side of a superficies may be 
found, if its superficies and the other side be mven. Thus, in 
order to prove the above computation, let 54 ft V 2" be the 
solid contents of a block of marble, and 21 ft. 7' 8" the super- 
ficies of one of its sides, to find its thickness : 

ft. ' " ft. ' " [one side. 

Solid contents, 54 1 2(21 7 8 (divisor) superficies of 

10 9 10 2 6 (quotient) thickness. 

• * . 

Again, given superficies and length, to find breadth : 

ft. ' " ft. ' 
Superficies of a side, 21 7 8( 3 5 (divisor) length of side. 

118 6 4 (quotient) breadth of 

side. 
22 
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Exercises for the Slate or Black-board, 

1. Multiply 17 ft. 7' by 1 ft. 5', and prove by resolution 
into its original elements by division. 

2. Multiply 4 ft. 6' by 3 ft. 10', and prove. 

3. How many cubic feet in a block 2 ft. 3' ; by 6 ft. 5' ; by 
8 ft. 4' ? Prove. 

4. How many cubic feet in a block whose dimensions are 3 
ft. 6', 2 ft. r, and 1 ft. 2' ? Prove. 

2. Practice. 

Practice will be suiEciently understood from a few illustra- 
tions. 

1. What wilK6 cwt. 2 qr. 12 lb. of sugar cost, at £3 lbs. 
6<i. per cwt. 

s. d, 
£3 15 6 price of 1 cwt. 

cwt. 



22 13 price of 6 qr. 
1 17 9 price of 2 = J cwt. 
18 10 J price of 1 = | of 2 qr. 
7 6 J price of 10 lb.=y^ cwt. 
1 63^ price of 21b=:i of 10 lb. 

26 18 8|A price of 6 cwt. 3 qr. 12 lb. 

2. What will be the cost of 55 bushels 3 pecks 5 quarts of 
wheat, at 10^. 2d. 3^. per bushel ? 

s. d, q. 
10 2 3 price of 1 bushel. 
11 



5 12 6 1 price of 11 bushels. 
5 



28 2 7 1 price of 55 bu. 

5 1 IJ price of 2 pk.= ^ bushel. 

2 6 2| price of 1 pk.= J of 2 pecks. 

1 3 1§ price of 4 qt8.=J peck. 

3 ^^ price of 1 qt. =1 of 4 qts. 



£28 11 10 m price of 55 bu. 3pk. 5 qt. 
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3. What will 24 lb. of sugar cost, at $11<25 per cwt. 

[2divisorsl 25 5 )11*25 

2*25 price of 20 lb.=: -J cwt. 
*45 price of 4 IbssjJ^ cwt. 

¥65 price of 24167 

To some students the last operation may appear more like 
division than multiplication. And, in effect, multiplying by ^ 
or by 5J5, &c., really is division. For multiplication, it will be 
remembered, is taking the multiplicand as many times as there 
are units in the multiplier. 

Exercises for the Slate and Black-board, 

1. What will 7 yds. 3 qr. 2 na. of cloth come to, at £2 2*. 
6d. per yard ? Ans. £16 14*. Sd. Iq. 

2. What is the value of 6 cwt. 3 qr. 12 lb. of sugar, at £3 
7s. Sd, per cwt. ? Ans. £23 4*. lO^^^. 

3. What would 37 T. 14 cwt. 2 qr. iron cost, at £5 14^. 8^. 
per ton ? Am. £216 5*. 9^d. 

4. What will 20 a. 2 r. 25 sq. i;d. of land cost, at $2^ per 
acre? Ans. $603*5625. 

5. What will 75 yd. 2 qr. of broadcloth cost, at $4*75 per 
yard? Ans. 358*625. 

6. What is the value of 13 lb. 10 oz. 12 dwt. 16 gr. of sil- 
ver, at £4 17^. 6d. per pound ? A7is. £67 13*. lOd. Sq. 

7. What will 4 bu. 2 pk. 3 qt. of beans cost, at $1*12 J per 
bushel? Ans. $5*166-1-. 

8. What is the cost of 7 hhd. 7 gal. 2 qt. of molasses, at 
£2 Ss. Qd. per hhd. ? Ans. £15 9^. S^d. 

9. What will I cwt. 3 qr. 12 lb. of raisins cost, at £2 II5. 
Sd. per cwt. ? Ans. £4 IQs. 7\d. 

10. What will 57 cwt. 3 qr. 8 lb. of cordage cost, at £3 
lis. M. per cwt. ? Ans. £224 \s. M. Sq. 

11. What will 14 gal. 2 qt. 1 pt. of milk cost, at 2*. Qd. 
per gallon ? £1 IQs. 6d. Sq. 

12. What will 32 bu. 2 qt. 1 pt. of rye cost, at 2^. 3^^ per 
bushel? Ans. £S 12s. 2d. 

13. What will 25 bu. 3 pk. 2 qt. of oats cost, at Is. Qd. per 
Jbushel? Ans. £1 ISs. Sd. 2q. 

14. What is the value of 3 cwt. 2 qr. 10 lb. of raisins, at 
£2 14*. per cwt. ? Ans. £9 14*. 4d. 2q. 



256 WRITTEN ASTTHMBTIC. [CHAP. IT. 

15. If 1 cwt. of rice cost $9<30, what is the value of 144 
owt. 2 qr. 21 lb. ? Am. $1345'8. 

16. What is the value of a silver tankard, weighing 1 lb. 
7 oz. 14 dwt., at £3 16*. per lb. ? Am. £6 4*. 9i/.4- 



CHAPTER IV. 

PRACTICAL APPLICATIONS 

OV THE METHODS OF INCREASE AND DECREASE, PROMISCUOUSLY 

ARRANGED. 



The different modes of increasing and decreasing numbers, 
whether integral or fractional, having now been fully developed 
and illustrated, it will be proper to furnish the pupil with a 
variety of questions for practice, promiscuously arranged, to 
accustom him quickly to decide as to the appropriate mode of 
solution in every case likely to occur in practical business. The 
following general principles will aid in forming this decision. 
Still, however, much must be left to his own judgment in the 
application of the various modes of solving questions with which 
he has become familiar. 

I. All questions in which quantities of the same kinS, are 
to be counted together are solved by Addition ; it being 
always remembered that quantities of different kinds cannot 
be numbered or added together, unless, by changing their 
denominationy we bring them to the same name. Thus, although 
a farmer may enumerate together 2 horses, 18 cows, 2 oxen, 
4 calves, 75 sheep, and 8 pigs, their denomination must first be 
changed to some common term, such as live stocky &c. The 
same principle applies to the case of fractions, whether com- 
mon 'or determinate. Those of different denominations cannot 
be added together without a change to one common denomina- 
tion. Thus f and | cannot be added ; but by changing |^ to 
^2 and I to 15, they become capable of union, forming together 
\\, Again, 5 lb. and 12 o;. cannot be added. But the de^ 
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nomination pounds may be changed to ounces, when the 5 lb. 
being equal to 80 oz., the whole forms 92 oz. 

II. When we wish to ascertain the difference between two 
numbers of the same kind we have recourse to Subtraction. 
The same observations apply to this as to Addition, namely: that 
the numbers, whether integer or fractional, must be of the same 
kind or denomination before their difference can be ascertained. 

III. MuLTiPiiiGATiON applies to cases where a quantity 
occurs repeatedly ; the number called the multiplier showing 
kow often the repetition occurs. 

IV. Division applies to cases where a quantity or number 
is to be divided equally among a number of persons, or into a 
number of equal portions. It is also applied to find the price 
of a single piece of which a number has been purchased for a 
certain price. 

In Multiplication and Division it is not necessary that the 
separate numbers be of the same dejiomination, either in the 
case of integers or fractions. In the former case, the question 
is what is the amount of a certain number taken a certain 
number of times ; in the latter, hew many times is one number 
contained in another. 

Where one or more divisors and multipliers enter into a 
computation, the same result will follow, in whatever order they 
are taken ; and these numbers may be either used separately, 
or collected into one product. Thus, if 20 is to be multiplied 
by 4, and by 5, and by 6, and divided by 3 and by 8, these 
numbers may be used in the order given, or in any other order 
whatever ; or, to shorten the process, each series may be col- 
lected into one product. By this last method the 20 will be 
multiplied by 120, and divided by 24. The process may be 
still more abridged by using the quotient of these products in 
place of the products themselves, considering that quotient as a 
multiplier or divisor according as the one or the other proves 
to be the greater. Thus, the product of the multipliers being 
120, and that of the divisors 24, the quotient 5 is a multiplier; 
whereas, had the product of the divisors been 120, and that of 
the multipliers been 24, the quotient 5 would have been a 
divisor. All this, however, is but another form of cancella- 
tion, as becomes evident when exhibited in a fractional form. 
Thus, 

2Oxt0?=2Oxf=2Ox5. 

22* 
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Similar remarks apply when addition and gubtraction enter 
into a computation. The order in which the numbers are taken 
Is indifferent ; and, in place of the respective numbers, their 
difference may be used, adding it when the sum of the additive 
numbers is the greater, and subtracting it when the sum of the 
subtractive numbers is the greater. 

OCT' When the ni!mber to be divided or diminished will not 
run into fractions by the process, it will always save time to 
divide before multiplying, or to subtract before adding. 

Exercises far the Slate or Black-board, 

1. A merchant bought, in the spring, goods to the amount 
of $106,409, and on the first of January following found he 
had sold to the amount of $74,326 ; what amount of goods 
was left unsold ? Am. $32,083. 

Suggestive Qtiestions, — ^What do we want to know here ? Is 
it the sum of these two numbers, or their difference ? or is 
either of those numbers to be taken a certain number of times, 
or to be divided into a number of equal portions ? 

2. A merchant bought 340 pieces of cotton. In every 
piece there were 26 yards. How many yards were there in 
all? Ans. 8840 yards. 

Suggestive Questions, — ^What is required here ? In every 
piece 26 yards. How many in all ? Is it the sum, difference, 
product, or quotient ? 

3. A merchant making an inventory of his stock, finds he 
has cotton cloth to the value of $356, linen $152, broadclotili 
$575, cassimere $264*75, silk goods $254'25, ginghams $125, 
calicoes $240, and various small articles to the amount of 
$336*56. What is the whole value of the stock ? 

Ans, $2303*56. 

4. A man died leaving an estate worth $21,156 to be 
equally divided among his six children. How much would 
they have apiece ? Ans, $3,526. 

5. A merchant, on New Year's day, sent his clerk to collect 
debts and make some purchases. He received from John 
Stokes $265, from William Budd $375, from Jacob Jones 
$526, and from Thomas Strickland $623. The clerk then 
bought at one of the cotton mills 360 yards of cotton cloth, at 
6 cents per yard ; 525 yards of calico, at 10 cents per yard ; 
240 yards of gingham, at 18f cents. He also bought at a 
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woollen tpaDufactory 200 yards of broadcloth at $2*25, 140 
yards at $2'75, 75 yards at $4, and 63 yards at $5 ; and be-, 
fore he reached home he also bought 38 yards of carpeting at 
60 cents. He paid over the balance to his employer, who 
divided the cents equally between his two little boys ; the dol- 
lars he divided equally among his four daughters as a New- 
Year's present. How much did each of his children receive ? 
Ans, $50 to each daughter, and 5 cents to each boy. 
The above question embraces Addition, Subtraction, Multi- 
plication and Division. The ajnount of money received by the 
clerk must first be ascertained. Secondly, the cost of each 
article that he purchased, and the total arnxmnJt of the purchases. 
Thirdly, the difference between the receipts and payments will 
show what money he paid his employer. Lastly, the cents 
being divided into two parts, and the dollars into four, will 
show how much each child received. The addition and sub- 
traction may be one operation. 

6. A lady who had 19 five dollar bank notes in her pocket- 
book, and five dollars in silver change in her purse, went out 
one morning to make some purchases. She bought 7 lbs. of 
beef, at 6 cents per lb.; a fish for 25 cents ; a piece of corned 
beef for 30 cts.; a cabbage for 4 cts.; a peck of potatoes 8 
cts.; a pound of sausages 10 cts.; a bunch of celery 10 cts. 
Having sent these articles home, she called at a store, where 
she made the following purchases : 8 yds. of calico, at 18 cts.; 
8 yds. of mousseline de laine, at 25 cts.; 2 linen handkerchiefs, 
at 62j^ cts.; a yard of linen, 75 cts.; 8 yds. cotton cloth, at 18 
cts.; a pound of tea, 75 cts.; a loaf of sugar, weighing 9 lbs., 
at 15 cts.; 4 lbs. of raisins, at 10 cts.; a dozen of eggs, 8 cts. 
At a bookstore she paid $3 for her yearly subscription to a 
magazine, and bought some new books to the amount of $4. 
She next called on a poor widow, who had lately lost her only 
daughter, and presented her with $2. Lastly, she stopped at 
the tinsmith's, where she bought a watering-pot for $1, 6 tin 
pans, at 25 cts. each, and a dipper for 25 cents. How much 
money had she remaining when she got home ? 

Am, $77*50. 

7. A merchant in Burlington, Vt., received 17 packages of 
goods from Boston, each weighing 72 lbs. The total freight 
by railroad was ^ of a cent per lb., the cartage to his store 
was 25 cts. for the whole. What was the whole expense of 
carriage from Boston to his store ? Avs. $4*88. 
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8. The same merchant bought 17f cwt. of wool, at $40^ 
per cwt. What was the whole cost? Ans. $718j. 

9. A farmer mowed 78^ acres of meadow land, which 
yielded on an average 2§ tons per acre. He kept 63 head of 
cattle through the winter on the hay, and sold, besides, 62^ 
tons. How much hay did he make in the whole, and how 
much did each of the cattle consume on an average through the 
winter ? [That is, how much hay did he cut ? How much did 
he sell? How much did all his cattle eat? How much did 
each of them eat ?] Ans, to the last question, 2 j- tons. 

10. What do 9 pieces of cloth, of 28J- yards each, come to, 
at $3'37jJ^, or S3§, per yard ? Ans. $865|^. 

11. A captain of a vessel has on board 205 bales, each paying 
Sl<25, or $1^, freight ; 275 packages, each paying 87^ cents, or 
$1 ; 150 tons of other goods, each ton paying $12'62j-, or $12|; 
and 6 passengers, each paying $75. What does the whole 
freight and passage money amount to ? Ans, $2840*62^^. 

12. A man who owned | of a ship sold J of his share. 
What share of the vessel did he sell, and what share did he 
keep ? Atis. to last question, •^. 

13. The net profits of the vessel for one year after this sale 
was $32000. How much was each of the above shareholders 
entitled to receive ? Ans. $9000 and $3000. 

14. I have 765 pieces of cloth, and am about to put them 
up into bales of 15 pieces each. How many bales will there 
be ? Prove by trial. 

15. How many days are there in 24,480 minutes? 

Ans. 17. 

16. A farmer threshed grain 7 days: the first day 12^ 
bushels: the 2d, 18 J; the 3d, 24^; the 4th, 30f ; the 5th, 
32^; the 6th, 44§; the 7th, 15 j-. He paid his workmen in grain. 
To one man he gave 3^ bushels, to another 2^ ; he returned to 
his neighbor what he had last borrowed of him to go to mill, 
which was 7| bushels; and he sent 10 bushels to mill to be 
ground for his stock, and b^ for family use. The next day he 
sold half of what was left, and the day following sent half of 
the remainder to the store in payment of the balance of his 
account. How much was then left in his granary ? 

Ans. 37^ bushels. 

17. If 18 grains of silver make a thimble, and 12 dwts» 
make a teaspoon, how many, of each an equal number, can be 
made from 15 oz. 6 dwts. of silver ? Ans. 24. 
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18. A man divided 75 cents among his three sons. As often 
as he gave the eldest 7 cents, he gave the second 5, and the 
third 3. How many cents did each receive ? Prove by trial. 

19. A carpenter bought 16 pieces of timber, each 16 inches 
square, and 13 feet long. What was the number of cubic feet, 
and what was the cost, at 12^ cents per cubic foot ? 

Ans, to last question j $46 1. 

20. A mason undertook to build a bridge for $300. He 
hires six laborers to assist him, to each of whom he pays 
62^ cents per day, and their board, which he calculates to cost 
25 cents each, for every working day. The work was finished 
in 40 days. How much did he get for his labor and superin- 
tendence, calculating his board at the same rate as that of his 
men ? Ans. $80. 

21. Bought 16 bales of cotton. Four of them weighed each 
1024 lbs.; 6 weighed each 998 lbs.; and the remainder 1054 
lbs. each. What was their cost at 6^ cents per lb. ? 

Ans, $1025*50. 

22. What are the solid conteiits of a wall 75 feet long, 3 feet 
9 inches thick, and 24 feet 2 inches high ; and how many 
bricks did it take, if (including the mortar) they occupied 9 
inches in length, 4 j- in width, and 2j- in depth ? 

Ans, to last question, 116,000. 

23. There is a room 16 feet long, 14 feet broad, and 11 feet 
high. A mason engages to plaster it for 20 cents per square 
yard, the doors and windows being counted the same as an 
unbroken wall. What will be the amount of his bill, including 
the ceiling? Ans. $19'64|. 

Suggestion. In order to solve such questions correctly, the 
pupil should realize the statements, by looking around the room 
in which he is placed. Thus, let him ask himself How many 
long sides of the room ? What are their dimensions ? How 
many short sides? their dimensions? What are the dimen- 
sions of the ceiling ? What, then, are the dimensions of the 
whole room ? How man/ square feet in a square yard ? 

24. What will be the cost of a floor-cloth for an entry 
which is 34 feet long, and 10 feet wide, in which the stairs 
occupy a space of 14 feet by 3 feet 9 inches, making an allow- 
ance of -f^ of a yard for waste in cutting, at $l*12j- per 
square yard ? Ans. $36. 

25. How many cubic feet of earth will fill a dock 120 feet 
long, 75 feet broad, and 10 feet deep ? A man has engaged 
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to fill it for 15 cents a load, his cart being 8 feet long, 4 feet 
broad, and 1 foot 6 inches deep. What will be the expense, 
supposing the heaping of the loads will balance the settling of 
the earth ? Am, $281 '25. 

26. What must be the depth of a square vessel 1 foot 6 
inches broad, and 2 feet 4 inches long, that shall hold 8 feet 
cubic measure ? Aris, 2 feet, 8f inches. 

27. Three brothers emigrate to the western country. The 
eldest buys 640 acres at $2'25 per acre ; the second buys 240 
acres for $600 ; the third bought as much land as both his 
brothers for $1100. How much had the eldest to pay ; how 
much did the second pay per acre ; how much land did the 
third buy, and at what price per acre; and how much land 
had the three brothers ? 

Arts, $1440 ; $2»50 ; 880 acres, at $1'24+ ; 1760 acres. 

28. A carpenter hewed 25 pieces of timber 8 inches square 
and 36 feet long ; 16 pieces a foot square and 42 feet long ; 
23 pieces 18 inches by 20, and 26 feet long ; 12 of 10 inches 
square and 32 feet long ; and 15 pieces of 8 inches square and 
18 feet long. What will be the amount of his bill at 6^ cents 
per cubic foot ? Am. $200*43 J. 

29. What will be the cost of painting two rooms, including 
walls, ceilings and floors, at 7 cents per square yard ? Their 
height is 12 feet 4 inches ; the length of one is 32 feet, and 
its breadth 24; the length of the other is 24 feet and the 
breadth 16 feet 6 inches. No allowance to be made for doors 
or windows. Am, $36'622-V- 

30. A workman engaged to plaster a house at 21 cents per 
square yard, of which the following are the dimensions : on 
the first floor there are two rooms, each 20 feet by 18, and 11 
feet high, and an entry 10 feet by 36, of the same height. In 
each room, one of the ends, 18 feet wide, is not to be reck- 
oned, as compensation for doors, windows and fireplace ; in the 
entry neither end is to be reckoned, as compensation for doors 
and windows. On the second floop there are two rooms the 
same size as those below, on which a similar allowance is to be 
mude ; the entry is the same size as below, excepting that a 
room 10 feet square is taken oflF one end ; neither end of the 
upper entry is to be counted, as compensation for doors and 
windows in the entry. What will be the amount of the plas- 
terer's bill ? Am. $152*04. 

31. The Hoosac Mountains are two degrees west of Boston. 
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When it is noon at Boston, what is the hour at these moun- 
tains ? Ans, 8 minutes before 12. 

32. Easton, Massachusetts, is 6^ east longitude from Wash- 
ington, and Circleville, Ohio, is 6° west from Washington. 
How many degrees of longitude are these towns apart ? what 
is the hour at Circleville when it is noon at Easton ; and what 
is the hour at Easton when it is 15 minutes past 6 p. m. at 
Circleyille ? Am. to last question, 3 minutes past 7, P. m. 

33. A meteor was seen for a few moments at Washington, at 
14 minutes past 9 o'clock, p. m. It was also seen at Paris, 
Kentucky, which is 7** west, and at Easton 6** east from Wash- 
ington. What was the time of the meteor's appearance at 
Paris and at Easton? 

Ans, at Paris 46 m. past 8, p. m.; at Easton 38 m. past 9, p. m. 

34. A vessel, named the Hamilton, sailed from New York 
to China, by way of the Cape of Good Hope, and thence to 
the Sandwich Islands, where she arrived on a Saturday morn- 
ing by her reckoning. About an hour after her arrival, the 
Louisa, another vessel from New York came into the harbor, 
having come by way of Cape Horn. What day was it by the 
Louisa's reckoning, supposing both vessels to have kept the 
days of the week correctly ? Ans, Friday. 

35. What would be the length of the day (i. e., from noon 
to noon) on board a steamship bound from New York to Liv- 
erpool, supposing her to traverse exactly 5® of longitude 
daily ; and what would be the length of the day on board, 
returning, supposing her to traverse daily the same number of 
degrees of longitude? Ans, 23 h. 40 m.; 24 h. 20 m. 

36. A merchant, dying, left a will devising as follows : to 
his wife $10,000 ; to each of his three sons $12,000 ; to each 
of his two daughters half that amount ; to each of his three 
clerks $500 ; to his porter $100 ; the residue of his estate to 
be equally divided between his wife and daughters. His estate 
proved to be worth $75,000. How much did the wife and each 
daughter receive ? Prove by trial. 

37. A man owning ^ of a ship sold ^ of his share for $1875. 
How much was the whole ship worth at that rate ? 

Ans, $30,000. 

38. The cargo of a ship was valued at $37,230 and ^ of the 
ship at $7500. What was the value of both ship and cargo ? 

Ans, $67,230. 

39. A man having $100 purchased 4 cows, which took all 
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the money he had except $28. How mach did he pay apiece 
for them ? Ans. $18. 

40. A farmer hired a boy for a year for $40 and a suit of 
clothes. But after he had stayed 5 months they agreed to 
part, the boy to receive full wages for the time he stayed. He 
received 6^ dollars and the suit of clothes. How much money 
is left for 7 months' wages, and what were the clothes valued 
at ? Ans. to last question $18. 

41. A mechanic hired a journeyman at 8 shillings and his 
board, for each day he worked; but if he worked anywhere 
else, or was idle, the journeyman was to pay 5 shillings a day 
for his board. They settle at the end of fifty days, and the 
journeyman receives £10 18*. How many days did he work 
for the mechanic ? Ans, 36 days. 

42. A farmer brought a basket of eggs to market, and 
offered them for sale at 7 cents a dozen. A person passing by 
stumbled against the basket and broke 5 dozen. Being paid 
for these, he resolved to sell the rest for 8 cents a dozen, by 
which he would receive as much as if he had sold the full num- 
ber for 7 cents, besides the money for the broken eggs, which 
would then be clear profit. How much did he gain by raising 
the price ? How many dozen must he have thus sold, then ? 
How many dozen did he bring to market ? Prove by trial 
with the answer found. 

43. A man brings eggs to market, and first sells 4 more 
than the half of them, then he goes further, and sells half the 
remainder and 2 over. Now 6 eggs more than half the 
remainder are stolen from him, and, dissatisfied with the loss, 
he returns home with the 2 eggs which remained in his basket. 
How many eggs had he at first ? Prove by trial with the 
answer found. 

44. I take a certain number, multiply it by 3f , take 60 
from the product, multiply the remainder by 2^, and subtract 
30, when nothing remains. What is the number ? Prove by 
trial with the result. 

45. Required two numbers, whose sum is 70, and whose dif- 
ference is 16. If the sum is first divided equally, what process 
will make the one 16 larger than the other ? Try. 

46. Two purses together contain $300. If you take 30 out 
of the first and put them into the second, then there is the 
same in each. How many dollars does each contain 1 Prove 
by trial with the result. 
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Suggestive QttestioTis. — ^If one purse contains 96 and another 
$4, what is the difference between the purses ? What part of 
the difference must be taken from the one and put into the 
other to make them equal ? Then what must be the difference 
between two purses, when $30 taken from one and put into the 
other makes them equal ? 

47. A says to B, give me $100, and I shall have as much 
as you. No, says B, give me rather $100, and then I shall 
have twice as much as you. How many dollars has each? 
Prove by trial with the result. 

Suggestive Questions, — ^What is the difference between B's 
money and A's ? (See the principle developed in the last ex- 
ercise.) How much will that difference be increased if A gives 
B $100 ? How much will the whole difference then be ? If 
this difference makes B's money double that of A, how much, 
must A then have? How much, then, had A before he gave 

$100 to B ? If A originally had , and the difference was 

then , how much had B originally ? 

48. A copyist was asked how many sheets he wrote weekly, 
and answered, ** I only work 4 hours a day, and cannot finish 
70 sheets, which I wish to do ; but if I could work 10 hours a 
day then I should write exactly as many above 70 sheets as I 
now write less than that number." How many sheets did he 
write weekly ? Prove by trial. 

Suggestive Question. — If working 10 hours produces as 
great a surplus as working 4 hours does a deficiency, how many 
hours must he work to produce the exact result, or how many 
sheets would he finish in 4 and 10 hours ? 

49. There are three brothers ; the eldest 30, the 2d 20, and 
the 3d 6. When will the ages of the two younger amount to 
that of the elder ? The sum of the ages of the tuK> younger 
must, of course, increase with double the rapidity of the age 
of the elder. Prove by trial. 

50. A baker works 313 days in a year (being the number 
of working days, except in leap-year and in those years which 
commence on a Sunday), and bakes 9 barrels of flour each 
day, at 196 lbs. a barrel. The bread weighs J- more than the 
flour (on account of the water used). If he sell the bread at 
4 cents a pound, how much will be his profit for the year, when 
the flour costs $5 per barrel ? Ans. $15,362'04. 

51. A man who has $750 a year saves $145 annually. His 
income being raised to $1200, how much can he spend daily, 

23 
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counting 365 days to the year, if he save double as much as 
he did before ? Am. $2'49f a. 

52. I once had an untold sum of money lying before me. 
From this I took away the third part, and put in its stead 
$50. A short time after I took from the sum thus augmented, 
the 4th part, and put again in its stead $70. I then counted 
the money, and found $120. What was the original sum ? 
Prove by trial. 

Suggestive Questions, — ^What portion of the money is left 
when ^ is taken away ? How much, then, after $50 is added ? 
How much is ^ of f-|-^^ • ^OYf much, then, remains after 
that is deducted ? How much, then, afler $70 more is added ? 
Now, if ^+$107*50 is equal to $120, how much is ^ equal 
to ? Then how much is the whole ? 

58. A cistern which is filled by two pipes in 12 minutes, 
can be filled by one of these pipes in 20 minutes ; in what time 
can it be filled by the other ? 

Suggestive Questions, — What portion of the cistern is filled 
by both pipes in one minute ? What portion is filled by oTie 
of them in one minute? The difference between those two 
fractions is equal to what ? 

54. A cistern has two pipes. By one it can be filled in 20 
minutes, and by the other in 80 minutes. What time will it 
require to fill it when both pipes are running ? 

55. If 9 barrels of flour cost $45, what will 15 barrels 
cost ? See Practical Exercises on Fractional Quantities, p. 96, 
examples 5 to 16. 

56. If 15 barrels of flour cost $75, what will 9 barrels 
cost? 

57. If a horse travel 80 miles in 6 hours, how many milea 
will he travel in 11 hours ? 

58. How many miles will a horse travel in 6 hours, if he 
can accomplish 55 miles in 11 hours ? 

59. If 4 yards of cloth cost $12, what will 11 yards cost? 

60. Wbat will be the price of 4 yards of cloth, when 11 
yards cost $88 ? 

61. If 8 men can mow a meadow in 10 days, in how many 
days can it be mowed by 6 men ? 

62. When 6 men can mow a meadow in 5 days, how many 
days will be necessary for 3 to mow it ? 

63. If 8 qrs. of a yard of velvet cost 99 cts., how many 
yards can I buy for $37*62 ? 
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64. If 28J yards of velvet cost $37*62, what will be the 
cost of 3 quarters of a yard ? 

65. What is the value of a silver tankard, weighing 1 lb. 
7 oz. 14 dwt., at 6*. Sd. per ounce ? 

OCT* The pounds may be brought to ounces, and the pen- 
nyweights to the decimal of an ounce. 

66. If a silver tankard, weighing 1 lb. 7 oz. 14 pwts., cost 
£6 lis, 4d,, how much is that per ounce ? 

67. If a staff, 4 feet long, cast a shade on level ground 7 
feet long, what is the height of a steeple whose shade at the 
same time is 198 feet ? 

68. When a steeple, whose height is 198 feet, casts a shadow 
on level ground of the length of 346 J feet, how long would be 
the shadow of a staff of 4 feet ? 

69. A journeyman pays $12 for 4 weeks' board. What 
will be his bill for 24 weeks at the same rate ? Atis, $72. 

70. A farmer exchanged 30 bushels of rye for 120 bushels 
of potatoes. How much rye must he give at that rate for 
600 bushels of potatoes ? Atis, 150 bush. 

71. If 10 men can build a wall, 360 rods long, in 9 days, 
how many rods can 1 man build in one day ? 2 men in 1 
day ? 2 men in 2 days ? 24 men in 75 days ? 

Atis, to last question, 7200. 

72. If a man travel 100 miles in 5 days, travelling 4 hours 
each day, how far could he travel in 12 days, going 10 hours 
each day ? Arts. 600 miles. 

73. if 6 men build a wall 20 feet long, 6 feet high, and 4 
thick, in 16 days, in what time will 24 men build one 200 feet 
long, 8 feet high, and 6 feet thick ? Ans, In 80 days. 

74. If the freight of 8 hhds. of sugar, each weighing 12 J 
cwt., 20 leagues, cost £16, what must be paid for the freight 
of 50 tierces, each weighing 2 J cwt., 100 leagues ? 

Ans. £100. 

75. A journeyman paid $72 for 24 weeks' board ; how much 
would be the charge for 4 weeks, at the same rate ? 

Ans. $12. 

76. How many yards of matting, 1*5 feet wide, will cover 
a room 18 feet wide, and 30 feet long ? An^. 120 yards. 

Suggestive Questums. — How many square feet in the room ? 
How many of these feet will be covered by 1 foot of matting ? 
How many feet of matting, then, will cover 540 square feet ? 
How many yards, then ? 
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77. If the interest of $100 for 1 year be $6, what will be 
the interest of the same sum for 4 years ? For 6 years ? For 
6 months (or J a year) ? For 1 month (or 30 days) ? For 2 
days ? For 15 days ? Ans. to the last, $0*25. 

78. If the interest of $100 for 1 year be $6, what will be 
the interest of $1 for the same time ? Of $145 ? Of $27*50 ? 
Of $1472? Of $562? Of $25*25 ? Of $304? 

Ans. to the last, $18*24. 

79. If the interest of $109 be $7 for 1 year, what will be 
the interest of $325 for the same time ? Of $62*50 ? Of 
$235 ? Am. to the last, $16*45. 

80. If the interest of $350 for 1 year be $17*50, in what 
time will the interest on the same sum be $87*50 ? Be $78- 
*75 ? Be $91*875 ? Ans. to the last, 5J yrs. 

81. What is the interest of $100 for 1 year, when the 
interest of $1750 for 4 years is $350 ? Is $280 ? Is $560 ? 

Ans, to the last, $8. 

P(srtnership. 

82. Three men, A, B, and C, trade in company, and agree 
to share the profits in proportion to the amount of property 
each furnishes to the common stock ? A puts in $2000, B 
$4000, and C $6000. They gain $3000. What is each 
man's share of the gain ? Observe that $3000 is gained by 
trading with $12,000. What is the gain for every dollar put 
in ? Prove by the sum of the gains. 

83. A, B, C, and D, are concerned in a joint stock of 
$1000, of which A's part is $150, B's $250, C's 275, and D's 
325. On the adjustment of their accounts, they find they have 
lost $337*50. What is the loss of each partner ? 

Suggestive Questions. — ^What is the loss on each dollar of 
stock ? Then what is each man*s several loss ? Prove by 
addition of the several losses. 

84. A ship, worth $3000, being lost at sea, of which ^ 
belonged to A, J to B, and the rest to C, what loss will each 
sustain, supposing $450 to have been insured on her ? 

Suggestive Questions.-^WhsLt is the whole loss? What 
part of the vessel belonged to C ? What was each man's loss ? 
Prove by taking the sum of the insurance and of the several 
losses. 

85. A, B, and C, freighted a ship with 68,900 feet of. 
boards. A put in 16,520 feet, B 28,720, and G the rest. In 
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a storm, 13,780 feet were thrown overboard to lighten the ves- 
sel. How many feet had C ? What loss would be sustained 
on every foot of boards ? How many feet would each indi- 
vidual lose ? Prove as before. 

86. A and B, venturing equal sums of money, cleared by 
joint trade $273. By agreement, as A executed the business, 
he was to have 8 per cent., and B 5 per cent. How much was 
A allowed for his trouble ? 

Suggestive Questions, — Out of every $8 that A had, how 
much was for his trouble in doing the business ? How many 
13s in 273 ? How many times^ then, had he 3 dollars for his 
trouble ? Prove as before. 

87. In a profitable transaction, A and B were partners. 
A put in $45, and took ^ of the gain ? What did B put in ? 

Suggestive Questions. — If A took | of the gain, what pro^ 
portion of the capital must he have advanced ? Then what 
proportion must B have advanced? If $45 was f of the 
capital, what is -J ? § ? Prove. 

88. A, B, and C, put $720 in a partnership concern, and 
gained $540, of which, as often as A took $3, B took $5, and 
$7. What did each advance, and what did each gain ? 

Suggestive Questions. — As their profits were divided accord- 
ing to their advances, for every $15 advanced A paid $3. 
Then how many 15s in $720 ? Prove. 

89. A bankrupt is indebted to A $120, to B $230, to C 
$340, to D $450 ; and his whole estate amounts only to $560. 
How must it be divided among his creditors, or, which is the 
same thing, how much will each receive for every dollar due ? 
Prove as before. 

90. Divide 360 into four such parts as shall be to each 
other in the proportion of 3, 4, 5, 6 ; that is, every time the 
first has 3, the second shall have 4, &c. Prove by addition. 

91. Divide $540 into four parts, bearing to each other the 
prx>portion of |, ^, J, and ^5, and prove by addition. 

92. The taxes in a certain town amount to $4000. It con- 
tains taxable property to the amount of $125,000, and 500 
polls (that is, individuals who are personally taxed), who pay 
50 cents each. What part of the tax was laid on property ? 
What was the tax on every dollar ? What was the amount of 
A's tax, whose list is $1400 and 1 poll; B's, whose list is 
$1200 and 2 polls ; and C's, whose list is $400 and 1 poll ? 

23* 
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and how mucli did the remainder of the town contribute for 
polls and for property ? Prove by addition. 

93. Four farmers hire a pasture for $75. A puts in 75 
sheep for 16 weeks ; B 50 for 24 weeks ; C 120 for 2a weeks; 
and D 50 for 4 weeks. How much does it cost them per week 
for each sheep, and how much has each to pay towards the 
rent ? Prove by addition. 

94. Three farmers hire a pasture. A puts in 80 sheep for 
4 months ; B 60 sheep for 2 months ; C pays $21*60 towards 
the rent, and puts in 72 sheep for 5 months. What was the 

. whole rent of the pasture, and what share did A and B sever- 
ally pay ? Prove. 

95. Four merchants traded in company. A put in $400 
for 5 months ; B $600 for 7 months ; C »$960 for 8 months ; 
and D 1200 for 9 months. By misfortunes at sea they lost 
$617. What must each man sustain of the loss ? 

Suggestion, — $400 for 5 months is equal to $100 for how 
many months ? Prove. 

96. A, with a capital of £100, began trade Jan. 1, 1850. 
He took in B as a partner on the first day of March following, 
with a capital of £150 ; and, three months afterwards, they 
admitted C as a third partner, who brought into the business 
£180. After trading together till the first of Jan., 1851,* they 
found there had been gained since A's commencing business 
£264. How must this be divided among the partners ? Prove. 

97. Suppose the gain mentioned in the last question had 
been from the time of C's entering into partnership, how 
should it be divided then ? Prove. 

98. A merchant. A, commences business on the first of Jan., 
with a capital of $3000. He takes B into partnership on 
April 1, and C on July 1. Their profits were $2400, which 
were to be divided in proportion to the amount of capital ftir- 
nished by each, and the length of time it was used. It so 
happened that each received |, or $800. How much capital 
did B and C severally furnish ? 

Exchange. 

99. How much New York currency is equal to £150 of 
Canada currency ? See table of Provincial Currencies, p. 227, 
and examples, p. 248. See, a!so, p. viii. 

100. How much Canada currency will pay a debt of £240 
in New York ? 
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101. How maoj dollars will pay a debt of £11 16f. 8e2. in 
Charleston, South Carolina ? 

102. How much of South Carolina currency can be can- 
celled bf $333^ ? 

103. What sum in New England currency will cancel a 
debt of £93 18*. 6rf. in Fayetteville, North Carolina ? 

104. What sum in North Carolina or New York currency 
will cancel a debt of £70 85. \^\d, in New England ? 

105. A traveller wishes to change £233 I65. 8^. sterling 
for Venice ducats, at 4s. ^\d, per ducat. How many ducats 
must he have ? Am, 976. 

Mean Numbers and Values ^ commonly called Alligation, 

106. A merchant mixes 8 lbs. of tea worth 35 cts. per 
pound, with 24 lbs. worth 44 cts. per pound. What is the 
value of the whole mixture ? and what is the mean value, or 
value of the mixture per pound ? 

Ans, to the last question, 41 1 cts. 

107. A farmer mixes 18 bushels of corn, worth 75 cts. per 
bushel, with 9 bushels of oats, at 33^ cts. per bushel, and 4 
bushels of bran, at 15 cts. per bushel. What is the value of 
the whole mixture, and how much its mean value per bushel ? 
Prove as below. 

18 bushels, at 75 cents= ) 

9 « at33J " = S =31 bushels, at — = 

4 " at 15 " = ) 

108. The same man makes another mixture of 4 bushels of 
rye, at 60 cents per bushel ; 15 bushels of buckwheat, at 40 
cts. ; and 8 bushels of corn, at 75 cts. per bushel. What is 
the mean value of the mixture per bushel ? Prove as above. 

109. A grocer bought 3 barrels of sugar ; one at 5 cts. per 
lb., one at 6, and one at 7 cts. per lb. What is the average or 
mean value of the whole, supposing each barrel to coatain the 
same weight of sugar ? Prove. 

110. A goldsmith melts together 4 lbs. of gold, of 22 carats 
fine ; 1 lb., of 20 carats fine ; and 1 lb., of 16 carats fine. 
What is the fineness of the mixture ; that is, the mean number 
of carats of fineness ? Prove. 

017* The fineness of gold is estimated by carats. Pure gold 
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is 24 carats fine. The smaller the number of carats, the less 

pure is the metal. 

111. The average or mean height of the thermometer at a 
certain place for the month of December was 30 degaees ; the 
average for January was 27** ; and the average for February 
was 24^. What was the average height for the three months ? 

Am. 2V. 

112. A merchant wishes to mix coffee, at 10 cts. and 14 
cts. per pound, so that the compound shall be worth 12 cts. 
per pound. Should the quantities of the two sorts be equal or 
unequal ? 

Suggestive Questions, — How much does the price of the 
least costly fall short of the price of the mixture ? How much 
does the price of the mmt costly exceed that of the mixture ? 
Will the gain on 1 lb. of the former, then, exactly balance the 
loss on 1 lb. of the latter ? Should the quantities of the two 
sorts, then, be equal or unequal ? 

113. What proportions of coffee at the following prices, 
namely, at 6 cts., 7 cts., 10 cts., and 12 cts., per lb., should be 
mixed so as to make a compound worth 9 cts. per lb. ? 



Price of mix- 
ture, 9 cts. 



Prices of Difference from Qoantities of 

ingredients, price ci mixture, ingredients. 

U . • • — *0 • • 

7 • • • "^^M . • 

10 . . . +1 . . 

yjd • • • — — o • • 



PEOOIP. 
lb. Ota. 

lat 6== 6 
3 at 7=21 
3 at 10=30 
2 at 12=24 

9 at 9=81 



Suggestive Questions. — If the mixture is to be sold at 9 cts. 
per lb., what will be the gain on each pound of the 6 cent ? 
What will be the loss on each lb. at 10 cents ? Then how 
many lbs. should go into the mixture of that losing 1 cent, to 
balance the 1 lb. which gains 3 ? Will 1 lb. at 6 cents, then, 
exactly balance 3 lbs. at 10 ? Mark the quantities, then, 1 and 
3, in the blank column, opposite 6 and 10. Compare the 
two quantities you have just written, and say why the quanti- 
ties are in inverse order to the differences in price from the 
mixture. Will a greater difference always require a less quamr 
tity, and a less difference require a greater quantity ? Balance 
the prices, 7 and 12, in the same manner, avoiding fractions by 
doubling, or trebling, &c., both numbers. One lb. at 12 will 




CHAP. IV.3 



PRACTICAL EXEBCISES. 



27S 



bo balanced by what quantity at 7 ? How can this fraction be 
got rid of? Why must there be 1 lb. of the 6 cent coffee? 
Ans. Because it is balanced by — of — ? Why 3 lbs. of 10 
cent corfee ? Ans, Because they are balanced by — of — . 
Why should there be 3 of the 7 cent ? Why 2 of the 12 ? 

114. How many pounds did the mixture of the last exam- 
ple contain ? If a bag, holding 36 lbs., then, were required 
to be filled of such a mixture, how many times would the mix- 
ing be repeated ? Then how many pounds would be required 
of each kind of coffee ? Prove as in last example. 

115. If a merchant, wishing a mixture like that named in 
Ex. 113, should put in 16 lbs. of the 6 cent coffee, how many 
lbs. would be required of each of the others ? Prove. 

116. Again : if he wished to use 16 lbs. of the 12 cent 
coffee, how many times must the proportions of the others be 
repeated to make a similar mixture ? How many pounds 
would such a mixture contain ? Prove. 

117. A farmer had §everal kinds of provender which he 
wished to mix for his cattle and horses, so as to form a com- 
pound worth 50 eta. a bushel, namely, com meal, worth 75 
cts. a bushel ; rye, worth 55 ; oats, 40 ; shorts, 25 ; and wheat 
bran, 15 cents a bushel. What proportions of each sort should 
be used, and how many bushels would the smallest quantity of 
the mixture contain, excluding fractions of a bushel I 

Ans, to the last question, 13 bushels. 



Prices. 


Diff. 


f 75 


+25 


55 


+ 5 


40 


—10 


25 


—25 


I 15 


—35 



QuanUtieg. 



Compound, 50. 



Suggestive Questions. — In what proportions may we mix 
the meal at 75 cts. and that at 25 cts. to form a compound 
worth 50 cts. ? Mark the quantities 1 each, then. In what 
proportions can those of 55 and 40 be so mixed ? Enter them, 
then. In what proportions those of 55 and 15 ? Enter them, 
then, separating the two numbers at 55 by the sign of addition, 
+. Why ? Prove as in example 113 above. 

118. If 208 bushels of the above compound were wanted, 
how many times would the proportion of each sort be repeated, 
and how many bushels would there be of each ? Prove. 
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119. If 5 J bushels of the corn meal were used, how much 
would be required of each of the others ? Prove. 

120. A grocer has four sorts of sugar, worth 4 cts., 5 cts., 
7 cts., and 8 cts. a pound. He would make a mixture of 200 
lbs., worth 6 cts. a pound? What quantity must be taken of 
each sort ? Prove. 

121. A goldsmith has four sorts of gold, namely, of 22 car- 
ats fine, of 20 carats fine, of 18 carats fine, and of 15 carats 
fine. He would make a mixture of 48 oz. of 17 carats fine. 
How many oz. of each sort must he take ? Prove. 

122. Afterwards, of the same material, he wished to make 
a mixture of the same fineness, containing 4 oz. of 20 carats 
fine. How many ounces must he take of each of the other 
sorts ? Prove. 

123. A rectangular field was 16 rods long and 12 wide. 
How many square rods did it contain t 

124. What is the width of a rectangular field containing 
192 square rods, whose length is 16 rods ? 

125. There are 192 rods in a rectangular field, whose width 
is 12 rods. What is its length ? 

126. There is a square field whose sides are 16 rods long. 
How many square rods does it contain ? 

127. What is the length of a square field containing 256 
square rods ? 

128. The sides of one of the square fields of a farm is 40 
rods long, and those of another 80. How many times is the 
one larger than the other ? 

129. There are two square fields in a farm, one of which is 
40 rods long ; the other is 4 times the size. What is the 
length of its sides ? 

130. The inside of a box is 2 feet every way. How many 
cubical feet does it contain ? 

131. The contents of a box with equal sides are 8 cubical 
feet. What are its length, width, and depth inside ? 

132. A farmer erected a stable 50 feet long by 25 feet 
wide. The height of the gable was 8 feet. The eaves pro- 
jected a foot over each side of the building, and the roof was 
2 feet longer than the frame, so as to project a foot over each 
gable. How many thousand shingles would be required for 
the roof, if one thousand shingles cover 10 feet square? 

Ans, 18 nearly. 
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133. One man exchanged with a broker £4 10;. lOd. ster- 
ling for 11 crowns and 7 dollars ; and another man, at the same 
rate, £1 155. for 4 crowns and 3 dollars. How much were the 
crown and dollar severally valued at ? Prove by trial. 

Suggestive Questions. — What is 3 times the amount of the 
j&rst exchange ? 7 times the amount of the 2d ? What is the 
difference between the exchanges thus increased ? What, then, 
is the value of a crown ? Of a dollar ? In what respects 
does this operation differ from bringing fractions to the same 
denomination ? 

134. Required two such numbers that if \ of the first be 
added to ^ of the second, the sum shall be 66 ; and if | of the 
first be added to J of the second, the sum shall be 60. Prove 
by trial. 

135..? If the greater of two numbers be divided by the less, 
the quotient is 6, and the sum of the two numbers is 252. 
What are the numbers ? Prove by trial. 

136. A gentleman gave $4350 for a house-lot, the land 
being valued at $2 per foot. If it had been 6 feet wider, it 
would have cost $5394. What were the length and breadth 
of the lot ? Prove by trial. 

137. A boy bought at ono time 5 apples, 6 pears, and 4 
oranges, for 48 cents ; at another time, 3 apples, 4 pears, and 
5 oranges, for 43 cents ; and again, 2 apples, 3 pears, and 6 
oranges, for 43 cents, all at the same rate. What did he pay 
for each kind of fruit ? Prove by trial. 

138. There were 5 Sundays in the month of February in 
1852. In what year will this occur again ; that is, when will 
the first day of February fall on a Sunday in a bissextile or 
leap year ? Ans. In 1880. 

Suggestive Qu£stio7is, — How many days of the week does 
the year advance from one bissextile to another ? What is the 
smallest number of fives exactly divisible by 7 ? Then how 
many bissextiles must elapse till 5 Sundays again occur in 
February ? 

Equation of Payments. 

139. A man bought a farm for $2000, one half of which 
was to be paid in two years, and the remainder in 4 years ; 
that is, the purchaser was to have the use of $1000 of the 
purchase money for 2 years, and the use of the remaining 
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$1000 for 4 years. At what time may the whale be paid at 
once without loss to either of the parties ? 

$ years $ 

Use of 1000 for 2 =2000 for one year. 
1000 " 4 =4000 for one year. 

paid 2000 =$6000 for one year. 

Suggestive Questions, — How long must he keep the $2000 
so as to balance the use of $6000 for one year ? By what 
process can this be ascertained? By addition, subtraction, 
multiplication, or division ? 

140. A man owed his neighbor $300, which he engaged to 
pay as follows : $50 in 2 months, 100 in 4 months, and $150 
in 6 months. When may the whole be paid at once without 
loss to either party ? 

$ ms. $ 

Use of 50 for 2 =100 for 1 month. 
100 for 4 =400 fori " 
150 for 6 =900 fori " 



$300 =$1400 fori « 

Suggestive Question. — $1400 for 1 month=$300 for how 
many months? 

141. A friend lent me $400 for three months. How long 
should I lend him $100 to balance the favor ? 

Ans. 12 months. 

142. A man bought a piece of property for $600, and 
agreed to pay $100 in 2 months, 200 in 5 months, and the rest 
in 8 months ? What would be the proper time to make one 
payment of the whole ? Ans, 6 months. 

143. What is the mean time for the settlement of a debt of 
$800, contracted to be paid as follows : $200 in 3 months, | 
of the remainder in 4 months, ^ of what then remains in 
months, and the rest in 6 months ? Ans. 4| months. 

144. One merchant owes another $800, payable in 6 months, 
but wishes to pay him $200 of the debt in 2 months. How 
long should the time of payment of the remainder be suspended 
to balance the favor ? Ans, IJ months. 

145. A country merchant makes purchases from a mer- 
chant in Boston, on a credit of 6 months, as follows : $1500 
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on May 1, $400 on June 1, $500 on July 1, and $800 on 
Aug. 1. \ What is the mean time for the whole from Aug. 1 ? 

Atis. 4 months. 



146. What is the mean length of the following pieces of 
cloth : No. 1, 30 yds. ; No. 2, 28 yds. ; No. 3, 27 yds. ; No. 
4, 29 yds. ; No. 5, 32 yds. ; No. 6, 25 yds. ; No. 7, 25 yds. 

Atis. 28 yards. 

147. A man on horsebaok'trayelled the following distances : 
the first day, 30 miles ; the second day, 34 miles ; the third 
day, 36 miles ; and the fourth day, 42 miles. How many 
miles did he average a day ? Ans, 35 1 miles. 

148. Four men are engaged in building a wall measuring 
820 cubic feet. The first can build 9 cubic feet in 4 days ; the 
second, 10 cubic feet in 4 days ; the third, 8 cubic feet in 6 
days ; and the fourth, 7 cubic feet in 3 days. How many days 
will be necessary to complete the whole wall, when all work 
together ? 

149. A merchant had 32 tons of plaster for sale. On 
examining his sale books at the end of a week, he found that 
there remained 8 tons more than he had sold. How many 
tons were sold ? Prove. 

150. Three farmers bought a pasture jointly, consisting of 
140 acres. On dividing it, it was agreed that A*s share should 
be to B's as 6 to 11, and that C should have 4 acres more than 
A and B together. What is the share of each ? Prove. 

151. A man being asked how much money he had in his 
pocket, answered that ^ and -J of it amounted to $3'20. How 
much had he ? Prove. 

152. A traveller, being asked what o'clock it was, replied 
that it was between 3 and 4. But a more particular answer 
being requested, said that the hour and minute hands were 
exactly together. What was the time? ^Itw. 16^ min. past 3. 

Suggestive Questions, — How far are the hands apart at 3 
o'clock ? In what time will the minute overtake the hour 
hand? 

153. John sets out on a journey, and travels at the rate of 
5 miles an hour. He travels 8 hours the first day, and the 
next morning a friend sets out after him at the rate of 7 miles 
an hour. If both start at the same hour in the morning, and 
travel the same number of hours in a day, how far must the 
&iend travel before he overtakes John ? 

24 
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154. How many miles an hour most William travel for 20 
hours, in order to overtake John, who is 40 miles ahead, and 
is travelling at the rate of 5 miles an hour ? 

155. A company sets out for California by land, and travels 
at the rate of 30 miles a day. Three days afterwards a man 
undertook to overtake them, and accomplished his purpose in 
10 days. At what rate per day did the man travel ? 

156. A man bound for California by land, on his arrival at 
the usual starting point, learns that a company was 3 days 
ahead of him, with the intention of travelling 30 miles a day. 
He set out after them, and travels at the rate of 39 miles a 
day. In how many days will he overtake them ? 

157. The velocity of sound through the air is found to be 
1142 feet per second of time ; and, in a healthy person, the 
number of pulsations is, say 70 in a minute. Now, between 
the time of observing a flash of lightning and hearing the 
explosion of the thunder I counted 20 pulsations. Required 
the number of feet which sound moves in a minute ; the num- 
ber in one pulsation ; and the distance of the cloud in miles. 

158. A gentleman counted 20 pulsations between the sight 
of a flash of lightning and the arrival of the sound. By cal- 
culation he found the distance of the cloud to be 3 miles, 226 
rods, and 8^ feet; allowing the pulsations to be at the rate of 
70 in a minute, how many feet did the sound travel in a 
second ? 

159. A lunar mouth, in which the moon makes a complete 
apparent revolution round the earth, is, say 29| days. Sup- 
posing the moon's motion to be uniform, what is the apparent 
distance of the sun and moon in degrees, &c., in one day after 
the change ? in 12 days 6 hours after the change ? in 19 days? 
[Take notice that the moon again begins to approach the sun 
after 14f days. Why ?] Arts, to the last question^ 128/^.**. 

160. The earth, being 360° in circumference, turns on its 
axis, say in 24 hours. How many miles are the inhabitants 
at the equator carried by that movement in one minute, a de- 
gree there being 69 J miles? Ans, 17| miles. 

161. If an ingot of gold, weighing 9 lb. 9 oz. 12 dwt, be 
worth $1128*96, what is it worth per grain ? 

162. If gold be worth 2 cents per grain, what is the value 
of 9 lb. 9 oz. 12 dwt. ? 

163. A saves \ of his income; but B, who has the same 
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salary, by living at double the expense, runs behind $120 a 
year. How much has each per annum ? Ans. $360. 

164. Required the sum of which J, J, and | make $94. 

Am. $120. 

165. A is 20 years of age. B's age equals A's and half of 
C's; and C*s equals them both. What are their several ages? 
If G's age is considered (1); B*s will be (J) +20; and A's 
20 ; but G*s equals A's and B's ; how much, then, is the other 
half of C*s age equal to ? Prove by trial. 

166. The head of a fish is 9 inches long, and its tail is as 
long as its head and half the body, and the length of the body 
equals those of the head and tail. What is its whole length ? 
Prove by trial. 

167. A laborer hired for 42 days upon this condition, that 
he should receive 80 cents for every day he worked, and for- 
feit 40 cents for every day he was idle. On settlement it was 
found that nothing was duo him. How many days did he 
work ? Perform this mentally by division. Ans, 14 days. 

168. Two foot travellers sat down to dinner, one having 5 
small loaves of bread, the other 3 of the same size. A third 
traveller coming along proposed to join them on condition of 
paying for his share of the bread. The whole was eaten, and 
the third traveller paid 8 cents. How should this money be 
shared between the two owners of the bread ? 

Ans. 7 to the first, 1 to the second. 

169. Tell the difference between 365 times 421 and 375 
times the same number, by a mere glance of the eye, and prove 
by multiplication and subtraction. 

170. Tell the difference between 235 times 364 and 240 
times the same number, by halving a certain number mentally, 
and prove as in last exercise. 

171. Tell the difference between 328 times 465 and 333 
times the same number, by a similar process, and prove. 

172. Tell the difference between 425 times 326 and 475 
times the same number, by halving a certain number mentally, 
and prove. 

173. Tell the difference between 354 times 248 and 379 
times the same number, by dividing a certain number mentally 
by -^, and prove. 

174. Tell the difference between 432 times 368 and 457^ 
times the same number, by a similar mental process, and prove. 
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175. Tell the difference between 216 times 344 and 241 
times the same number, by a mental process, and prove. 

176. Tell the difference between 284 times 275 and 334 
times the same number, by a mental process, and prove. 

177. Tell the difference between 341 times 432 and 367 
times the same number, by a mental process, and prove. 

178. Tell the difference between 286 times 76 and 310 
times the same number, by a mental process, and prove. 

179. Tell the difference between 525 times 340 and 552 
times the same number, by a mental process, and prove. 

180. Find, by inspection, the product of 2*44 by 24*9, by 
division and subtraction, and prove by multiplication on the 
slate. 

Suggestive Questions,- — If 2*44 be taken 25 times in place 
of 24*9 times, how many times is it taken too much ? What 
is t'^ of 244 ? 

181. Find, by inspection, the product of *5 by 23*84, by 
division, and prove by multiplication. 

Suggestive Question, — ^Why are there only two decimal 
places in the product, when there are three in the two factors ? 

182. Find, by inspection, the square of 49 by division and 
subtraction, and prove by multiplication. 

183. Find, by inspection, the square of 26, by division and 
addition, and prove by multiplication. 

184. Find, by inspection, the squares of 24, 16, 14, by pro- 
cesses similar to those in the last two problems, and prove by 
multiplication. 

185. Find, by inspection, the square of 75, by division and 
subtraction of the quotient, and prove by multiplication. 

186. Find, by inspection, the square of 3*1, by multiplica- 
tion and addition, and prove by multiplication only. 

187. Find, by inspection, the product of 324 by 49, by 
division and subtraction, and prove by multiplication. 

188. Find, by inspection, the product of 64 by 4f , by 
division and subtraction, and prove by multiplication. 

189. Find, by inspection, the product of 72 by 5 J, by 
division and addition, and prove by multiplication. 

190. Find the product of 16 by 12^ by division. 

Sdutimi, 8)1600=16x100. 
""200 
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Suggestive Questicms. — How many times 12j in 25 ? How 
many times 25 in 100 ? Then how many times 12 j- in 100 ? 
If, then, we multiply by 100 in place of 12j, how many times 
will the product be too large ? Why, then, should we divide 
by 8? 

191. Find the product of 24 by 37^, by division and sub- 
traction. 

Sdutiati. 2 )2400 

24x50= "1200— 300(==iof 1200)=900. 

Abbreviated. 2)24 

12—3=900. 

192. Find the product of 64 by 62 J (=50+12^) by divis- 
ion and addition. 

Sdution. 2 )6400 = 64x100 

4)"3200=64x 50 
800= 64 X 12^ 
4000=64 X 62 J 

193. Find the product of the same numbers by division and 
multiplication. 

Sdution. 8 )6400= 64x100 

800=64X12^ 
5 



4000=64 X62i 

194. Find the product of 328 by 87^ by division and sub- 
traction. 

Sdution. 8)32800=328x100 
Jtl00=328x_12j 

28700=328X 87J 

195. Find the product of 176 by 112J by division and addi- 
tion. 

Sdution. 8)17600=176X100 
2200= 176X 12^ 
19800=176 Xll2i 



196. Find the product of 3724 by 125, by division and 

addition. 

2^^ 
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Solution. 4)372400=3724x100 
_93100=3724X 25 
465500=3724x125 

197. Find the product of 3426 by 175. 

Solution, 3426X200=685200 
Lessi 85650 

3426X175=599550 

198. Find the product of 4273 by 225. 

Sdutian. 4273x200=854600 
More i 106825 

4273X225=961425 

199. Find the above 9 products by inspection, without the 
aid of pen or pencil. 

200. Find the following products severally by inspection, 
and prove each by calculation : 4572 by 12^ ; 3968 by 25 
8128 by 37i; 1437 by 50; 2456 by 62^; 7415 by 75 
9284 by 87J ; 667*8 by 112^ ; 1529 by 125 ; 7924 byl37 i 
6414 by 162^ ; 2256 by 175 ; 6328 by 187^ ; 4428 by 212^ 
7732 by 225 ; 3648 by 487^. 

201. The property of John and Thomas was estimated by 
the assessors at $18,600, and John was twice as rich as Thomas. 
What was the capital of each ? 

Ans, John's $12,400, Thomas' 66200. 
Suggestive Questions, — If Thomas's property was considered 
one share, how many shares had John ? Into how many parts, 
then, should the property be divided ? 

202. The sum of $2500 is to be divided between two per- 
sons, the one to have $4 as often as the other $1. How much 
would each receive ? Ans, $2000 and $500. 

203. A man sold a farm for $3960, and received payment 
in bank notes and gold, there being 4^ times as much in paper 
as in gold. How much was there of each ? 

Ans, $720 in paper, $3240 in gold. 
Suggestion, — Get rid of the fraction by multiplication. 

204. Divide 1394 into two such parts that the one may be 
contained in the other 3j^ times. Ans. 328 and 1066. 
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205. Divide $144 between two persons so that their respect- 
ive shares will be as 7 to 5. Ans, $84 and $60. 

206. If the 3d and 4th part of a field together contain 14 
acres, how many acres are there in the field ? Am, 24 acres. 

207. Two brothers purchased a house, of which the one 
paid the 4th and the other the 8th part, amounting together to 
$300. What was the whole price of the house ? 

Am. $800. 

208. In a certain congregation of 1300 souls, there were 9 
times as many women and 3 times as many men as children. 
How many were there of each ? 

Arts, 100 children, 300 men, and 900 women. 

209. A man bought a house for $3040, and paid 3^ times 
as much in bank notes as in gold, and 2^ times as much in sil- 
ver as in bank notes. How much did he pay of each sort ? 

Am, $240 in gold, $840 in bank notes, and $1960 in silver. 

210. Divide $1120 among three persons so that the first 
one^s part may be to that of the second as 2 to 3, and the part 
of the third as great as that of the other two. 

Am. $224, $336, and $560. 

211. Divide $2600 among three persons. A, B, and C, so 
that B may have ^ more than A, and C twice as much as A. 

Am. A aOOO, B $800, and C $1200. 

212. A tax of $594 is to be raised in three towns. A, B 
and C, in proportion to their population. Now the population 
of A to B is as 3 to 5, and that of B to C 8 to 7. How 
much money must each town raise ? 

Am, A $144, B $240, and C $210. 

213. The estate of a bankrupt, amounting to $21,000, is to 
be divided among four creditors. A, B, C, D, in proportion to 
their claims. Now A*s claim to B*s is as 2 to 3, B*s claim to 
C's as 4 to 5, and C's claim to D's as 6 to 7. How much will 
each creditor receive ? 

Am, A $3200, B $4800, C $6000, D $7000. 

214. A young man spent ^ of his income in board and 
lodging, ^ in clothes and washing, and ^V in incidental expenses, 
and saved annually $318. What was his yearly income ? 

Am, $720. 

215. At the close of a partnership, two merchants divided 
their profits, to the amount of $12,000, so that one partner 
received half as much as the other, exclusive, however, of 
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S500 to the latter for his management of the business. How 
much did each receive ? 

Ans. The one $7666f , the other $4333^. 

216. Divide $1925 into three portions, so that the second 
may be $150 greater than the first, and the third $125 greater 
than the second. Ans. $500, $650, $775. 

217. A man died leaving an estate of $7500 to his widow, 
two sons, and three daughters, in such a manner that each son 
was to receive twice as much as each daughter, and the widow 
$500 more than all the children together. How much is the 
share of each person ? 

Ans. The widow $4000, each son $1000, each daughter $500. 

218. On New Year's day a father presented $100 to his 
five children, dividing it so that each received $2 more than 
the next younger child. What was the share of the youngest ? 

Ans. $16. 

219. A man left his property by will in such a manner that 
his widow was to receive one half of it, less $3000, his son 
one third, less $1000, and his daughter one fourth, more $800. 
What was the amount of the estate, and what the share of each 
legatee ? Ans. $38,400, $16,200, $11,800, $10,400. 

Less. More. 

Widow, i 3000 
Son, i 1000 

Daughter,^ 800 

if 4000 800 
Suggestive Question. — ^How much is one twelfth of the estate? 

220. A certain property valued at $5600 is to be divided 
among 5 persons as follows: — B is to receive twice as much as 
A, and $200 more ; C three times as much as A, less $40Q; D 
half of what B and C receive together, and $150 more; and 
E one fourth of what all the others receive, and $475 more. 
What is the share of each ? 

Ans. A $500, B $1200, C $1100, D $1300, and E $1500. 

221. If I have a certain number of dollars in my purse, and 
by adding 24 to it the sum becomes $80, how many dollars were 
in it at first ? Prove. By what process was it found ? 

222. I have a certain nurtiber of dollars in my purse, and, 
after having subtracted $24 from it for the payment of ex- 
penses, there remain $56. How many dollars were in at first ? 
Prove. What was the process ? 



1 



) 
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223. A certain number, midtiplied by 24, gives 1800 for 
product. What was the original number ? Prove. What was 
the process ? 

224. A certain number divided by 24, gives 75 for quotient. 
What was the original number ? Prove. What was the 
process ? 

225. How many dollars did you pay for that? says William 
to John. If you multiply the number by 7, replied John, add 
3 to the product, divide this by 2, subtract 4 from the quotient, 
the remainder will be 15. How much was paid? Prove. 
See the last 4 examples. 

226. A man whose age is 30 years has a son aged 10. In 
how many years will this man, who is now three times, be only 
twice as old ? Prove. 

227. The boy mentioned in the preceding exercise has a 
brother aged 6. In how many years will the ages of both the 
boys together equal that of their father ? Prove. 

228. A cifitern has three pipes. By the first it can be filled 
in 2 hours, by the second in 3 hours, and by the third in 4 
hours. In what time can ^be filled when all three run 
together ? Ans, in 55^^ minutes. 

229. A cistern of 365^ cubic feet has three pipes. The 
first discharges 52 cubic feet in 3^ minutes ; the second 51 
cubic feet in 3f- minutes ; and the third 27 cubic feet in 2^ 
minutes. In what time can the cistern be filled if they all 
run at once ? Ans, In S^f^ minutes. 

230. A contribution being necessary for a purpose in which 
a number of persons were equally interested, 80 cents each 
was first proposed, which was found to produce $10 too much, 
and then 60 cents each was tried, which was found to produce 
$10 too little. What was the amount wanted, and how many 
were the contributors ? Prove by trial. 

231. A merchant, having a piece of unsalable silk, disposed 
of it to a lady at prime cost. Having sent it home to her 
without measurement, and being unable to find the original 
bill, he could only ascertain the length and wholesale price by 
recollecting that if he had sold it for $1*25 per yard his profit 
would have been $12, whereas, at $1 per yard, it would have 
netted him only $6. What was the number of yards, and 
their prime cost ? Prove by trial. 

232. The income of two brothers taken together is $1000 
per annum. If the income of the elder was increased sixfold 
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and that of the younger fourfold, their joint income would be 
$4800. What was the income of each ? 

Ans. Elder's income $400, younger's $600. , 

Elder. Younger. $ 

1 + 1 = 1000 

6 + 4 = 4800 

Therefore 4 + 4 = 4000 

Difference 2 + = 800 

233. Find two numbers such that if the first be taken 4 
times and the second 3 times, their sum is 2760 ; and if the 
first be taken 5 times and the second 7 times, their sum is 
4490. Prove by trial. 

234. A person has a certain number of pieces of money 
which he wishes to arrange in the form of a square. At the 
first trial there were 190 over; but, when the side of the 
square was enlarged by 4 more pieces there only remained 14. 
How many pieces of money had he ? Draw a square on the 
slate, and enlarge it by 4 additjys. Prove by trial. 

235. A person has 330 coins, consisting of eagles and dol- 
lars. Their value amounts to $1500. How many are there 
of each? Prove by trial. 

Suggestive Questions, — How many coins would there be if 
the money was all in eagles ? How many more should there 
be ? Every eagle changed into dollars gives how many addi- 
tional coins ? Then how many eagles must be changed into 
dollars to make 330 in all ? 

236. What number is that, which, if you multiply it by 4f , 
take 19 from the product, multiply it again by 3^, and take 
away 13, nothing will remain ? Prove by trial. 

237. A boy having a basket of apples, sold half of them 
and 3 more to one of his neighbors, and half the remainder 
and 5 more at the next house. Finally^ he sold half of what 
still remained and three more, and then found he had only 
three left. How many had he at first ? Prove by trial. 

238. A man bequeathed, by will, to his widow $250 and 
half the remainder of his property ; to his son a fifth of the 
residue and $525 more ; and the remainder, amounting to 
f 1375, to his daughter. What was the whole amount of the 
property ? Prove by trial. 
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239. A person being asked how many dollars he had, replied, 
if you add to them their third part and 176 more, and then 
multiply by 2|, the sum will as much exceed $1000 as it now 
&lls short of it. Prove by trial. 



CHAPTER V. 

PRACTICAL APPLICATION 

OF THE ELEMENTS OF ARITHMETIC BY MEANS OF RATIO AND 

PROPORTION. 



DEFINITIONS. 



I. Batio is the relation which one quantity has to another 
of the same kind, as expressed by the quotient of the one 
divided by the other. Thus, the ratio of 4 to 2 is | or 2, and 
the ratio of 5 to 6 is ^. A ratio is sometimes written 4 : 2, 
or 4-7-2. But the fractional form, as f , is the most convenient 
for arithmetical computations. The two numbers which con- 
stitute a ratio are called its terms. 

II. A ratio, like a common fraction, remains unchanged in 
value : (1) when both its terms are multiplied by the same 
number ; (2) when both terms are divided by the same num- 
ber ; (3) when the same proportional part of each is added to 
or subtracted from both. Thus, J^^, f J, |, J^Q^, f-, are merely 
different forms of the same ratio (all being equal to 2), although 
both terms in the second have been multiplied by 2, in the 
third divided by 3, in the fourth increased by Jth, in the fifth 
diminished by -Jth. 

III. Proportion is the equality of two ratios. Thus, J= 
^ is a proportion, both the ratios being 2. Although both 
terms of a ratio must relate to things of the same kind^ it is 
not necessarily so with the two ratios of a proportion. These 
may relate either to things of the same kind, or to things of 
difi'erent kinds. Thus, tibe proportions 
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horses, dollars, days. days. 

, 1= V-» and f ==V 

are both correct. 

IV. Proportion is used in the resolution of arithmetical 
problems in cases where (me of the ratios is incovriplete from 
one of its terms being unknown. This unknown term is rQ^dilj 
supplied by a mere change of form in the complete ratio ; that 
is, by changing its denomination to that of the incomplete one. 

Thus, in the proportion =-^, the unknown term is found to 

16 8 

be 8 by changing the complete ratio to 16ths. Again, in the 

9 
proportion _= , the unknown term is found to be 3, by . 

changing ^ to 4ths. 

V. Proportion is either simple or compound. It is simple 
when both ratios are simple ; compound when one of them is 
compound. Thus, the ratios ^1=^2-, form a simple, and f of 
J=^ a compound proportion. The latter may be more con- 
cisely written 3_5___4_^ gee p. 58, 1. 5 ; and 83, 1. 16. 

5 '9 12 

VI. In every problem in proportion there is an affirmation 
and a question. Thus, in the problem, " Bought 9 yards of 
cloth for £5 12*. ; what will be the cost of 72 yards ? " the 
affirmation is that "9 yards were bought for £5 12*.;'* and 
the question is, ** what will be the cost of 72 yards ? " The 
affirmation, however, is more commonly put in tho form of a 
supposition, as, ''If 9 yards cost £5 125." Again, in the 
problem, " If a man travel 90 miles in 3 days of 12 hours long, 
how far will he travel in 8 days of 10 hours long ? " the first 
clause, to the comma, is the affirmation ; the last clause, to tho 
note of interrogation, is the question. 

VII. The number belonging to the imperfect ratio may 
always be ascertained from the words asking the question. 
Thus, in the first of the above problems, it is " £5 12^.," since 
the question is *'What will be the cost?'' In the second 
problem it is " 90 miles," the question being, " Bow far will he 
travel ? " The arrangement of the terms of the perfect ratio 
depends on the answer to a question which should be put to 
every perfect ratio, and to every part of it if it be compound, 
namely, less or more ? that is, " What effect will the numbers 
in the perfect ratio produce on the unknown term ; increase or 
decrease it?" The larger term is placed above or below, 
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according to the reply. Thns, in the first of the following 
exercises, 5 is known to be the imperfect ratio from the ques- 
tion ** How many barrels ? " and, in order to know whether the 
$75 or $25 is the apper term of the perfect ratio, the question 
** How many barrels, less or more, for $75 ? " the reply, 
" More," shows that the larger number should be placed above, 
in order that the unknown number may be larger than 5. 
Again, in the fourth exercise below, 8 is known to be the 
imperfect ratio, because the question is '* in how many days ? " 
120 is placed above 70, because 70 men will take " more " days 
to build the wall than 120 ; 24 is placed above 80, because 24 
feet can be built in << less," time than 30 ; and 50 above 40, 
because 50 will take " more " than 40. 

VIII. In the resolution of problems, four cases occur : 

1. The lower term of the perfect ^atio may be a factor of 

3 
the number in the imperfect ratio, as hn j. Here the prob- 
lem is solved by multiplication alone, which, by changing | to 
j^, shows the unknown number to be 15. 

2. The lower term of the perfect ratio may be a multiple 

of that of the imperfect ratio, as q^oZ* Here the problem 

is solved by division alone, which, by changing ^4 to §, shows 
the unknown number to be 2. 

3. The lower term of the perfect ratio may be neither a 

multiple nor a factor of the imperfect ratio, as Tnr^^* Here 

both multiplication and division are required, namely, the num- 
ber in the imperfect ratio is first suj^ied by multiplication, 

thus, 77To'^7> ^^^ ^^^^ *^® lower term of the perfect ratio (7) 

f 4*10 55- 

is removed by division, thus, y;t7:=-I, giving 5^ for the un- 
known term. See these three cases exemplified, pp. 204 — 211. 

4. In compound proportion, the lower term of the perfect 

ratio may contain a factor, or a multiplier, or both, of the im- 

6*3 
perfect ratio, as oT^^on- Here, a practised eye would detect 

a factor in 4, and a multiple in 9 ; and, therefore, in trans- 
ferring the ratio to the slate for solution, would have divided 

2*6 
the 5 by 3, and multiplied the | by 2, making -gTg, showing at 

25 
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a glance that the unknown nnmber was 12. Agaio, if the 

proportion ^= ,r ^ , were given, observing the 5 and the 4 in 

15*8, a change might be made in transferring the perfect ratio 

11*3 . 2*2 . 4 '6 

to the slate, writing _1 — , or, still better, ^^j in place of tTTu* 

which would show at a glance that the unknown number was 4. 
As there is a greater variety of factors and multiples in com- 
pound than in simple proportion, cases in the former are fre- 
quently more easily solved than in the latter, as will presently 
more distinctly appear. 

Questions to be put by the teacher, — What is a ratio ? Give 
an example. Show the different forms in which a ratio may 
be expressed. What does the character placed between the 
terms of a ratio signify^ Do the numbers of a ratio always 
relate to things of the same kind ? What operations may be 
performed on a ratio without changing its value ? What is 
proportion ? Must both ratios of a proportion relate to things 
of the same kind ? Must they always relate to things of dif- 
ferent kinds ? In what cases is proportion used in arithmetic ? 
How may the unknown term be found ? How many kinds of 
proportion are there ? How is simple, distinguished from com- 
pound, proportion ? How many kinds of problems are there in 
proportion ? What is the first ? Arts, When the lower term 
of the imperfect ratio is, &c. How are problems of this kind 
solved ? What is the second ? How is this kind solved ? 
The third ? How solved ? The fourth ? How solved ? Try 
to give an instance of the 4th kind, with a multiple and factor 
of the imperfect ratio in the lower term of the perfect ratio. 

Exemplificdtions for the Black-board. 

1. If 5 barrels of flour can be bought for $25, how many 
barrels can be bought for $75 ? 

Barrels. $ 

Statement. 5=25 -^^- ^^^ 

Suggestive Questions, — What do we want to know ? Arts, 

How many ? Then the imperfect ratio consists of barrels, 

namely, 5. What is the perfect ratio ? 25 and 75 dollars. 
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Will the namber of barrels be " less or He^ " than 5 ? In 
what order, then, should the 75 and 25 be placed in the perfect 
ratio ? How can the perfect ratio be changed to 5ths ? To 
what case does this question belong ? 

2. If 3 men can build a wall in 12 days, in what time can 
4 men build it ? 

TSme. Men. 

3 

Statement Tn=T Atu, 9. 

Suggestive Questions. — ^What are ' the 3 words asking the 
question ? To what, then, does the imperfect ratio relate ? 
To what does the perfect ratio relate ? Will 4 men take " less 
Qr MORE " time ? In what order, then, should the terms of the 
perfect ratio be placed ? How can the perfect ratio be dianged 
to 12ths ? To what case does the question belong ? 

3. If 8 oz. of silver are worth $9, what are 3 oz. worth ? 

% 08. 

Statement, q=o. Change to g^^gla* -^^^» ^^f* 

Suggestive Questions, — What words ask the question? 
Should the answer be in money or in ounces ? Will the 3 oz. 
be worth << less or moeb " than the 8 oz. ? In what order, 
then, should the terms of the perfect ratio be placed ? How 
shall the perfect ratio, |, be changed to 9ths ? To what case 
does this question belong ? 

4. If 120 men can build a wall SO feet high, and 40 feet 
long, in 8 days, in how many days can 70 men build a wall 24 
feet high, and 50 feet long, the breadth in both cases being the 
same ? 

Statement in full. Abbreviated. 

_ 120-24*50 _ 12*4*10 . .„, 

8 70 •30-40 8"" 7 •5* 8 ^^' ^'^*' 

Suggestive Questions, — What is the question here ? Time. 
What number, then, forms the imperfect ratio? Does the 
answer depend on the number of men, or on the height of the 
wall, or on its length, or on all these circumstances taken 
together ? Is this a simple or a compound proportion, then ? 
How was the first part of the perfect ratio abbreviated ? Ans. 
By dividing both terms by — . How was the second? the 
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third ? Why was. the third divided by 5 rather than by 10? 
How was the abbreviated statement changed to the simple ratio 
of 8ths? Ans. By dividing by — and — , or rather by their 
product. To what case does this question belong ? 

Exercises for the Slate or Black-board. 

5. At $54 for 9 barrels of flour, how many barrels may be 
purchased for $186 ? Ans. 31 barrels. 

Suggestive Questions. — Does the imperfect ratio relate to 
barrels or money ? Will the number of barrels be " less or 
MORS than 9 ? Which term, then, of the perfect ratio should 
be placed above ? Make the statement, and then give the 
luiswer by inspection. 

6. A house was built in a year by 20 workmen, but, being 
totally destroyed by fire, it was necessary that it should be 
rebuilt in 5 months. How many workmen must be employed, 
LESS or MORE ? Make the statement, and then give the answer 
by inspection. 

7. If a house can be built by 48 workmen in 5 months, how 
long a time would be necessary for 20 workmen to b.uild such 
another ? 

8. If 60 lbs. at Boston make 56 lbs. at Amsterdam, how 
many lbs. at Boston will be equal to 350 at Amsterdam ? Add 
Y^th to perfect ratio. Why ? 

9. If 375 lbs. at Boston make 350 lbs. at Amsterdam, how 
many lbs. at Amsterdam would make 60 lbs. at Boston ? De- 
duct i^th from each term of the perfect ratio. Why ? 

10. If 95 lbs. Flemish make 100 lbs. American, how many 
American lbs. are equal to 550 lbs. Flemish ? Add VWth. 
Why? 

11. If it take 578|| lbs. American to make 550 lbs. Flem- 
ish, how many lbs. American will make 95 lbs. Flemish ? 

12. How many yards of matting, 2 ft. 6 inches broad, will 
cover a floor 27 ft. long and 20 feet wide ? In stating, double 
the perfect ratio. Why ? 

13. If it take 72 yards of matting, 2 ft. 6 in. broad, to 
cover a room 27 feet long, what is the width of the room ? 

14. If 24 yards at Boston make 16 ells at Paris, how many 
ells at Paris will make 129 yards at Boston ? Make the state- 
ment without changing the figures in the ratio, and ascertain 
the answer by inspection. 
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15. How many ells at Paris will make 24 yards at Boston, 
if 129 yards at Boston make 86 ells at Paris ? 

16. How many yards of cloth, 3 qrs. wide, are equal in 
measure to 30 yds., 6 qrs. wide ? Ascertain the answer by 
inspection without any statement. 

17. What is the width of a piece of cloth, 50 yards long, 
equal in measurement to 30 yards, 5 qrs. wide ? 

18. If 30 men can perform a piece of work in 11 days, 
how many men can accomplish a piece of work of the same 
kind, 4 times as large, and in -^ part of the time ? 1. In stating, 
multiply the time by 5 (Why ?), then ascertain the answer by 
inspection. 2. Ascertain the answer without statement. 

19. A wall that is to be built to the height of 27 feet, was 
raised 9 feet by 12 men in 6 days. How many men must be 
employed to finish the wall in 4 days, at the same rate of work- 
ing? How many feet in height remain to be done? In 
stating, divide the ratio of the height by 3 (why not by 9 ?), 
and ascertain the answer by inspection. 

20. If 18 feet of a wall was built by 36 men in 4 days, 
how many days will 12 men take to finish it to the height of 
27 feet ? 

21. A borrowed of his friend B $250 for 7 months, promis- 
ing to do him the like kindness. Some time after, B had 
occasion for $300. How long may he keep it to receive full 
amends for the favor ? Longer or shorter ? How do you 
ascertain the answer to be ^ of 7 by inspection, without any 
statement ? 

22. If 6 pairs of gloves cost $7, what will be the cost of 
50 pairs ? What proportional part must be added to the per- 
fect ratio ? Get the answer without statement. Ans, $58|. 

23. If 6 men build a wall 20 feet long, 6 feet high, and 4 
feet thick, in 16 days, in what time will 24 men build one 200 
feet long, 8 feet high, and 6 feet thick ? How often is the fac- 
tor 2 repeated in the imperfect ratio ? In writing the state- 
ment, then, preserve as many 2s in the consequent of the per- 
fect ratio, endeavoring to dispense with as many of the other 
factors as may be. If properly stated, the answer will appear 
at a very slight inspection. If it does not, try to state in 
another form. 

24. If 24 men can build a wall 200 feet long, 8 feet high, 
and 6 feet thick, in 80 days, how. many men .will be required 

25* 
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to build ooe 20 feet long, 6 feet high, and 4 feet thick, in 16 
days? 

25. How many men may be hired for 16 days for $103*04, 
if the wages of 4 men for 3 days be $11*04? State, and 
divide by 44*16. Why ? 

26. If the wages of 7 men for 16 days amount to $103*04, 
how many days will 4 men work for $11*04 at the same rate? 
State, and divide by 25*76. Why ? 

27. If 8 men mow 36 acres of grass in 9 days, by working 
9 hours each day, how many men will be required to mow 48 
acres in 12 days, by working 12 hours each day ? If each 
part of the perfect ratio be written in its lowest terms, the 
answer can be found by inspection. 

28. If 6 men can mow 48 acres in 12 days, working 12 
hours a day, how many acres can 8 men mow in 9 days, work- 
ing 9 hours a day ? 

29. If 10 cows eat 12 tons of hay in 9 weeks, how many 
cows will eat 56 tons in 21 weeks? State in lowest terms, and 
find the answer by inspection. 

30. If 20 cows eat 56 tons of hay in 21 weeks, how long 
will 12 tons last 10 cows at the same rate ? Write the perfect 
ratio in lowest terms, and increase it one half. Why ? 

31. If 4 cows eat 4| tons of hay in 8| weeks, how many 
cows will eat 9^ tons in 4J weeks ? In stating, multiply the 
first part of the perfect ratio by 5, the latter part by 3 ? 
Why? 

32. If 16 cows eat 9f tons of hay in 4 J weeks, how long 
will 4| tons last 4 cows ? 

33. If I of a bushel of wheat cost $||, how much may be 
bought for $1? To what does the imperfect ratio relate? 
How much of wheat ? 



=I?-^= — ^=_ll. Ans, 44 of a bushel. 



Suggestive Qtiestums, — Whence comes this ^| in the first 
form of the perfect ratio ? By what number is the second 
multiplied ? Whence comes the ff in the third ? The Jf of 
the answer? IT'The first and second form of the peHect 
ratio are superfluous, except to a mere beginner. Solve the 
question three times ; J-st^ as above ; 2d, by omitting the first 
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form of the perfect ratio ; 8d, omittiDg the first two forms ; 
that is, performing them mentallj. 

34. If £f purchase 24 doz. steel pens, what will f of a 
penny purchase ? Whence comes the i|^ ? 



f '288 y^^-l-288 
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35. If 7 times J of | of an estate be worth $15,000, what 
is f of f of it worth ? The perfect ratio is -^^ by a mental 
process. Try it. Ans, $6123jf . 

36. Bought § of a yard of cloth for $1 J. What will | of 
a yard cost at the same rate ? State the imperfect ratio in 
the form of an improper fraction, and find the answer $2| by 
inspection. 

37. If I of a yard of cloth cost $|^, what will f of a yard 
cost? 



= »_I. Ans. $^f by inspection. 



S 3* 5 
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38. If f yd. cost $J, what will 27 1 yds. cost ? 

39. If 27} yards of cloth cost $40^1, what will f yd. cost ? 

40. A merchant, owning f of a vessel, sold } of his share 
for $750. How much of the vessel did he own, and what was 
the value of the whole vessel at that rate ? Value, $3000. 

41. The purchaser mentioned in the last exercise sold | of 
his share for $200. How much did he gain by the sale ? 

Am. $12*50. 

42. A man bought f of a barrel of flour, and sold ^ of it 
to one of his neighbors at the same rate for $1*12^. What 
would a barrel come to at that rate ? 

43. When flour is $6 a barrel, what is the value of J of | 
of a barrel ^ 

44. If ^ of f of a yard of cloth cost $1^, what will § of 
f yd. cost ? 

45. If § of f of a yard of cloth cost $2*40, what will f 
of I yd. cost ? . 

46. If a train of cars move at the rate of 20 miles an houTi 
what portion of a mile do they travel in a second of time ? 

47. If a train of cars move uniformly Yiif o^ ^ ^^ P®' 
second, what is their rate per hour ? 
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48. What wonld a pile of buildiBg stone cost, measaring 30 
feet long, 26 feet broad, and 4J feet high, at $1*25 per perch 
of 16 J feet long, 1 foot high, and IJ feet broad? Use no 
fractions in the perfect ratio. 

49. A pile of building stone, measuring 30 feet long, 26 
feet broad, and 4 J feet high, was sold for S177y\ ; how much is 
that per perch of 16| feet long, 1 foot high, and 1| feet broad ? 

50. How many cords of wood are contained in a pile 200 
feet long, 10 feet high, and 36 feet broad ? The imperfect 
ratio here is 1. Ans. 562| cords. 

51. A justice of the peace has an income of $1500 per 
annum, and the perquisites of his office average $7 per week. 
How much will he save per annum, if his expenses average 
$15 per week, counting 52 weeks to the year ? Imperfect 
ratio, 8. Why ? Solve this first by the aid of a statement ; 
afterwards mentally, without the use of a slate or black-board. 

52. The perquisites of the office of a justice of the peace 
are found to average $7 per week. His expenses average $15 
per week, and yet he finds his savings at the end of each year 
of 52 weeks to amount to $1084. What must be the amount 
of his annual income from other sources ? 

53. A contractor employed 400 workmen on a railroad for 
4 weeks, paying them a ration of provisions every day, and 50 
cents per toorking'dsLj ; that is, for 6 days in the week. At 
the end of the 4 weeks, he employed 200 additional hands at 
the same rate. The work was finished at the close of 12 weeks 
from its commencement. What was the whole expense, sup- 
posing the rations to cost 25 cents each ? The rations and 
daily pay should be calculated separately. Why ? 

Ans. $44,800. 

54. Another railroad contractor employed 360 workmen for 
12 \^eeks, and paid 85 cents per day, without rations ; but, 
owing to rainy days and sickness, it was found that they only 
worked 18 days in four weeks on an average. How much had 
he to pay ? Am, $16,524. 

55. A man left by will | of his estate to his widow, | of 
the remainder to a son, and the rest, amounting to $100, to his 
daughter. How much did he leave in all ? iSis may be done 
mentally. Am, $1600. 

56. If I of a pole stands in the mud, 3 feet in the water, 
and i of its length above the water, what is the length of the 
pole? Am. 8 feet. 
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Interest^ Discount y Commigsiem, iTuuraTtce^ and Percentage 

generally, 

DEFINITIONS. 

I. Interest is the sam of money given for the loan or use of 
another sum of money. 

n. Three elements enter into all calculations of interest, 
namely : the priTtcipal, or money lent ; the interest paid for the 
use of the principal, sometimes called icse ; and the time for 
which the principal is lent. 

III. The interest will evidently be proportional to the time ; 
for, whatever interest is paid for the use of $100 for one year, 
twice that interest will be required for the use of the same sum 
for two years, and half that interest for half a year. The 
interest is also proportional to the principal ; since, if $6 be 
required, for the use of $100 for any given time, $3 will evi- 
dently be required for the use of $50, and $12 for the use of 
$200 for the same time. 

lY. The whole sum paid back to the lender, which of course 
includes both principal and interest, is called the ammmt, 

V. In questions of interest, the Latin terms per cent, and per 
annum are very frequently used. The former means ^br a hun- 
dred ; the latter, for a year. Thus, "at $6 per cent, per 
annum," means *' at $6 for a hundred for a year." Sometimes 
one, at other times both these terms are omitted. But they 
must never be left out of the calculation. The interest paid 
per cent,, or for a hundred, is irequently called the rate. 

YI. Interest is either simple or compound. Simple interest 
is that which is reckoned and allowed upon the principal only 
during the whole time of the loan ; but compouTui interest is 
reckoned, not only on the principal, or sum lent, but also on the 
interest, if it remains unpaid after it becomes due. Thus, 
reckoning by simple interest, if $6 be the interest of any sum 
for one year, $12 will be the interest for two years ; whereas 
by compound interest it will h,e $12*86 ; for, in the former 
case, the same interest is charged in both years, whereas, in the 
latter, the interest is charged on $100 the first year, and on 
$106 (the amount of principal and unpaid interest) the second 
year. In order to discourage protracted settlements, the law 
does not allow compound interest on money lent ; yet, in pur- 
chasing annuities, reversions, leases, &c., it is always allowed. 

YII. In calculating interest, a month is reckoned as 80 days, 
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unless the name of the month is specified; and a year is 
reckoned as 360 days. 

VIII. A Tuote is a wrkten promise to pay a certain sum of 
money, or its value in goods, on demand (that is, when de- 
manded), or at some future day mentioned. Hence all notes 
are called promissory notes. Some notes are drawn payable 
to bearer. But a negotiable note is one payable to some per- 
son, or order, IndorseTnerit on a note means writing on the 
back of it. Indorsements are of two kinds : 1. When a per- 
son to whose order a negotiable note is made payable writes 
his name on ite back, he becomes responsible for its payment, 
if properly notified that it is due and unpaid. 2. Indorse- 
ments are also records of partial payments of principal or 
interest on a note, written on the back of it. The sum or debt 
for which a note is given is called the principal, or face of the 
9iote ; the person who gives it is called the signer, or drawer ; 
and, when the note is indorsed by the person in whose favor it 
is drawn, the signer is called the principal, because the holder 
must first look to him for payment ; the person indorsing it is 
called the indorser, and the person to whom it is indorsed when 
sold, the indorsee, or assignee, 

IX. Discount is a deduction made on the payment of a debt 
before it becomes due. It only differs from interest by being 
deducted from the principal, whereas interest is a^dded to it. 
In some of the states, banks and private individuals lend 
money on notes, by advancing the full amount of the note to 
the borrower, and charging interest thereon. In other states, 
it is customary to discount notes; that is, to advance the 
amount of the note, less the discount, and to charge no interest. 
The difference between the two methods will be best exhibited 
by an example. In the former case, the borrower draws a 
note, say for $100, payable with interest at 6 per cent, in one 
year. For this he receives $100, and at the end of the year 
pays $106. In the latter case, the note says nothing of 
interest ; the borrower receives $94, and pays $100 at the end 
of the year. Thus, the one pays an interest of $6 for the use 
of $100 for a year, and the other pays a discount of $6 for 
the use of $94 for a year, making a difference of jf of 1 per 
cent. 

Present tvorth of any sum implies that it is payable at a 
future time without interest. The present worth, then, is such 
a sum as would at interest amount to the debt wh«n due. Thus, 
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the present worth of $106, due a year hence, is $100 ; because 
$100 at interest for that time amounts to $106. 

Commission is an allowance for buying or selling goods for 
another person, generally so much per cent, as may be agreed 
on. 

Profit or loss on the purchase or sale of any kind of prop- 
erty, is also frequently reckoned at so much per cent. 

Questions by the teacher, — What is interest ? How many 
elements enter into all calculations of interest ? Name them. 
What is the principal ? The interest ? The amount ? What 
is the meaning of per cent. ? of per annum f Are these 
terms ever omitted ? Can they be omitted in the calculation ? 
State the difference between simple and compound interest. 
How many days are reckoned to a month when no particular 
month is specified ? How many days to a year ? 

Exercises for the Slate or Black-board, 

1. What is the interest of $400 for 6 years, at 5 per cent, 
per annum ? 

Ans. $120, by inspection. 

5 100-1 "^ » J' i' 

Suggestive Questions. — What four words ask the question ? 
What, then, is the imperfect ratio ? What is the ratio of the 
principals ? How is the 100 expressed in the question ? Why 
is $400 placed above in the perfect ratio ? What is the ratio 
of time ? How is one year expressed in the question ? Why 
is 6 years placed above ? 

2. In what time will the interest of $400 come to $120, 

at 5 per cent. ? 

100-120 . « k • « X- 

Ans. 6 years, by inspection. 

1""400« 5 J y J t 

Suggestive Questions. — What three words ask the question? 
What, then, is the imperfect ratio ? Where do you find the 1 
year in the question ? How are the two principals expressed 
in the question ? Will it take less or more time for $400 than 
for $100 to produce $120 of interest ? Should the larger or 
smaller principal, then, be placed above ? Of what numbers 
does the ratio of the interest consist ? Why should the larger 
number be placed above ? 
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3. What pritioipal will produce $120 in 6 years, at 5 per 
cent, per annum ? 

Ans, $400, by inspection. 



100^ 5 • 6 



Suggestive Questions. — ^What two words ask the question ? 
In what two words is the given principal expressed ? What 
two sums of interest are given ? Why is the larger placed 
above ? How are the two numbers forming the ratio of time 
expressed ? Why is the smaller placed above ? 

4. What will be the amount of $400 in 6 years at 5 per 
cent. ? 

400*6 

Ans, Interest $120, amount $520, by inspection. 



6 100-1 

Suggestive Questions. — What is meant by "amount"? 
How, then, can the amount be found ? 

5. What is the interest of $54 for 4 months, at 6 per 
cent, per annum ? 

54 * 4 <54*2 
"^ = 100*12 ^^ "T^ ^^' ^'^'^^' ^^ inspection. 

Suggestive Questions. — How is the 12 in the perfect ratio 
expressed in the question ? In the abbreviated perfect ratio, 
why is the ratio of the months expressed by f rather than by 
J ? (See the imperfect ratio.) 

6. What is the interest of $36 for 7 months, at 6 per 
cent, per annum ? 

—=-- — -- Ans. $1*26, by mspection. 

Suggestive Questions. — The first part of the perfect ratio, 
*-3[&, is the ratio of the principals. By what number is it 
divided ? By what number is the remaining part of the per- 
fect ratio, i. e., the ratio of the months, divided ? 

7. What is the interest of $240 for 12 days, at 6 per 
cent. ? 

240 '12 2*4-*2 
-6-=100^360'^' T^ '*'"• '^^' ^^ inspection. 
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Suggestive Questions.' — How is the first part of the perfect 
ratio abbreviated ? How is the second part ? Is the 360 in 
the perfect ratio expressed or understood in the question ? 

NoTB. The first or complete form of the perfect ratio should 
be dispensed with as soon as possible, passing at once to the 
abridged form by a mental process. 

8. What is the interest of $54 for 37 days, at 6 per 

cent. ? '54«3*7 

— = 1 ^ Q^ ^^^* 3^ cents, by inspection. 

Suggestive Qwes^ioTW.— Whence comes 36 in the perfect 
ratio ? Why is the 54 changed to '54 ? the 37 to 3*7 ? The 
answer is the product of '09 and 3'7 ; whence comes the '09 ? 

9. What is the interest of $48 for 25 days, at 7 per 
cent. ? 

'48*2'5 '0H-2'5*7 . ^^, , . . 
-y= ^^^^ = — .7 ^ Ans. 23 j^ cents, by mspection. 

Suggestive QuestumSi — ^Whence comes '01^ in the second 
form of the perfect ratio 1 (Examine it in connection with 
the first form.) Why are both terms multiplied by 7 ? 

10. What is the interest of $350 for 3 years, 4 months, 
and 6 days, at 5 per cent. ? The time may be considered as 
1206 days, or as 3f ^ years (Why ?), or as 3 years and 126 
days, or as stated above. In the two latter use separate cal- 
culations for the different periods. Perform the calculation in 
each of the four different methods. A slate or black-board 
will be necessary, as the question cannot readily be solved by 
inspection. Ans, $58'62^. 

11. What is the interest of $75 for 5 months and 17 days, 
at 7 per cent.? Bring the time into days for first calculation, 
and prove by calculating for months and days separately. 

Ans. $2*435+. 

12. Calculate the interest of the following sums, at 6 per 
cent, per annum. 



$100 for 60 days 
50 fiar 30 «' 
25 for 90 " 
27'50 for 75 " 
72'75 for 25 « 



Carried over, $2*271 
26 



Brought over, $2*271 
$36 for 2 years ... 
75 for 18 months . . 
32 for 3 
27 for 4 
89 for li 



i( 



«< 



Total, $15*0285 
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13. A merchant in New York, who allowed his castomers a 
credit of three months, charging interest at the end of that 
period, until paid, at 6 per cent, per annum, found the follow- 
ing unpaid charges on his books on the first day of January, 
1853, viz. 

Interest. Amount. 

Against A, $500 Feb. 1, 1852. 

B, $260 Feb. 14, 
" C, $380 June 1, 

D, $137*50 July 1, 
«« E, $550 Aug. 1, 
« F, $225 Sept. 15, 

$2052*50 IM5*47i $2097*97* 

Calculate the interest and several amounts due by the debtors 
on said first of January, allowing half a month for the latter 
halves of Feb. and Sept. 

14. What is the amount of $500 for 1 year and 6 months, 
at 6 per cent. ? 

15. What sum will amount to $545 in 1 year and 6 months, 
at 6 per cent. ? 

16. At what rate per cent, will $500 amount to $545 in 1 
year and 6 months ? 

17. In what time will $500 amount to $545, at 6 per cent, 
per annum ? 

1 8. What is the interest of £20 15;. 6^. for 3 months, at 5 
per cent. [Bring shillings and pence to decimal of a pound. 
See p. 242.] 

19. At what rate per cent, will £20 15*. 6d, amount to 
£21 0*. 8^^. in 3 months ? 

20. What is the amount of £20 in 2 years and 6 months, at 
6 per cent, per annum ? 

21. In what time will £20 amount to £23, at 6 per cent. ? 

22. What is the interest of £540 7*. 6(i. for 1 year, at 5 
per cent. ? 

23. If £540 75. 6c?. amount to £567 7«. 10^^. in 1 year, 
what is the rate per cent. ? 

24. Find the interest of £25 8*. 4d. at 6 per cent, for 7 
months and 20 days. 

25. If the interest of £25 8*. 4d. be 195. 5f^?. at 6 per 
cent., what is the time ? 



it 
• 
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26. What is the interest of £100 for a month, at 5 per 
cent, per annum ? 

27. What principal will amount to £100 8*. 4rf. in a month, 
at 5 per cent. ? 

28. Calculate the amount due on the following note, on the 
first day of January, 1853. 

$100. Burlington, Vt., March 1, 1852. 

On demand I promise to pay to the order of Jonathan 
Wheeler, one hundred dollars, with interest at 6 per cent, per 
annum, for value received. Tobias Cheney. 

The following indorsements were on the above note : May 1, 
1852, paid $20. Aug. 1, 1852, paid $30. Ans. $53*45. 

OCT* Various rules have been established by different courts 
of law to prevent the compounding of interest where partial 
payments are made on notes. Probably, the most simple and 
exactly correct one is the following : *^ Find the amount of the 
note from the time it first began to bear interest till its final 
settlement ; then find the amount of each several payment at 
the date of settlement, and subtract their sum from the amount 
of the note. The balance will show how much is due on the 
day of settlement." 

29. Find the amount due on each of the following notes on 
the 1st day of January, 1853, after deducting the amount of 
partial payments agreeably to the above rule, and then find 
the sum of the whole. 

S500. Boston, Jan. 1, 1849. 

For value received, I promise to pay to John Smith, or order, 
on demand, five hundred dollars, with interest at 6 per cent. 

A. B. 

Indorsements: Jan. 1, 1850, received one hundred and 
twenty-five dollars. Jan. 1, 1851, received two hundred dol- 
lars. Jan. 1, 1852, received one hundred and fifty dollars. 

$125. Boston, March 3, 1852. 

I promise to pay on demand to the order of John Smith, 
one hundred and twenty-five dollars, with interest at 6 per 
cent., for value received. C. I). 

Indorsements : June 14, 1852, received forty dollars. Oct. 
1, 1852, received twenty-five dollars. 
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$352. Boston, April 1, 1852. 

We promise to pay on demand to the order of John Smith, 
three hundred and fifty-two dollars, with interest at 6 per cent., 
for value received. E. F. & Co. 

Indorsements : May 1, 1852, received one hundred dollars. 
May 15, 1852, received fifty dollars, Oct. 1, 1852, received 
twenty dollars. 

$750. Boston, Feb. 14, 1852. 

On demand I promise to pay to John Smith or order, seven 
hundred and fifty dollars, with interest at 6 per cent., for value 
received. G. H. 

Indorsements, July 4, 1852, received two hundred dollars. 
Sept. 1, 1852, received three hundred dollars. 

$150. Boston, Jan. 1, 1852. 

On demand I promise to pay to John Smith or order, one 
hundred and fifty dollars, with interest at 6 per cent., for value 
received. J. K. 

Indorsement : May 1, 1852, received fifty dollars. 

$250. ^ Boston, May 4, 1852. 

On demand, I promise to pay to the order of John Smith, 
two hundred and fifty dollars, with interest, at 6 per cent., for 
value received. L. M. 

Indorsements: Oct. 1, 1852, received thirty-seven dollars 
and fifty cents. Nov. 1, 1852, received twenty-five dollars. 

Total amount of the above six notes, $926*736. 

30. What is the discount on a note for $500, drawn this 
day, payable 60 days after date, at 6 per cent, per annum ? 

[C7* Three days of grace are allowed by law for the pay- 
ment of notes ; that is, a note drawn at 60 days is not con- 
sidered payable for 63 days, and banks charge discount for 
one day more ; that is, they charge for the day on which the 
note is payable as well as for that on which it is drawn. 

31. How much does a bank allow for a note for $200, pay- 
able in 60 days, at 6 per cent. ? Ans, $197*86. 

32. How much is the bank discount for a note of $650, 
payable in 90 days, at 6 per cent. ? Ans, $10*18. 

33. A note for $2500 was discounted in bank at 6 per cent, 
payable in 90 days with grace. How much money did the 
owner receive for it ? Ans. $24Q0*83. 

34. Find the interest of $240 for 5 years, at 4^ per cent. 
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35. In what time will 8240 amount to S294 at 4^ per cent, 
per annum ? 

86. At what rate will $240 amount to 8294 in 5 years ? 

87. What sum of money will amount to 8294 in 5 years, 
at 4j- per cent, per annum ? 

88. A father, at the birth of his son, lent a brother 8100, 
to be paid to his boy with simple interest at 6 per cent., on the 
boy's attaining his majority. * What would be the amount ? 

89. What sum would amount to 8226 in 21 years, at 6 per 
cent, per annum ? 

40. What is the interest of 125 francs for a year, at 4^ per 
cent, per annum ? 

41. In what time will 125 francs amount to 130g francs, 
at 4^ per cent, per annum ? 

42. What is the interest of 225 ducats for 6 months, at 4 
per cent, per annum ? 

48. At what rate per cent, will 225 ducats amount to 229^ 
ducats in 6 months ? 

44. Sold to John Thomas the following goods at cash prices, 
under an agreement that he is to pay interest on all sums due 
from the delivery of the goods until paid, viz., Jan. 1, $1275 ; 
March 1, he paid $600, and bought $100 worth of goods; 
April 1, he paid $500 ; May 1, he paid 81000, and bought to 
the amount of $800; July 1, he paid $400; Sept. 1, he 
bought goods amounting to $1500, and paid $800. On the 
first day of January following he called to settle. How much 
was then due, charging interest at 6 per cent. ? Ans, $898. 

45. In how many years will a sum of money double itself 
(that is, 8100 produce $100 of interest), at 6 per cent, per 
annum ? Ans. 16§ years. 

46. A commission merchant sold goods to the amount of 
S5650, for which he charged a commission of 2j- per cent. 
What was the amount of his profit oi^ the sale ? 

5650 

2i ■" 100 Ans. $141*25. 

47. How much is the commission of $725, at 3 per cent. ? 

48. What amount of goods must be sold to produce a com- 
mission of $21*75 at 8 per cent. ? 

49. How much per cent, does a commission merchant charge, 
if his commission amounts to 821'75 on 8725 ? 

50. A lady, who had $860 in a savings-bank wi^ed to draw 

26* 
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out 5 per cent, of her deposit. What would be the amonnt of 
her draft? 

51. If 5 per cent, of a deposit in a savings-bank was $18, 
what was the whole amount ? 

52. A lady, who had $360 in a savings-bank, drew oat $18. 
How much was that per cent. ? 

53. What is ^ per cent, of $963 ? 

54. $64*20 is how much per cent, of $963 ? 

55. $64*20 is ^ per cent, of how much? 

56. How much is 15 per cent, of $730*24 ? 

57. $109*536 is how much per cent, of $730*24 ? 

58. $109*536 is 15 per cent, of how much ? 

59. A man insured some property in a mutual insurance 
office to the amount of $6000, for which he gave a note for 4 
per cent, of the amount insured. What was the amount of the 
note ? 

60. A man insured his property for 4 per cent., for which he 
gave a note for $240. What was the amount insured ? 

61. If the insurance on my household &rniture, at f of 1 
per cent, for a year^ amounts to $5*62^, what is the furniture 
valued at ? 

62. How much is the annual insurance on my household 
furniture, valued at $1500, at | of 1 per cent, per annum ? 

63. How much is the annual insurance on property to ilie 
amount of $7500 at ^ of 1 per cent, per annum ? 

64. How much property would be covered by an insurance 
for which $37*50 was paid, at the rate of ^ of 1 per cent. ? 

65. A merchant failing, found that he owed $40,000, and 
that he had goods to the value of $10,000, a house valued at 
$4000, cash $2500, and good debts $3500. How much per 
cent, could he pay to his creditors ? 

66. On taking an account of his property a merchant found 
it amounted to $20,000, which was only 50 per cent, of what 
he owed. How much did he owe ? 

67. A bankrupt owes A $204*50, B $65, C $150, D 
$427*50, E $1500, and numerous small debts to the amount of 
$1653. His whole property only amounted to $3000, which 
was distrilmted among his creditors in proportion to their 
demands. How much per cent, did he pay, and how much did 
each creditor receive ? 

68. The estate of a bankrupt; when divided among his 
creditors, amounted to 75 per cent, of their demands, which 
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amounted in the whole to $4000. How much did the estate 
prove to be worth ? 

69. A fanner in Vermont insured his property in a mutual 
insurance company, as follows, viz., on his dwelling-house and 
woodshed attached $2000 ; on household furniture and clothing 
therein $350 ; plate and books $50 ; provisions and produce 
in his house $80 ; piano-forte $150 ; new barn and shed $200; 
produce therein $150 ; old bam and cider-house $90 ; produce 
and cider-mill in same $60 ; corn-bam $30 ; produce therein 
$50 ; farm-house and woodshed $200. To effect this insurance 
the farmer gave a note without interest at the rate of 4| per 
eent. on the amount insured, and paid 8 per cent, of the 
amount of the note in cash, together with 50 cents for the 
policy. Three years afterwards he was called on for an assess- 
ment of 4 per cent, on the face of the note (without reference 
to what had been paid). Three months afterwards the whole 
property was destroyed by fire, and the farmer was paid the 
full amount for which it was insured. How much did he save 
by effecting this insurance, allowing interest at 6 per cent, per 
annum on his payments ? Am, $3397*68. 

70. I bought 10 shares of stock, at $50 per share, for 
which I paid 6 per cent, advance ($53 per share). After- 
wards the stock fell to 10 per cent, beiow par. How much did 
I lose by the fall ? Am. $80. 

71. A man subscribed for 50 shares of bank stock, at $50 
per share. He sold half of them at 6 per cent, advance, and 
some time afterwards sold the rest at 10 per cent, below par. 
Did he lose or gain by the transaction, and how much? 

Am. He lost $50. 

72. A merchant bought goods to the amount of $3500, 
and sold them at a profit of 15 per cent. What was his whole 
gain ? 

73. Upon the sale of goods to the amount of $3500, 
a merchant made a profit of $525. How much did he gain 
per cent. ? 

74. A merchant purchased 150 barrels of flour at $5 per 
barrel, and paid 25 cents a barrel for transportation. An 
accident happened to the flour, which caused him to lose 5 per 
cent, on the transaction. What was the amount of his loss ? 

75. A dealer in flour sold 150 barrels for $748*12^, by 
which he lost $39*37^. How much did he lose per c&nt. ? 

76. A flour dealer bou^t in one day the following lots of 
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flour : 25 barrela at $5^; 50 at $5^ ; 90 at $5 ; 100 at $4^ ; 
400 at $5. His store rent was $10 per week; clerk hire, $12 
per week ; insurance on his flour at the rate of -3^ of 1 per 
cent, per week. What price per barrel will cover all expenses^ 
and afford 10 per cent, profit on the outlay, if sold within the 
week? Ans. $5*54+. 

77. A tax of $2000 is assessed upon a certain town, of 
which $400 is raised by poll-tax, that is, by a tax raised on 
the citizens by the head, without regard to property, and the 
remainder on the inhabitants, in proportion to the amount of 
their real and personal property. The number of taxable citi- 
zens is 800, and the whole amount of taxable property in the 
town is valued at $400,000. How much is the tax per cent, 
on the property, and what has a farmer to pay on 2 polls in 
his family, and property to the amount of $1500 ? 

Am. f of 1 per cent, and taxes $7. 



SHORT PROCESSES FOR THE CALCULATION OF SIMPLE 

INTEREST. 

I. Whe7i the interest is for one or more years. 

Exemplification for the Black-board. 

1. What is the interest of $56 for 2 years, at 6 per cent, 
per annum ? 

56 * 2 _ 56 * 2>6 _ »56>2>6 

6 "100'1"~100'1*6"" 6"" 

Suggestive Questions. — ^What does 56 represent in the sec- 
ond perfect ratio ? What part of the principal do you find in 
the third perfect ratio ? What does the 2 represent ? the 
6 ? By what, then, must the hundredth part of the principal 
be multiplied to give the interest for any number of years ? 
Form a rule, then, to find interest for one or more years : 

Multiply the — part of the — by tiie — and the — , or by 
their product. 

Exercises for the Slate or Black-board. 

1. Find the interest of $24 for 6 years at 5 per cent., by 
inspection, without any statement Ans. $7*20. 
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' 2. Find the interest of $64 for 7 years at 6 per cent., by 
inspection, without statement. Ans, $26^88. 

3. Interest of $345 for 3 years at 5 per cent., by inspection, 
without statement. ^ Ans. $51*75. 

II. When the interest is for (me or more Trumths. 

Exemplification for the Black-board, 

1. What is the interest of $61 for 8 months at 6 per cent. 
per annum? 

64 • 8 *64»8-6 



■F""100-12"~ 1'12'6 

Suggestive Questions. — ^What does the *64 represent in the 
second perfect ratio ? Ans. The — part of the — . What 
does the 8 represent ? the 6 ? Form a rule, then, by which to 
find interest for months : 

Multiply the — part of the — by a fraction in its lowest 
terms, of which the product of the — and — of — forms the 
numerator, and 12 the denominator. 

Exercises for the Slate or Black-board. 

1. Find, by inspection, without statement, the interest of 
$245 for 9 months, at 4 per cent, per annum. Ans. $7*35. 

Suggestive Questions. — ^What is the numerator of the mul- 
tiplying fraction in this problem ? the denominator ? To what 
integer is the fraction equal ? 

2. Find, by inspection, without statement, the interest of 
$836 for 8 months, at 6 per cent. Ans. $13*44. 

8. Find the interest of $27 for 11 months, at 7 per cent. 

Ans. $1*73. 
4. Find the interest of £12 10s. bd. for 7 months, at 6 
per cent. Ans. £0 8 9^ 

III. When the interest is for one or more days. 

Exemplification for the Black-board. 

1. What is the interest of $384 for 16 days, at 6 per cent. 
per annum ? 

_ 384' 16 _ *384*16*6 

6""100-360"" 1'36'6 
Suggestive Questions.-^Wh&t does '384 represent in the 
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second perfect ratio ? the 16 ? the 6 ? the 36 in the denomi- 
nator ? Why not 860 ? See the principal in the numerator. 
What is the fraction in its lowest terms bj which the thou- 
sandth part of the principal is to be multiplied ? Give a rule 
for finding interest for days. 

Multiply the — part of the — by a fraction in its lowest 
terms, whose numerator is the product of — and the — , and 
whose denominator is 86. 

Exercises for the Slate or Black-board, 

1. What is the interest of $450 for 18 days, at 5 per cent. ? 

Am, $1*124. 

2. Find the interest of $220 for 25 days, at 6 per cent. 

Am. $*916. 
8. Find the interest of $824*50 for 24 days, at 6 per cent. 

Am, $1*298. 
4. Find the interest of £865 for 16 days at 5 per cent. 

Afis. IQs. 2j^. 

IV. When the Time consists of two Determinate FractumSf 
or of an Integer and one or two Determinate Fractiom. 

Exemplification for the Black-board. 

1. What is the interest of $420 for 2 years, 4 months, and 
18 days, at 6 per cent, per annum ? 

$4*20*12= =50*40 Int. for 2 y. by Case I. 
4*20»f|.=2= 8*40 Int. for 4 m. by Case II. 
*420*-y^=8 = 1*26 Int. for 18 d. by Case III. 

$60*06 Int. for .2 y. 4 m. 18 d. 

Exercises for the Slate or Black-board. 

1. What is the interest of $8475 for 9 months and 12 days, 
at 6 per cent, per annum ? Am. $168*825. 

2. Find the interest for the same sum and time at 7 per 
cent. Am, $190*545. 

8. Find the interest for the same sum and time at 5 per 
cent Am, $186*104. 

4. Find the interest of $0*78 for 1 year and 8 months, at 6 
per cent. Ans, *078. 

5. Find the interest of $7342 for 1 year, 4 months, and 15 
days, at 6 per cent. Am. $605*715. 
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6. Find the amount of a bond for $875<49 for 5 years, 8 
months, and 18 days, at 6 per cent. ; also at 7 and at 5 per 
cent. ( $1176*78 at 6 per cent. 

Am. \ $1226*82 at 7 per cent. 
( $1126*74 at 5 per cent. 

OCT* The three rules that have been developed above may all 
be comprehended in one, as follows : 

The interest for any given sum may be found by multiplying 
its — part by a fraction in its lowest terms, whose numera- 
tor is the product of the — and — , and whose denominator 
is 1 for years, 12 for months, and 360 for days. 

1. Find the simplest form of the fraction for multiplying 
the principal when the time is 8 months and the rate 6 per 
cent. Am. \, 

2. Find the simplest form when the time is 5 months and 
the rate 7. Aiis. f |^. 

3. When the time is 3 months and the rate 8. Ans, f . 

4. When the time is 36 days and the rate 6. Ans, |. 

5. When the time is 20 days and the rate 7. Atvs, -f^. 

6. When the time is 6 days and the rate 6. Ans, ^. 
OCT* The rate of interest is generally fixed by law in the 

several States of the Union. As in most of these it is six per 
cent., it may be well to seek for a still more simple rule for 
calculating interest for months and days when the rate is 
uniformly of that amount, as follows : 

Exemjdifications for the Black'board. 
For Mtmtks, 

1. Find the interest of $500 at 6 per cent, for 4 months. 

500* 4 *6 
6 100'12'6 * 

Or, cancelling only the principal and the permanent terms 
of the ratio, 

5*00*4*1 

- 6 ""1*00*2'6 ' 

Suggestive Questwns, — What is the multiplying fraction in 
the last formula? What part of the 4 months is |^? If the 
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number of months was 6 what would be the fraction ? Will 
the fraction, then, for any number of months be always equal 
to half the number of months ? Give, then, a rule for finding 
the interest for months at 6 per cent. 

Multiply the — part of the principal by — the number of 
months. 

For Days. 
2. Find the interest of $568 at 6 per cent, for 24 days. 

568* 24 *6 

6 "~100-360-6* 

Or, cancelling the principal and the permanent terms of the 
ratio, 

5*68'24'1 

6 ""roo'eo-e ' 

Suggestive Questions, — What is the multiplying fraction 
in the last formula ? What part of it would be different if the 
number of days were altered ? Would the fraction, then, 
always be ^ of the number of days ? Give, then, a rule 
for finding the interest both for months and days, at 6 per 
cent. ? 

Multiply the — part of the principal by — the time when it 
consists of months, and by — of the time when it consists of 
days. 

Exercises for the Slate or Black-board. 

1. Calculate the interest of the following sums, as above, at 
6 per cent, per annum. 



$100 for 60 days 
50 for 30 " 
25 for 90 " 
27*50 for 75 « 
7275 for 25 " 

Carried over, $2'271 



Brought over, |2*271 
$36 for 2 years . 
75 for 18 months 
32 for 3 " 
27 for 4 • " 
89 for IJ « 



Total, $15^028 



2. Find the interest of £300 for 2 years, 8 months and 15 
days, at 6 per cent. Ans. £48 15^. 

3. Find the amount of $221^5 for 3 jitars, 7 months and 
6 days, at 6 per cent. Am. $269^647. 
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OCT* There is another method of oompatinof interest when 
the time consists partly or wholly of determinate fractions, 
which will probably be found as short and simple as either of 
those already giv^n, namely, by the method called " Practice," 
as developed p. 254. Or, the time may be resolved into its 
lowest denomination, and the whole calculated by one oper- 
ation. Two examples by each of these methods will make 
both sufficiently clear. 

1. Find the interest of $265 for 2 years and 5 months, at 
7 per cent. 

I. By Practice. 

$2*65 ==Tiv of the. principal. 
14 =product of years and rate. 

3740 =Int. for 2 y. 
4 m.=J of 2 y. 6a83=Int. for 4 m. 

1 m.=J of 4 m. 1*545 =slnt. for 1 m. 

$44*828 =Int. for 2 y. 5 m. 

IL By changing the time to its lowest denomination, 

2 y. 5 m.=29 months. 

m. r. 

^js of principal 2*65x29x7■^12=^<^. 

203 

12 )537*95 

$44*829 Int. for 29 m.=s2 y. 5 m. 

2. Find the interest of $224*75 for 3 years, 4 months, and 
16 days, at 5 per cent. 

I, By Practice. 

$2*2475=T^^ of principal. 

15=sproduct of years and rate. 

33*7125=Int. for 3 y. 
4 m. i of 3 y. 3*7458=Int. for 4 m, 
15 d, i of 4 m. *4683=Int. for 15 d. 
1 d. tV of 15 d. *0312=:Int. for Id. 



$37*9578=Int. for 3y. 4 m. 16 d. 



27 
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II. By changing the Time to its lowest denomination. 
3 y. 4 m. 16 days =1216x5 rate=6080. 

$2*2475=T^^ of principal. 
152 



9)341*6200 



37'9577 4-=Iat. for 3 y. 4 m, 16 d.=1216 d. 

OCT* Perform all the exercises under the head of " Short 
Processes," &c., where the time is of two or three denomina- 
tions, first by " Practice," and then by " Changing the Time," 
as above. 

RECAPITULATION 

OF THE ABBIDGSD PROCESSES TOR THE CALCULATION OF SDfFLE 

INTEREST. 

I. For oTie or more years, 

BuLE. — Multiply the — part of the — by the — and the — , 
or by their product. 

II. For fractumal parts of years, 

1. W?ien the rate is 6 per cent, 

KuLE. — Multiply the — part of the — , by — of the time 
when it consists of months, and by — of the time when it 
consists of days. 

2. When the rate is less or more than 6 per cent, 

RuLS« — Multiply the — part of the — , by the lowest term 
of a fraction, whose numerator consists of the product of the 
— and the — , and whose denominator is 12 for months and 
360 for days ; or, by " Practice," or by " Changing the Time." 

COMPOUND INTEREST. 

Definition. — ^Compound Interest is that which arises from 
the principal increased by the interest as it becomes due at 
the end of each year, or other stipulated time of payment. 
Though, no doubt, strictly just, it is illegal in most countries, 
most probably on the principle that it is well to encourage fre- 
quent settlements, and to diiscourage the accumulation by oon-. 
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stant increase of unpaid interest, which might finally be 
injurious both to debtor and creditor. 

1. Find the amount and interest of $500 at compound 
interest for 8 years, at 5 per cent, per annum. 



500 principal lent. 
25 interest for 1 year. 

525 principal at the end of 1 year. 
26'25 interest on $525 for 1 year. 



551'25 principal at the end of 2 years. 
27*56 interest on $551*25 for 1 year. 

Amount 578*81 principal at the end of 3 years. 
500 . original principal. 

78*81 Compound Int. on $500 for 3 years. 



2. Find the amount of $324 at compound interest, for 4 
years, at 6 per cent, per annum. Ans. $409*04. 

3. Find the amount of $532*24 at compound interest for 5^ 
years, at 4 per cent, per annum. Ans, $654*02. 

4. Find the amount of the same sum at compound interest 
for 2J years, at 6 per cent. Am. $615*96. 

\Jl7' Another method for computing compound interest will 
be developed in the Supplement, under the head of "Progres* 
sion by Ksitios." 



PARTNERSHIP. 

1. Six villagers hired a pasture for $75. A put in 5 cows for 
the season, B 2, C 3, D 8, and E and F 1 each. How much 
was the pasturage for each cow ? Ans. $3*75. 

2. The same men the following year hired the same pasture 
for the same price. A put in 5 cows for 6 months ; B 2 cows 
for 5 months ; C 5 for 4 months ; D 8 for 5 months ; and E 
and F 2 each for 5 months. How much had each person to 
pay? 

ICT* Five cows for 4 months =1 cow for 20 months. 
Ans. A $18*75 ; B $6*25 ; C $12*50 ; D $25 ; E and F 
$6*25 each. 

8. Four men enter into partnership. A puts in $2500, B 
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•3000, C $2500, and D $2000. They gain $1500. What is 

Am. A $375, B $450, C $375, and D $300. 

4. Three men enter into partnership. A puts in $500 for 
10 months, B $600 for 6 months, and C $800 for 4 months. 
They lose $300. How is this loss to be apportioned ? 

\^y 600 for 6 months=3600 for 1 month. 

Ans. A's loss $127/^ ; B's $91^^ ; C's 81f f 

5. Two merchants traded in company. Each put in $500. 
But A kept his in for 12 months, while B was only in for 6 
months. Their gain was $600. How should it be divided ? 

Am, A should have $400, B $200. 

6. A, B, and C, put money into a joint stock. A put in $40, 
B and C together $170. They gained $126, of which B took 
$42. What did A and C gain, and B and C put in respect- 
ively ? 

Am. A '^gained $24 and C $60; B put in $70 and C $100. 

7. Two merchants entered into partnership for 18 months. 
A, at first, put into stock $400, and at the end of 8 months put 
in $200 more. B, at first, put in $1100, and at the end of 4 
months took out $280. At the expiration of the 1 8 months 
they found the gains to amount to $1052. What is each man's 
share? Am. A's $385ff Jg, B's $6662%V 

8. A and B went into partnership. A put in on the first 
of January £150, but B could not put in any till the first of 
May. What did he then put in to have an equal share at the 
year's end? Ans. £225. 

9. Three merchants traded in company. On the first of 
January they reckoned their gains, of which A and B took 
£228 ; B and C £215 ; and A and C £187 10^. What was 
the whole gain, and the gain of each ? 

Am. Whole gain £315 5*. Gain of A, £100 5*. ; of B, 
£127 15^; of C, £87 bs. 

10. Three merchants, A, B, C, enter into partnership. A 
advances $1200 ; B $800, and C $6U0. A leaves his money 
8 months, B 10 months, and C 14 months, in the business. 
They gain $500. What is the share of each ? 

Am. A receives $184^®^, B $153f J, C $161/^. 



=:$24#, Ans. 



F» 



• EXCHANGE. 

1. Change £5 12^. sterling to federal money. 

$ _^^ decimal of £5 125. 
T *225 decimal of $1 in pounds. 

2. Change the same sum from New England currency, and 
also from New York currency, to dollars. 

3. Change $18f to New England currency, and $14 to 
!New York currency. 

4. Change $36*50 to New York currency. 

5. Change £14 12^. New York currency to dollars. 

6. A merchant sends cotton to England, which is sold 
there for £2000, besides paying all expenses. To a friend, 
who wishes to purchase goods in England, he sells a draft for 
that amount at 6 per cent, advance. How many dollars does 
he receive for his drafl ? 

£ 2000.106 .2120_ 
$T— ^225:i00-'^225-'^*^^*' ^""^ 

7. A merchant of Newborn, N. C, bought goods in New 
York to the amount of $1000. He directed the seller to draw 
on him through the Planter's Bank of Charlest<Hi, S. C, in the 
currency of that state. What must be the amount of the New 
York' merchant's draft, when Soudi Carolina money was at 2 
per cent, discount in New York, and how much must the New- 
bern merchant pay in North Carolina currency, exchange with 
Charleston being 1 per cent, discount only ? 

Am. £238'09+ in S. Carolina, and £412*35+ in N. Caro- 
lina currency. 

8. A merchant in New York ships a quantity of cotton to 
Liverpool, which sells for £500, besides paying freight, com- 
mission, and all other expenses. For how many dollars should 
he sell his bill of exchange on Liverpool, exchange being 7 
per cent, advance ? Ans. $2377*77. 

9. Another merchant sends cotton by the same vessel, 
which brings the same sum. But, instead of selling his bill in 
New York, he forwards it to a merchant in New Orleans, in 
payment for a debt which he owes him. How much should he 
be credited in New Orleans, if Louisiana funds be at a dis- 
count of 2 per cent. ? Am. $2426*30. 

21^ 
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10. A merchant in Boston has effects a^ Amsterdam, H(d- 
land, to the amount of $3530, which he can remit by way of 
Lisbon at 840 rees per dollar, and thence to Boston at Ss, Id, 
per milree (=1000 rees) ; or, by way of Nantz, at 5| livres 
per dollar, and thence to Boston at 65. 8^. per crown of 6 
livres. Which is the most advantageous way of remittance, 
and what is the difference between them ? 

Ans, By Lisbon £1198 8*. 8^^. By Nantz £1059. 

11. If 140 braces at Venice be equal to 150 braces at Leg- 
horn, and 7 braces at Leghorn be equal to 4 American yards : 
how many American yards are equal to 52^^ Venetian braces? 

Ans. 32 yard?. 

12. If 40 lb. at Newburyport make 36 at Amsterdam, and 
90 lb. at Amsterdam make 116 at Dantziok, how many lb. at 
Dantzick are equal to 244 at Newburyport ? 

Ans. 2832^ lbs. 

13. A merchant in Mississippi purchases goods to the value 
of $1500 from a merchant in New York. He sells the goods 
in his store at Jackson, and receives his pay in cotton, which 
h6 sends to his correspondent in New Orleans, who forwards it 
to Liverpool, where it is sold, and the net proceeds remitted to 
a banker in London, and placed to the credit of the Mississippi 
merchant. For how much sterling money must the latter draw 
a bill of exchange on London in favor of the New York mer- 
chant, allowing him 3 per cent, interest for the credit on his 
goods, exchange on London being 7 per cent, advance ? 

Am, £824 17*. 7f rf. 

14. A banker received 759 ducats at 7*. Qd, per ducat, and 
579 dollars, at 4^. Sd, per dollar, which he exchanges for 
Flemish marks, at 14^. M» each. How many ought he to 
receive? Atis, 589^^^' 

15. A bill of exchange for £400 sterling was accepted at 
London, for an equal value delivered at Amsterdam, at £1 
13*. Qd, Flemish, for £1 sterling. How much money was deliv- 
ered at Amsterdam ? Atis. £670 Flemish. 

16. A merchant delivered at London £120 sterling, to 
receive £147 Flemish in Amsterdam. How much was £1 
sterling valued at in Flemish money ? Ans. £1 4s. Qd. 

17. A factor sold goods at Cadiz for 1468 pieces of eight, 
valued at 4*. 6^. sterling each. How much sterling money 
do those pieces of* eight amouut to ? Ans, £338 7*. 2d. 

18. A traveller wished to have an equal number of crowns, 
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at bs.6d, per orown, and dollars, at Ag. bd. each. How many 
of each sort may he have for £309 85.? Am. 624 of each. 

19. A man wished to exchange £527 17*. Qd, for dollars 
at 4*. 6^. each, ducats at 5*. 8<f. each, and crowns at Qs^ Id, 
each ; and wanted 2 dollars for every ducat, and 3 dollars for 
every 2 crowns. How many of each should he receive ? 

Ans. 927 dollars, 463^ ducats, and 618 crowns. 

20. A banker is to receive £500. He is offered crowns, at 
6*. 1^. per crown, which are worth but 6s: , or he may have 
dollars at 4s. bd. each, which are worth but 4r. 4rf. Which of 
these should he receive to have the least loss ? and how much 
will he lose in the payment ? 

Ans. The smallest loss will amount to £9 8*. 8^^^. 



CONJOINED PROPORTION. 

Wh«i questions are of a complicated nature, which fre- 
quently happens in mercantile exchange, where the circulatiug 
medium of several foreign countries enter into the computation, 
they may be solved, perhaps, more simply by what is called 
Conjoined Proportion than by the usual method, as follows : 

Exemplification for the Black-board. 

1. If the exchange of London on Genoa be at 47 pence 
sterling per pezza, and that of Amsterdam on Genoa at 86 
grotes per pezza ; what is the proportional exchange between 
London and Amsterdam, through Genoa ; that is, how many 
shillings and grotes Flemish (diat is Amsterdam money, 12 
grotes to a shilling) are equal to one pound sterling ? 

1£ Sterling. 

£1=240 pence. 
rf.47= 1 pezza 



pezza 1= 86 grotes. Bh.gr.' 

47)20640(439^^12=36 7^, Ans. 



184 
430 

7 
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Suggestive QuesHons. — ^In the above Btaiement of 4 lines 
we have 3 sums of money on the left, given equal to 3 on the 
right, and if we knew how many grotes were equal to £1 ster- 
ling (the first line) all the 4 would be equal. Now, supposing 
the deficiency on the left to be supplied, would the products of 
these equal values be also equal ? But the product may be 
found complete on the right, while one factor is wanting on the 
left ; how, then, may that factor be found ? 

2. If the exchange of London on Madrid be at 42 pence 
sterling per dollar, or 272 maravedis, and that of Amsterdam 
on Madrid at 96 grotes Flemish per ducat=375 maravedis, 
what is the exchange between London and Amsterdam, through 
Madrid, in shillings and grotes, per pound sterling, allowing 12 
grotes for a shilling ? 

1£ Sterling. 

£1=240 pence, 
d. 42=272 maravedis. 
m. 375= 96 grotes. 

Left hand prod. 1575; 0)626688 l0( 397mf= ffi 

15418 33^. im gr. Ans. 
12438 ^^ ^ 

1413 

Exercises for tike Slate or Black-board. 

1. If the exchange from Philadelphia to London was 4 per 
cent, above par (104 per 100) and from London to Paris 23 
liv. 8 sous per pound sterling, what would be the proportional 
exchange fVom Philadelphia to Paris, through the medium of 
London ? and how many dollars would purchase a bill on Paris 
for 1100 livres 15 sous, allowing 20 sous to be equal to 1 
livre, and £1 sterling to be equal to 9^^ ? 

Ans. 5 llv. 2 sous per dollar. 8217*43. 

2. If, at New York, bills on London are at 5 per cent, 
above par ; the exchange of London on Amsterdam 345. 4gr. 
per pound sterling; and Amsterdam on Paris 54^. for 3 
livres ; what is the proportional exchange between New York 
and Paris in ft-ancs per dollar, 80 francs being equal to 81 
livres ? Ans. 4*882 fr. per dollar. 

3. If the rate of exchange were, Boston on Paris 5'30 
francs per dollar, Paris on Lisbon 464 rees per ecu of 8 livres, 
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what would be the proportional exchange between Boston and 
Lisbon, viz., how many rees per dollar ? Arts, 830 rees. 

4. If the exchange of London on Lisbon be at 68 pence 
sterling per mikee (=1000 rees), and that of Genoa on Lis- 
bon at 718 rees per pezza ; what is the proportional exchange 
between London and Genoa, through Lisbon, in pence sterling 
per pezza ? Ans. 48^g^|. 



SUPPLEMENT. 



CONTRACTED MULTIPLICATION AND DIVISION OF DECIMAL 

FRACTIONa 

1. CONTBAGTED MULTIPUOATION. 

It firequently happens, when one decimal fraction is multiplied hy 
another, that the fractional part of the product extends to numbers 
altogether insignificant. Thus, if it were required to multiply 4*283 by 
6*287, the product would extend to six decimal places, the last figure to 
the right b^g one-millionth part of 1, a number deToid of worth, even 
if it i^lated to gold. To saye the tedious labor of producing such worth- 
less numbers, then, is frequently a matter of some consequence, espec- 
ially where the computations are numerous, as in some of the articles in 
this Appendix. This may easily be effected by proceeding as follows : 

1. Place the multiplier under the multiplicand in an inverted order, 
putting the unit's place of the miUUplier under that decimal place in the 
multiplicand, which is the lowest meant to be^ retained in the product 

2. In multiplying, begin each line of partial products with that figure 
in the multiplicand which stands directly over the multiplying figure, in- 
creasing it by the tens that would have been produced (if any) by multi- 
plying another figure to the right ; and also increasing it by Q9M, if the 
right hand figure would have been 5 or upwards ; and let the first figures 
on the right of a^ the partial products stand directly under each other. 

8. When it is desirable to be absolutely certain that the last figure 
retained is that nearest to the truth, the work should be extended to one 
place more than is wished to be retained. 

4. The local value of the total product should be ascertained by an in- 
spection of the two factors. 

In general, when a decimal fraction is abbreviated by striking off, or 
omitting, some of the places on the right hand, in order that the last 
figure retained may be the nearest to the truth, whether too great or too 
little, it should be increased by one when the right hand figure is 6 or 
upwards. Thus, '1246, abridged to three decimal phices, would be *125, 
while '1244 would only be <124. 
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ExemplifieatioMfor ihe Black-hoard, 

1. Multiply 4*127643 by 6*25185, retaining only four decimal places 
in the product 

In folL Contracted. 

4«127643 4'127643 

6'26135 631526 



2,0638215 247659 

12382929 8266 

4127643 2064 

20638216 41 

8266^286 12 

247668(58 2 

25*803314 106803 25*8033 

Suggestive Questions on the Contracted Method. — ^In the first partial 
product, how many tens are carried to the first figure on the right ? 
Would, or would not, the adjoining omitted figure haTe been 5 or up- 
wards? By how much, then, has the first 'figure standing on the right 
been increased ? By how much has the second partial product been in- 
creased ? Why ? By how much has the third ? Why ? [The answer 
to these two *' whys *' is difierent.] By how much has the fifth been in- 
creased ? Why ? By how much the sixth ? Why ? 

2. Multiply *36425 by *724325, retaining 6 decimal places in the prod- 
uct, so that 4 places may be absolutely certain of being nearest to cor- 
rectness. 

In ftill. Contracted. 



1 


'724325 


•724325 


*36426 


52463 


3 


621625 


21730 


14 


48650 


4346 


289 


7300 


290 


4345 


950 


14 


21729 


75 


4 


•26383 


638126 


<26384, 01 



Suggestive Questions on ike Contracted Method. — ^Why is the first 
])artial product increased by one 7 Why the second by two ? Why the 
third by two ? Why the fifth by one ? 

1^" To those who may not perceiTe why the figures of the multiplicand 
are placed in an inverted order, and in a rather unusual place, it may 
be remarked, that both form a mere mechanical contrivance to save time 
and labor, by enabling the student instantly to decide where the multi- 
plication by each several figure of the multiplier is to begin. The order in 
which those figures are taken is of no moment, as has been shown, p. 257. 

Exercise for the Slate or Black-board. 

1. Multiply 34*266 by 4*896, true to three decimal places, and prove 
by multiplication in the usual manner. 



328 

2. Moltiplj <008 by 8*796, tme to three deoimal places, and prove as 
ahoTO. 
8. Multiply *5264 by '0428, true to three decimal places, and pioye. 

4. Multiply 1*729 by 7*218, true to fbur decimal places, and prove. 

5, Multiply 26*45 by 39*46, true to two decimal plaoes, and prove. 

2, Contracted Diyision. 

When it is desirable in division to limit the number of decimal places 
in the quotient, it may be done as follows : 

1. Take as many figures only, on the left hand side of the divisor, as 
the whole number of figures required to be in the quotient, and cut off 
the rest. 

2. Let each remainder successively be a new dividend, without bring- 
ing down any figure from the original dividend, but, instead thereof, let 
another figure be continually cut off from the divisor for each quotient 
figure, till the whole is exhausted, observing, however, as in con- 
tracted multiplication, to increase each particular product' by the nearest 
number of tens in the product of the quotient figure, into the figure last 
cut off in the divisor. 

8. When the whole divisor does not contain as many figures as are r^ 
quired to be in the quotient, no figure should be cut off till the figures in 
the divisor shall be equal to the remaining figures required to be in the 
quotient, when the cutting off should oommence as above directed. 

Exemplificaiions for the Biack-board. 

1. Divide 74*83378 by 1*346787, retaining three decimal plaoes only, 
or five places in the quotient altogether. 

74^88373( 1,*3,4,6,7|87 
67339 66*193 Jf»5. 

6994 
6734 

260 
136 

125 

121 

4 
A 

Suggestive Questions, — ^How many tens are carried into the first par- 
tial pr^uct ? How many into the second ? the third ? the fourth ? the 
fifth? 

^* The pupils should not write the partial product, but make the sub- 
traction, as usual, mentally. • 

2. Pivide *07667 by 2*32467, true to four decimal plaoes ; or three 
ngnificant figures, the first being a cipher. 

*07567(2*8,2|467 

59 «0326 Ms:' 
13 
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Suggeative Q%iestion$. — ^Are any tens carried into tbe Iprst putial prod- 
uct ? into the second ? the third ? 

8. Divide 5*87341 by 8*74, true to four decimal places. 

6*87341 (8,*7,4 

1638 JTiHeT 

1874 

262 

28 

2 

Suggestive Questions, — ^Are any figares of the ori^nal dividend 
brought down to the partial dividends ? If so, say how many* and why ? 
Are any tens carried to the first partial product ? to the second ? the 
third ? the iburth ? the fifth ? 

4. Divide 1 by *8476, true to three decimal places. 

* 

1'0000( *3,4,7,5 

8050 2*878 jfn«. 
270 
27 

Suggestive Questions. — How mftny tens are carried to the second p«F- 
tial product ? to the third ? to the fourth ? 

Exercises for the Slate or Blackboard, 

1. Divide 8*467 by *78367, true to four decimal places, and prove by 
dividing it in the usual manner. 

2. Divide 1 by *462849, true to three decimal places, and prove. 

8. Divide 1*264681 by *92146, true to three decimal places, and prove. 

4. Divide 86*4776 by *9884, true to the units' place, and prove. 

6. Divide 2*12467 by *8268, true to three decimal places, and prove. 



PROGRESSION. 

Progression^ in mathematics, signifies a regular or a proportional ad- 
vance in increase or decrease in numbers. It is of two kinds : 

1. Progression by differences, commonly, though improperly, called 
Arithmetical Progression, 

2. Progression by quotients {or by ratios) ^ quite as improperly called 
Geometrical Progression. 
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Definitions, 

1. If we take any number, and increase or diminish it continually by 
another number, we shall form a regular series of numbers, called a pro- 
gression by differences. Thus : 

2 4 6 8 10 12 
12 10 8 6 4 2 

form two series of progression by differences, the first ascending, the sec- 
ond descending, with the common difference 2. 

2. The several numbers are called terms of the progression : the first 
and last terms are called the extremes y and the intermediaie terms the 
means, 

8. Five things are to be considered in every progression by differences, 
any three of which being known, the remaining two can be found, namely : 

1. The first term, marked a, 

2. The last term, z. 

3. The common difference, eL 

4. The number of terms, n. 

5. The sum of the series, s. 

Case I. 

Where the first term, the common difference, and the number of terms, are 
given, to find the last, or any intermediate term (a, d, n, to find z). 

• Exemplification for the Blackboard, 

1. Form a progression of 6 terms, with 4 for the first term, and 3 for 
the common difference. [Let one of the class form it on the black-board, 
without copying it from the book.] 

let. 2d. 3d. 4th. 6th. 6th. 
4 7 10 13 16 19 

Suggestive Questions. — How often is d, the common difference, found 
in the 2d term ? What else does the 2d term contain ? Then write on 
your slate as follows : 

Second=a+(i. 

How often is d found in the 3d term ? Then write that term on your 
slate, under the 2d, and in a similar manner, namely, Third=a-f-2rf, 
fuid so on with all the remaining terms. What does the 4th term con- 
tain besides a (the first term) ? What the 6th ? the 3d ? Is the common 
difference, in any term, then, always repeated once less than its number ? 
May not the following, then, be considered the first principle in Progres- 
-sion by Differoices ? 

L Every term in an increasing series of Progression by Differences con- 
sist of a (the first term), added to d (the common difference), taken 
once less than n, the nunUfer of that term. 

28 
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Exercueafor ike Slate or Black4>oard, 

1. When the first term is 6, and the common difference 2, what is the 
4th term ? the 6th term ? the 8d term ? 

2. A man bought 20 yards of cloth : he engaged to pay 6 cents Ibr the 
first yard, 8 cente for the 2d, 10 for the Sd, and so on, increasing hy 
the common difference 2 : how much did he pay for the last yard ? 

Ans. 44iBent8. 

8. What is the 16th term of a progression by differences, whose firgt 
term is 0, and the common difference 1 ? 

4. What is the 18th term of a progression, Whose first term is 8, and 
its common difference 4 ? 

6. What is the 26ih term of the progressdon 4, 9, 14, 19, 24, &c. ? 

Case II. 

Where a, ^r, and n are giTen, to find d (first, last, and number of terms 

giyen, to find the common difference). 

Exercises for the Slate or Blach-board. 

1. What is the common difiference in a series whose first term is 4, last 
term 42, and number of terms 20 ? Prove by forming the series. If the 
20th term proves to be 42, the process is correct. 

Suggestive Questions. — ^What does the 20th term contain besides a f 
How, then, can d, the common difference, be found ? 

2. What is the common difference in a series whose firist term is 8, last 
term 15, and number of terms 8 ? Prove by fi>rming the series. If the 
8th term prove to be 15, the process is correct. 

8. What IS the common difference in a series whose first termms 8, last 
term 11, and number of terms 10? Prove as above. 

4. What is the common difference in a series whose first term is 2, last 
term 14, and number of terms 8 ? Prove as above. 

5. There are 21 persons whose ages are equally distant from each other. 
The youngest is 20 years old, and the eldest 60. What is the common 
difference of their ages ? Prove by finding the age of each. 

Case IH. 

Where a, z, and n, are given, to find s (first, last, and number of terms 
given, to find the sum of all the terms). 

Exemplification for the Black-hoard. 

1. Find the sum of a series whose first term is 2, last term 22, and 
number of terms 11 ? Ar^s. 264. 

Suggestive Qu^stton^.^— What does the 11th term contain besides a ? 
How, then, can (f, the common difference, be fbund ? [Let one of the 
class write the series on the black-board, and another write the same in- 
verted immediately below, and also the sum of each pair of terms taken 
vertically.] What is the sum of the first and last terms ? of the 2d and 
10th ? of the 8d and 9th ? and so on to the end of the double series. 



Are all these sams equal ? How many times does each sum oontun the 
common difference ? What else ? Will this be the case in every series 
of the kind thus arranged ? How many sums are there ? How many 
terms ? Will the number of sums and the number of terms always be 
the same in series thus arranged ? What will be the product of one of 
these sums by the number of terms ? To what, then, will half that prod- 
uct be equal ? If the first, last, and number of terms be given, then, 
how can you find the sum of all the terms ? May not the following, then, 
be considered as the second Principle in Progression by DiflEerenoes ? 

IL The sum of all the terms in a Progression by Differences, is equal to 
half the product of the number of terms by the sum of l^e first and 
last terms. 

Exercises for the Slate or Black-board, 

1. What is the sum of a progression by differences, whose first term is 
2, last term 100, and number of terms 50 ? Ans. 2560. 

2. A debt is to be discharged at 16 several payments, with equal differ- 
ences. The first payment is to be $12, the last $100. What is the 
amount of the debt, neglecting all consideration of interest ? Ans. $896. 

8. A man engaged to travel to a certain place in 19 days, and to go 
but 6 miles the first day, increasing every day by an equal excess, so that 
the last day's journey may be 60 miles. What is tiie distance of the 
journey ? Ans. 627 miles. 

4. How many strokes will the hammer of a common clock make on the 
bell during the space of 12 hours ? Ans. 78. 

5. Required the sum of all the numbers contained in a multiplication 
table, extending to 12 times 12. Ans. 6084. 

Cask IV. 

Where z, n, and d are ^ven, to find a (the last term, the number of 
terms, and common difference given to find the first term). 

Exercises for the Slate or Black-hoard. 

1. The last term of a progression by differences is 119, the number of 
terms 24, and the common difference 5. What is the first term ? Ans. 4. 

Suggestive Questions. — ^What does the last term consist of besides the 
first term ? If that product, then, be taken away, what will remain ? 

2. A note is to be paid in 10 annual instalments, the several payments 
being in a progression whose common difference is $30. The last payment 
is to be $400. What is to be the first payment ? Ans. $130. 

3. A man performs a journey in 19 days, travelling but a short dis- 
tance the first day, and increasing his daily journey by 8 miles, until the 
last day, when he travelled 60 miles. How far did he travel the first day ? 

Ans. 6 miles. 

4. The last term of a progression by differences is 36|, the number of 
terms is 49, and the common difference |. What is the first term ? 

Ant. |. 
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Cass v. 

Where a, z, and d are given, to find n (the first and last term, and the 
common difi^renoe, given to find the number of terms). 

Exercises for the Slate or Black-board. 

1. The first term of a progression by difiEierences is 4, the last tenn 
119, and the common difference 5. What is the number of terms ? 

Ans, 24. 
Suggestive Questions, — ^What does the last term consist of besides the 
first term ? If the first term, then, be subtracted from the last, how 
shall the number of terms less 1 be found ? 

2. The first term in a progression by differences is |, the last term 86|, 
and the common difference |. What is the number of terms ? An^. 49. 

8. A note was paid by annual instalments, whose common difference 
was $80. The first payment was $130, and the last $400. How many 
instalments were there ? Ans, 10. 

' 4. In a triangular field of maize, the number of hills in the successive 
rows forms a progression by differences. In the first row there is but one 
hill, in the last 81, and the common difference in the number of hills in 
a row is 2; What is the number of rows ? Ans. 41. 

[The number of cases might be very much enlarged ; but this is hardly 
necessary, as each pupil can readily arrange them for himself. The fol- 
lowing equations, with the cases already given, comprehend all that are 
most common and useful. The exercises givoi above will answer for the 
new cases. But it would be more profitable for the student to furnish 
examples himself The demonstration of the cases given below, by sug- 
gestive questions, would form one of the best exercises that a class could 
engage in.] 

2s 




d= 



2s 

_ iz—a+ d) X{a+z) 
2d 

II. Pbogbession bt Ratios. 

Definitions, 

1. A series of numbers, which succeed each other regularly by a con- 
stant factor, which is called a ratio, is called a Progression by Ratios, 
Thus : 

2 4 8 16 82 64 
64 32 16 8 4 2 
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form two progresmons b^ ratios, the ratio of the first being 2, and thai 
of the second ^. 

2. When the ratio is more than a nnit, the series is called an ascend^ 
ing progression ; when it is less, the series is called a descending pro- 
gression. 

8. As in the progression by differences, so in the progression by ratios, 
five things are to be considered, any three of which being known, the re- 
maining two can be found, namely : 



1. The first term, 


marked a. 


2. The last term. 


z. 


8. The common ratio. 


r. 


4. The number of terms. 


n. 


5. The sum of the series. 


s. 



Cask L 

Whoe the first term, the ratio, and the number of terms are {^yen, to 

find the last term. 

Exemplification for the Blackboard, 

1. The first term of a progression by ratios is 2, the ratio is 8, and 
the number of terms is 6. What is the last term? 

2 6 18 54 162 486 

Suggestive Questions, — ^How often is the ratio a factor in the 2d term ? 
By what power of the ratio, then, is the first term multiplied to form the 
2d term ? How often is the ratio a factor in the 8d term ? By what 
power of the ratio, then, is ^e first term multiplied to form the 8d ? By 
what power to form the 4th ? By what to form the 6th ? the 6th ? Does 
every term, then, consist of the first term multiplied by a power of the 
ratio one less than its number ? Find, then, the last term of the above 
progression, without finding the intermediate ones. 

Exercises for the Slate or Blach-board, 

1. The first term of a progression by ratios is 4, the ratio is 2, and the 
number of terms 7. What is the last term ? [It is to be found without 
finding the intermediate terms.] Ans, 256. 

2. A fiirmer sold 7 cows to a neighbor, for which he was to receive $5 
for the first, $10 for the second, $20 for the third, and so on, increasing 
in progression by ratios. What would be the price of the last cow at this 
rate? Ans. $820. 

8. A man once offered to sell a horse on condition that he should have 
a sufficiency of wheat to pay for the last nail in the animal's shoes, reck- 
oning the first nail at 1 gill, the second at 2 gills, the third at 4, and so 
on, increasing in progression by ratios. It was found that the horse had 
8 nails iireach of his four shoes. What would he get for the horse at 
that rate, reckoning wheat at $1*25 per bushel ? Ans, $10,485,760. 

28* 
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Compound Iktebest bt PsodteEssioir. 

If the manner in whicli compound interest is computed, p. 814, be 
carefully examined, it will be evident that the successive amounts which 
are considered as new principals, form the terms of a series of progres- 
sion by ratios, whose first term is the original principal, and the ratio 
the amount of ^1, for one year, at the given rate per cent. The number 
of terms is equal to one more than the number of years, a circumstance 
which will be readily understood by a glance at the example referred to, 
the number of principals in the computation being 4, while the number 
0^ years is only three. Thus, to find the amount of a given principal at 
compound interest, for a given number of years, at a given rate per cent, 
is merely to find the last term of a progression by ratios, when the first ' 
term, the ratio, and the number of terms are g^iven. 

Exercises for the Slaie or Blackboard. 

1. Find the compound interest of $100 £>r 4 years at isix per cent. 

Ans. t26'247. 

2. Find the amount at compound interest of $100 for 17 years at six 
per cent. Ans, $269*277. 

8. Find the compound interest of $600 for 20 years at 5 per cent. 

Ans. $1591*978. 

4. Find the amount of $100 for 8 years at 6 per cent, per annum, 
when the interest is to be added at the end of every six months. 

Suggestive Questions. — ^If a new principal be* formed at the end of 
every year, of how many terms would the series consist, reckoning the 
original principal of $100 as one ? At what per cent., then, should the 
interest be reckoned ? But, if the new principal be formed at the end 
of every half year, of how many terms would the series then consist ? 
At what per cent., then, should the interest be reckoned for the half year ? 
But, if the new principal were fonned by adding in the interest every 3 
months, how many terms would there then be in the 4th exercise above? 
How much per cent, must be added in for the 8 months, when the interest 
IS 6 per cent, per annum ? 

6. Find the amount of $3705 at compound interest, in 3 years and 3 
months, at 12 per cent, per annum, the interest being added every 3 
months. * Ans. $5440*918. 

6. What will $1000 amount to in 15 years, at 8 per cent, per annum, 
the interest being compounded half-yearly ? Ans. $3243*398. 

Case II. 

Where the hust term, the ratio, and the number of terms, are given, to 

find the first term. 

Exercises for the Slate or Black-board. 

1. The last term of a progression by ratios is 256, the ratio 2, and the 
number of terms 7 ; what i« the ftrst term } Ans. 4. 
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Suggestive QuestioTis, — ^How many terms are there in the above pro- 
fession ? How many times, then, is the ratio a factor in the last term ? 
What other number is a factor in l^e last term ? How, then, can the first 
term be fi)und ? 

2. A man bought 7 cows, for which he engaged to pay a certain sum 
for the first, double the sum for the second, and so on in regular progres- 
sion to the 7th, the price of which was found to amount tg $320. What 
was the price of the first ? Jins, $6. 

8. A horso was once offered for sale, on condition that the purchaser 
should give a small quantity of wheat for the first of the 32' nails in his 
shoes, doubling the wheat for the second, and so on in regular progres- 
sion to the last. No one ofrering to take the horse on these conditions, 
the owner said he would sell it for the price of the last nail. On calcu- 
lation, it was fi>und that the horse would cost, on this last condition, $10,- 
485,760, reckoning the wheat at $1*25 per bushel. How much wheat 
was to be given for the first nail, agreeably to the first offer ? 

Arts, 1 giU. 

Compound Discount. 

Definitions, 

1. Compound Discount is an allowance made for the payment of money 
before it is due, on the supposition that the money draws compound in- 
terest 

2. When compound interest. is reckoned, the present worth of a debt 
payable at some future time witliout interest, is such a sum, as being put 
out at compound interest, will, in the given time, at the given rate per 
cent., amount to the debt. 

Finding the present worth of a debt, then, resolves itself as follows : 
given the amount at compound interest, the amount of $1 at the given 
rate, and the number of terms, to find the principal, or, which is the same 
thing, given the last term of a progression by ratios, the ratio, and the 
number of terms, to find the first term. 

H^" Observe that the number of terms is always one more than the 
number of years. Why? 

1. What is the present worth of a debt of $126*247, due 4 years hence, 
at 6 per cent, compound interest ? Ana. $100. 

Suggestive Questions. — How often is the amount of $1 a factor in the 
above amount ? What other number is a factor in it ? If the first be 
known, then, how shall the latter be found ? 

2. What is the '^present worth of $269*277, due 17 years hence, at 6 
per cent, compound interest ? Ans. $100. 

8. What is the present worth of $1000, due 20 years hence, at 5 per 
cent, compound interest ? Ans. $376*889. 

4. What is the present worth of $1593*30, due 20 years hence, at 5 
per cent compound interest ? Ans. $600*50. 

Case III. 

Where the first term, the last term, and the ratio are given, to find the 

sum of all the terms. 
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Exemplification for the Slack-board, 

I. What is the sum of a series of progression by ratios, whose first 
term is 2, the ratio 8, and the number of terms 6 ? Write the series at 
length, with its proper signs of addition, and then form a new series, 
by multiplying each term of the old series by the ratio, placing one over 
the other, so that each term shall be removed one step to the right of that 
by which it was produced. Thus : 

From new series 6+1 84-644-1 62-f486-[-1468=3s (or sXr) 
Take old series 2+6+18+54+162+486 = s 

2 froml458=2s (orsX(r-l)) 

Suggestive Questions. — How was the new series formed ? ^jw. By 
— each term of the old series by the — . What is the ratio in this prob- 
lem ? Is the sum of the new series, then, 8 times the amount of the 
sum of the old series ? Had the ratio been 5, or 7 (or any other number), 
would the old series have been 5 or 7 (or any other number) times the 
amount of the new ? How many times the sum of the old series is the 
difference between the sums of the old and new series ? Does that depend 
on the number of the ratio ? Had the ratio been 5, or 7, how many times 
the sum of the old series would th^i have been the difference between the 
two series ? Would it always be sX (i^-l ) •' What is the difference be- 
tween the first term of the old series, and the last of the new, ascertained 
at a glance ? Is this number the difference between the two series ? Is 
it equal to twice the sum of the old series ? What, then, is the sum of 
the old series ? How, then, can you ascertain the sum of any series of 
progression by ratios, from the first term, the last term, and the ratio, 
without forming the intermediate terms ? May not the following, then, 
be considered the first principle in Progression by Ratios ? 

I. The sum of any series in a Progression by Ratios is equal to the last 
term, multiplied by the ratio, diminished by the first term, and divided 
by the ratio less one. 

1. What is the sum of the series, 1, 8, 9, 27, &c., to 12 terms ? 

Ans, 265720. 

2. What is the sum of 10 terms of the series, whose first term is 2, and 
the ratio 2 ? Ans, 2046. 

8. A man bought a horse, agreeing to give 1 dollar for the first nail in 
one of his shoes, 8 for the second, 9 for the third, and so on. The shoe 
contained 8 nails. What was the cost of the horse ? Ans. $8280. 

4. A man agreed to buy 30 bushels of wheat : the first bushel for 2 
cents, the second 4 cents, the third 8 cents, doubling the price of each 
preceding bushel ibr that of the next. What would the 80 bushels cost, 
and what would be the average price per bushel ? 

Ans. to the last question, #816,827*88+. 

5. What sum would purchase a horse with 4 shoes, and 8 nails in each 
shoe, at 1 mill for the first nail, 2 for the second, 4 for the third, &o., 
doubling to the last? Ans. #6,668,109'189. 

6. A lady, who was married on new-year's day, received from her 
father one dollar towards her marriage portion, which he promised to 
double on the first day of every month during the year. What would 
her portion amount to ? Ans. $4095. 
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Annuitds. * 

Definitions, 

1. An annuity is a rent or sum payable or receivable yearly for a cer- 
tain number of years, or forever. 

2. A deferred annuity is one which is not to be entered upon immedi- 
ately, but after a certain number of years. 

8. A reversionary annuity is one which is not to be entered upon until 
after the death of some person or persons now living. 

4. The present worth of an annuity i£i such a sum of money as will, 
at compound interest, produce an amount equal to the amount of the 
annuity. 

Case I. 

To find the amount of an annuity, which has remained unpaid (or been 
ibrbome), for a given time : in other words, to find the sum of a series, 
when the first term, the number of terms, and the ratio, are given. 
[See Case III., Progression by Ratios.] 

1. What is the amount of an annuity of $100, forborne 6 years, at 5 
per cent, compound interest? Ans, $680*19. 

2. What is the amount of an annuity of $150, payable half yearly, 
forborne 2 years, allowing half-yearly compound interest at 6 per cent 
per annum ? Ans. $313' 772. 

3. What would a salary of $700 a year amount to, if left unpaid for 
4 years, allowing quarterly compound interest at 12 per cent per annum ? 

Ans. $3627*464. 

4. If the annual rent of a house be $200 per annum, payable quar- 
terly, and it remains unpaid 4 years, how much will be due, allowing 
compound interest at the rate of 12 per cent per annum ? 

Ans. $1007*844. 
6. What would be the amount of a pensdon at $65 per annum, which 
had been unpaid for 14 years, if compound inter^ were reckoned at the 
rate of 6 per cent per annum ? Ans. $1365*97. 

Case II. 

To find the present worth of an annuity which is to terminate in a given 

number of years. 

1. What is the present worth of an annuity of $150, to continue 6 
years; reckoning compound interest at 6 per cent per annum ? 

Ans. Amount of $150 for 6 years, $1046*297. Present worth of 
$1046*297, 6 years hence, at 6 per cent, $737*598. 

* In most worka on ArithmetiCf which treat of compound interest and annuities, the 
student is famished with tables of the amount of $1, at various rates per cent., for 
from 1 to 30 or 40 years, and also of the present worth of annuities, &c., in like manner. 
Such tables are exceedingly convenient in offices where this kind of business is trann- 
acted, as the object there is to ascertain values as quickly as may be, and with as little 
calculation as possible. But they are entirely out of place in a school, where the main 
object is mental discipline, and expertness in calculation. Where the teacher, however, 
thinks such calculations of ratios occupy too much time, each Btodent oao be directed to 
form the requisite tables for himself, as separate ezerdBes. 
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2. How much ready money irill purchase an annuity of $250, to o<m- 
tinue 20 years, at 6 per cent compound interest ? Ans. $2867*47. 

3. What is the present worth of an annuity of $150 for 30 years, at 

5 per cent, compound interest? Ans. $2315*96. 

4. What is the present worth of an annuity of $500, to continue 10 
years, at 6 per cent, per annum, compound interest ? Ans. $8680*045. 

5. A gentleman subscribed $1000 for a college, payable in 10 annual 
instalments, of $100 each. What is the present worth of such a anb- 
ficription ; that is, what sum of money placed at interest would exactly 
pay each instalment as it fell due, reckoning the interest at 6 per cent. ? 

Ans. $786. 
Case IIL 

To find the present worth of an annuity in reversion. 

a. Where the term of the annuity is limited. 

1. What is the present worth of an annuity of $100, to be continued 

6 years, but not to commence till 3 years hence, allowing 6 per cent, 
compound uiterest ? 

Present worth of an annuity of $100 for 9 years, at 6 per cent, 
$680*169. Worth of do. for 3 years, $267,801. Diflference, 
$412*868. Ans. 

2. What is the present worth of an annuity of $320, to continue 7 years, 
but not to commence till after the expiration of 5 years, reckoning interest 
at 5 per cent, per annum ? Ans. $1450*728. 

3. What is the present worth of an annuity of $200, to be continued 
5 years, but not to commence till after the expiration of 2 years, reckon- 
ing interest at 6 per cent ? Ans. $749*798. 

4. A fiither, dying, left a will, by which, among other arrangements 
for his family, he directed that his only son should have $500 a year as 
soon as he attained his majority, the annuity to be continued for 4 years, 
to assist him at the commencement of his profession. The son was exactly 
18 on the day of his father's death. What sum would be necessary for 
the payment of this bequest, allowing compound interest at the rate of 6 
per cent per annum ? Ans. $1454*684. 

5. What is the present worth of a reversion of $400 a year, to continue 

7 years, but not to commence until the end of 8 years, allowing oom- 
pound interest at 4 per cent, per annum ? Ans. $1754*356. 

b. Where the term of the reversionary a7inuity is unlimited. 

[Where an annuity is to continue forever from the present time, it is 
manifest that its present worth will be that sum whose interest for 1 
year is equal to the annuity. All that is necessary, therefore, where 
the annuity is reversionary, is to find what sum of money will produce 
such a principal at the time when the annuity is to commence ] 

1. What is the present worth of a reversionary annuity of $200 a 
year, to commence in 6 years, and to continue forever, interest being 6 
per cent. ? 

a ( Present worth, if entered on immediately, $8388^. 
•^'*** I Present worth of $3338 J due 6 years hence, $2349*87. 

2. Find the present worth of a reversionary annuity of $500 a year, 
to commence in 4 years, and to continue forever, interest at 6 per oent 

Ans. $6600*788. 
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8. A man left his son an annuity of $400, to commence on his major- 
ity 8 years thereafter, and to continue forever to him, and his nearest 
heir. What sum would secure such an annuity at the &ther*8 death, al- 
lowing interest at 6 per cent ? Jlru. 1^6910*70. 

4. What is the present worth of an annuity of $1000, to commence in 
6 years, and to continue forever, interest at 6 per cent. ? 

Afu. $11,749«36. 

6. What is the present worth of a reversion in perpetuity of $100, to 
commence in 4 years, interest at 5 per cent. ? Ans, $1645*40. 



PERMUTATION, 

OB, OHANOB OF ABBANGEMENT. 

DefiniHom, 

pEBMTTTATiON is the method of finding in how many different ways the 
order of things may be varied. 

Exercises for the Slate or Black-board. 

1. In how many different positions can 5 blocks be placed in sucoes- 
mon? 

1st. If the blocks be letters in the order of the alphabet, it is obvious 
that a (the first) alone can only be placed in one position. 

2d. If now b (the second block) be added, the two can be placed in 
two positions, namely, ab and ba * or iy(^*2=2, 

8d. Adding c (the third) we have (commencing with c) cab, cbu ; 
(with c in the middle) acb, bca ; (with c last) abc, bac : or 1X2X8=6. 

4th. Adding d (the fourth), it is plain that the 6 changes are increased 
fbur fold, since d may be placed as the first letter of the series, and also 
as the second, third, and fourth, making the number 1X2X8X4=24. 

6th. In the same manner the 5th will increase the last product five 
fold ; and, in general, every number added in the natural arrangement 
of numbers (1,2,8,4, &c.) will increase the number so many times. 

All such questions, then, are evidently solved by taking the products 
of the natural numbers from 1 to the given number inchisive, the last 
product fiirnishing the answer. 

wfln«. to Exercise 1, 1X2X8X4X&=120. 

2. How many ways may the 6 vowels, a, e, t, o, v, y, be placed, one 
after another ? Ans, 720. 

8. How many variations may be made in the position of the 9 digits ? 

uins, 862880. 
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4. Find how many olianges may be rung on a chime of 8 bells; hj 
diyiding the answer to the last question by a certain number. 

Ant, 40320. 

5. A gentleman OE.ce offered to sell a township of land in Illinois, 6 
miles square, for 1 cent for every difierent order in which the ^letters of 
the English alphabet could be arranged. What would be the price per 
acre at that rate ? Ans. 1,760,396,969,533,696,000. 



PROPERTIES OF JNTUMBERa 

The following exercises on the properties of numbers will not only as- 
sist the student in the art of computation, but, what is of vastly more 
importance, aid in the development of his fiiculties, by affording admi- 
rable materials for thought 

1. The sum, or the diiference, of two even, or of two odd numbers will 
be an even number. Why ' But the sum, or the difference of an even 
and an odd number will be an odd number. Why ? 

2. The sum of any number of even numbers, or of an even number 
of 0^ numbers, will be even. Wby ? But the sum of an odd number 
of ood numbers will be odd. Why ? 

8. If one, or both, of two factors be even numbers, the product will 
be even ; but if both be odd, the product will be odd. Why ? 

4. If any two numbers be, severally, divisible by a third (without a 
remainder), their sum, and their difference, will also be divisible by the 
same. Why ? 

5. If several different numbers be each divisible by any other number, 
then their sum will be divisible by the same number, and their product 
by the same number, or by any power thereof whose index does not exceed 
the number of factors. Why ? 

6. If several different numbers be each divisible by 8 or by 9, then 
their sum, and also the sum of their digits (see p. 112), will also be divis- 
ible by the same numbers respectively. Why ? 

7. If any number be multiplied by a number divisible by 9 or by 3 ; 
then the product, and also the sum of its digits, will also be divisible by 
the same numbers respectively. Why ? 

8. If any number be divisible by 8, by 9, or by 11, then its reverse 
(the same figures written backwards) wUl also be divisible by the same 
numbers respectively. Why ? See^No. 6. 

9. Any number diminished by the sum of its digits will become divis- 
ible by 9 and also by 3. Why ? Any number divided by 9 will leave the 
same remainder as the sum of its digits when divided by 9. Why ? The 
same remark also applies to 3. Why ? 

10. The suni of any number, consisting of an even number of places, 
and its reverse, will be divisible by 11, and their difference by 9. But, 
if the number of places be odd, then the difference of the number and 
its reverse will be divisible both by II and by 9. Why ? 

11. If the)?um of the digits in-thet)dd places of any number, begin- 
ning at the place of units, be equal to the sum of the digits in the even 
places, then both the whole number and its reverse will be divisible by 
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11 ; iheir sum will also be diyisible by 11, and their diffsrence both by 11 
and by 9. Why ? When, in the above case, the number and its reverse 
(divisible by 11) consist of an odd number of places, then the sum of the 
quotients will be divisible by 11, and their difference by 9. But when the 
number, as above, consists of an even number of places, then the differ- 
ence of the quotients will be divisible both by 11 and by 9. Why ? 

.12. Any prime number (greater than 8) divided by 6, must have a 
remainder of 1 or of 6. Why ? See p. 88. 

13. £very prime number greater than 8 is divisible by 6, if 1 be either 
added to it or subtracted from it, according to circumstances. Thus 87 — 
1, and 414-1, form numbers divisible by 6, and so of all other primes. 
Why? 

14. Every number is rather a^ prime number, or composed of prime 
numbers. Why? 

15. An odd number cannot be divided by an even number without a 
remainder. Why ? 

16. A square number, or a cube number, arising from an even root, is 
even. Why ? See No. 2. 

17. The square and the cube of an odd number are odd. Why ? See 
No. 8. 

18. If an odd number measure an even number, it will also measure 
thelialf of it. Why? 

19. If a square number be either multiplied or divided by a square, 
the product or quotient is a square. Why ? 

20. If a square number be either multiplied or divided by a number 
that is not a square, the product or quotient is not a square. Why ? 

21. The product arising fh>m two different prime numbers cannot be a 
square. Why? ^ 

22. The product of no two different numbers, prime to each other, can 
make a square, unless each of these numbers be a square. Why ? 

28. The difference between an integral cube and its root is always di- 
visible by 6. Why ? See the synthesis of a cube, p. 166. 

24. Every prime number above 2 is either 1 greater or 1 less than some 
multiple of 4. Why ? And every prime number above 3 is either 1 greater 
or 1 less than some multiple of six. Why ? See p. 88. 



THE ELEMENTARY OPERATIONS OP ARITHMETIC 

PERFOBMED WHOLLY BY HISFEGTION. 

The principal object of the following exercises is to develop the power 
of attention, to accustom the pupil to restrain his wandering thoughts, 
to J5x them steadily upon one point, to the complete exclusion of all ex- 
traneous matt^:^. Before such a power of concentration, all t^e seeming 
difSculties and obscurities of science disappear ; and that this power may 
be gained by a faithful practice of exercises like these, will hardly be 
disputed. 

29 
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Plan of Conducting the Exercise. 

Let the teacher, or one of the pupils, write a few of the following ex- 
amples on the black-board, and number them, and then let each member 
of the class at once proceed to the computation, in perfect silence, writing 
the complete result on his slate with the appropriate number, as below, as 
soon as it ia ascertained. 

Results. 

No. 1 

No. 2 

No. 3 

&c. &c. 

The teacher, however, should be oarefiil to see that no pupil write 
down a partial result, nor have any of them ready written on the slate. As 
the object is to cause the class to go through the whole of each exercise 
mentally vjithotU a pauee^ it is easy to see that either of these practices 
would render the whole proceeding nugatory. 

1. Addition by Inspection, 

All these exercises should be thoroughly practised on the slate before 
recitation on the black-board, the pupils being cautioned never to use the 
pencU until they are prepared to write the result in full. All the les- 
sons should be short They may be practised while the rest of the book 
is reviewed. 

Find the sums or amounts of the following columns of figures, not 
writing them on the slate till the whole result of each exercise is ascer- 
tained. Prove by addition in the ordinary manner. 



No. 1. 426 




No. 2. 


124 No. 


8. 218 


No. 4. 728 


873 






356 


426 


867 


254 






472 


718 


289 


6. 719 


6. 


912 


7. 286 


8. 637 


9. 788 


487 




738 


437 


298 


963 


256 




912 


264 


461 


421 


824 




826 


619 


724 


698 


10. 478 


11. 


834 


12. 279 


13. 864 


14. 664 


912 




926 


146 


747 


947 


728 




276 


372 


882 


828 


968 




886 


864 


174 


478 


466 




714 


926 


918 


298 


16. 621 


16. 


137 


17. 786 


18. 286 


19. 882 


798 




426 


912 


426 


375 


426 




718 


437 


988 


926 


818 




942 


286 


726 


878 


926 




876 


942 


468 


825 


614 




486 


868 


921 


174 
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8a9 



20. 


971 


21. 128 22 


. 896 


23. 788 


24. 929 




263 


493 


248 


124 


135 




485 


521 


151 


689 


784 




926 


436 


289 


753 


938 




879 


792 


827 


172 


257 




684 


858 


473 


938 


781 




257 


976 


925 


181 


324 




981 . 


259 


126 


247 


471 


25. 


1365 


26. 3258 27. 


8914 


28. 6788 


29. 1548 




4784 


1947 


8246 


9146 


2673 




9128 


2836 


9145 


2052 


7844 




6482 


6244 


2786 


7606 


9127 




5638 


7128 


8823 


8235 


8324 




1927 


9435 


1574 


9674 


7126 




8825 


8817 


9138 


3842 


8891 




1917 


9432 


5245 


5178 


9312 


80. 


73426 


31. 28547 


82. 


44572 


33. 98137 




84932 


32984 


• 


96385 


24325 




34578 


17054 




10472 


87815 




91245 


86408 




67347 


91233 




37962 


91525 




91234 


54620 




18459 


71347 




82896 


87356 




80640 


36482 




88709 


32104 




84516 


93105 




21694 


66527 




93284 


71746 




38727 


93162 




13797 


81272 




21345 


45231 



The class may now take the first four exercises, and form them into 
one, with 6 figures in width and 6 in depth, and proceed in like manner 
with the remainder, thus increasing the exercises both in width and depth 
to the end, always remembering thaX the result of each addition is not to 
be written till the student has it complete in his mind. 

Repeat all the above exercises in addition, commencing each at the 
left instead of the right For example, in No. 5, say : sixteen hundred ; 
a hundred and ten, seventeen hundred and ten ; twenty-six, seventeen 
hundred and thirty-six. 

2. Subtraction by Inspection, 

Find the differences of the following numbers, observing that the sub- 
trahend is placed sometimes above and sometimes below. The whole 
result should be ascertained before any part of it is written. Prove by 
subtraction in the ordinary method. 



1. 5276 
8284 


2. 8157 8. 8126 4. 1309 5. 9138 
4848 2473 2214 2099 


6. 8284 
7721 


7. 15389 
4768 


8. 91205 9. 28405 10. 64173 
12345 71324 28094 


11. 73085 
16409 
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12. 796346 13. 9712645 14. 287638472 • 15. 8296384 

149287 2793487 639724676 5149427 

Repeat the above exercises, by throwing two into one, proving as be- 
fore ; and repeat them once more, performing the subtraction by adding 
the complement of the subtrahend. 

Find the differences of the following pairs of numbers, by .the addi- 
tion of the complement, proving by adding the result to the double sub- 
trahend. 

1. 326 > 2. 146 > 8. 846 > 4. 378 > 5. 627 > 6. 786 > 

7215 938 5 792 5 624 5 836 5 472 5 

246) 247) 148 > 827 > 924) 816) 

878 5 146 5 973 5 4165 866j 249J 

7.1348) 8. 3247 > 9. 2826 > 10. 1663 > 11. 5257 > 

7692 5 1968 5 73315 .2844 5 4848 5 

887 ) 637 1 2087 ) 647 ) 1262 > 

6914 5 28 5 639 5 1248 5 4873 5 

Bepeat the first ten exercises immediately above, first by doubling two 
horizontally, and again by doubling each pair vertically, placing the 
four numbers of the minuend together, and also the four of the subtnv- 
hend, connecting each set by a brace. 

8. Multiplication by Inspection. 

Find the products of the following fiiotors, not writing them till eveiy 
figure of the result is attained. Prove by multiplication in the ordinary 
manner. 

1. 8462 2. 6364 8. 8492 4. 2658 . 5. 4986 
4 6 6 7 8 

Method of Operation, — [To be read slowly by the teacher, the class 
keeping their eye on the figures.] No. 1. Banning on the left, twelve 
thousand ; sixteen hundred, thirteen thousand, six hundred ; ttoo hun^ 
dred, thirteen thousand, eight hundred ; thirteen thousand, eight hun- 
dred and eight. 

No. 2. Thirty thousand ; fifteen hundred, thirty-one thousand, five 
hundred ; two hundred and fifty, thirty-one thousand, seven hundred 
and fifty ; thirty-one thousand, seven hundred and seventy. 

6. 2598 7. 4673 8. 7866 9. 2896 10. 3876 
9 3 4 7 6 

11. 34625 12. 78462 18. 29867 14. 26548 

8 9 5 4 



15. 286948 16. 825896 17. 584278 18. 894827 

6 6 9 4 
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1. Bepeat the abore eighteen exercises, omitting the words in italics : 
that is, throwing the partial product at once into the general result unth' 
out fiuming it, 

2. Repeat the same eighteen exercises, with an additional figure to each 
multiplier : that is, 1 ten to each, then 2, 8, 4, and 5 tens to each. 

Method of operating with ttvo figures in the multiplier. No. 1, with 
14. First by 10, then by 4. 10. Thirty-four thousand, five hundred and 
twenty. 4. Twelve thousand, forty-six thousand, five hundred and 
twenty ; sixteen hundred, forty-eight thousand, one hundred and twenty ; 
two hundred and eight, forty-eight thousand, three hundred and twenty- 
eight. 

No. 2, with 86. First by 80, then by 6 [5= y>]. 80. A hundred and 
dghty-nine thousand ; sixteen hundred and twenty, a hundred and 
ninety thousand, six hundred and twenty. 5. Thirty-one thousand, seven 
hundred, and seventy, two hundred and twenty-two thousand, three hun- 
dred, and ninety* 

No. 3, with 26. First by 20, then by 6. 20. A hundred and sixty- 
nine thousand, eight hundred and forty. 6. Fifty thousand, four hun- 
dred, two hundr^ and twenty thousand, two hundred and forty ; five 
hundred and forty ; two hundred and twenty thousand, seven hundred 
and eighty ; twelve ; two hundred and twenty thousand, seven hundred 
and ninety-two. 

No. 5, with 88. 8. A hundred and forty-seven thousand ; a thousand 
and eighty, a hundred and forty-eight thousand and eighty. 8. Thirty- 
two thousand ; a hundred and eighty thousand and eighty ; seventy-two 
hundred ; a hundred and eighty-seven thousand, two hundred and 
eighty ; two hundred and forty ; a hundred and eighty-seven thousand, 
five hundred and twenty ; forty-eight ; a hundred and eighty-seven 
thousand, five hundred and sixty-eight 

8. Repeat the 18 exercises with the figures of the multiplicand in 
reverse order, and with 6, and 7, and 8, and 9, in the ten's place of the 
multiplier. 

19. 1,867,246 20. 4,738,324 21. 2,864,963 22. 7,128,436 

234 . 842 432 248 

28. 4,268,065 24. 6,849,212 26. 3,246,164 26. 3,782,465 
845 453 254 861 



The teacher may extend these exercises as far as he may find it 
profitable to the class. Some pupils have accomplished the multiplica- 
tion of 9 figures in the one factor, and 6 in the other, after a very short 
practice. To others they come hard. But all will be highly benefited 
by their use. 

4. Division by Inspection. 

Find the quotients in the following exercises by inspection, beginning 
at the left, not writing them till the whole quotient is attained. Prove 
by multiplication by inspection. 

1. 2 )668,492 2. 4)184,684 8. 7)179,426 4. 6 )286,942 

29* ^^ 
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5. 8 )295,464 6. 9 )264,884 7. 8 )889,264 8. 6 )521,424 

9. 7)1,366,493 10. 8)7,287,984 11. 6)8,457,836 

12. 4)6,237,948 18. 5)2,176,885 14. 9)2,693,764 

■ ■ " I ■ I I ■ ■ I pill— ■ ■ ■ ' «•— ^— «^— ^ 

Repeat each of the above 11 exercises, with an additional figure Ibr tens 
in the divisor, namely, 1, 2, 8, 4. Then repeat again, with the figures in 
«ach dividend reversed, with an additional figure, 6, 7, 8, 9 tens in the 
divisor. Prove as above. 

The teacher can extend this practice by new exercises, increasing the 
number of figures, both in tlie divisor and the dividend, till the class has 
acquired sufficient dexterity. 

5. Evolution by Inspection. 

a. Extrac{ion of the Square Root by Inspection. 

Find the nearest square root of each of the following numbers : 576 ; 
1296 ; 1468 ; 8976 ; 2482 ; 9176 ; 7056 ; 2209 ; 20786 ; 58824. Prove 
by involution by inspection. 

b. Extraction of the Cube Root by Inspection. 

Find the nearest cube root of the following numbers by inspection ; 
and prove by involution by inspection : 188^ ; 46656 ; 68824 ; 592,- 
704 ; 638.676 ; 2,986,984 ; 12,487,168. 

Ij^* When a. perfect cube does not exceed 1,000,000, its root may be 
found almost at a glance, as follows : Fill up the table of squares and 
cubes in p. 164, if not already done ; and then take notice that the unit's 
figure in the cubes of 2 and of 8, and also in those of their complements 
(8 and 7), is the same as the complements of their respective roots. Ob- 
serve, also, that the unit's figure in the cubes of all the other digits (1» 4, 
5, 6, 9) is the same as that of their root Thus : 

Boot of 8 is 2, the complement of 8. 
" " 27 is 8, complement of the last figured 
" " 843 is 7, complement of the last figure 3. 
612 is 8, complement of the last figure 2. 
WhUerootoflisl^ 

" ** 126 is 6 l^^**'* figure of the power 

.... - I oorna aa 4'Vta ivu^'f 



«« " 216 is 6 
" « 729 is 9^ 



same as the root. 



From the above table it is evident that it only requires a knowledge 
of the cube of each of the digits, to determine the root of any perfect 
cube not exceeding 1,000,000, by a mero glance at the seoond perio4 and 
at the unit's figure of the power. 
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JExer cites for the Slcde or Blfick-board, 

1. What is the cube root of 262,144 ? Ans, 6 is the greatest root m 
the second period, the unit's figure is 4 : 64, therefore, is the root. 

2. What is the cube root of 389,017 ? Ans, 7 being the greatest cube 
in 889, and 8 the complement of 7, the cube root is 73. 

8. Find the cube roots of the following perfect powers by a glance : 
64,872 ; 884,736 ; 185,193 ; 474,662 ; 6832 ; 16,626 ; 69,319. Prove 
by involution by inspection. 

S^" The extraction of the square root by this method requires more 
attention ; ^ but for that very reason is more useful as a mental exercise. 
The roots of perfect squares which do not exceed 10,000 may be ascer- 
tained thus. By tui examination of the squares of the digits, it will be 
perceived that every perfect square ending in 6 has 5 for the unit's figure 
of its root ; and that the squares of 1, 2, 3, 4, and of their complements, 
9, 8, 7, 6, have for unit's figure 1, 4, 9, 6, respectively. Thus, having 
determined the ten's figure of the root by a glance at the second period, 
we know that if the unit's figure of the square be 



5^ 
1 
4 
9 



r5 

1 or its complement 9 
^ the unit's figure of the root is ^ 2 " «« «« 8 



6J 



g «c (c cc >r 

4 " " " 6 



Exercises for the Slate and Black-board, 



1. What is the square root of 6184 ? Jlns, The greatest square in the 
second period being that of 7, and the remainder small compared with 
7, the unit must be 2 rather than 8. The whole root, of course, is 72. 

2. What is the square root of 1296 ? Jtns, The greatest square in 12 
is that of 3, and the remainder being great in proportion to 3, must be 
6 rather than 4. The whole root, then, is 36. 

8. What is the square root of 2026 ? Jtns. The greatest square in 20 
is 4, and as the unit's figure in the square is 6, that of the root must be 
6 also. The whole root, then, is 46. 

4. Fmd the square roots of 1024 ; 3186 ; 784 ; 4225 ; 2116 ; 8249 ; 
6561 ; 2401. Prove by involution by inspection. 



SYNOPSIS, 

OB, BECAFITULATION OF PRINCIPLES DEVICLOPED IS THE FKEOEDINO PAQEB. 

L There are only two operations in arithmetic, increase and decrease, 
A number may be increased by one or more additions. It may be dinun- 
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ished by one or score subtractions. Such is the whole sum and substanoe 
of arithmetic. 

Both of these can be performed by numeration. All other processes 
are mere abbreviations of this foundation of arithmetic by the omisiuim 
of steps become superfluous by repeated practice. 

II. In adding or subtracting integers ^ the numbers must be of one <2e- 
notfii nation. Four thousand added to three hundred, can only make/ovr 
thousand three hundred. The 4 and the 3 do not make 7 of any denomi- 
nation. For a similar reason, 8 hundred cannot be taken from 7. thou- 
sand, so as to leave just 4 of any denomination whatever. The latter 
operation can only be performed by changing the denomination of one 
of the thousands into hundreds, and then subtracting the 3 hundred from 
the 10 hundred, leaving six thousand and seven hundred. 

Precisely Uie same remarks apply to fractional quantities. In order 
that fractions may be united into one number, their denomination must 
be the same. Three fourths and four fifths, or three pecks and four 
bushels, can be united or subtracted, only after some change of denomi- 
nation which renders them similar. 

No such restriction, however, is necessary in multiplication or division. 
The product of 4 thousand or 4 hundred by 2 or by 2 ty can be found 
just as readily as if the denominations were the same ; and t^e quotient 
of 4 million by 2 is as easily found as the quotient of 4 by the same num- 
ber. The reason is obvious. A product is not one factor increased by 
another. It is the amount of the one taken a« many times as there are 
units in the other ; and a quotient merely points out fiow many times 
one number is contained in another. And this is not less so with frac- 
tions than with integers. For | can be taken J tirnes, and we can find 
how many times 4- or i can be found in ^, or ^ ; and the same remarks 
apply equally to bushels, yards, &c., as to 8ds or 7ths. 

But» after all, the difference is only in appearance. Multiplication is, 
in &ct, simply an addition of identical numbers, while division is the 
subtraction of numbers equally identical. It is only the m^ntier in 
which the operations are performed which gives them the appearance of 
different denominations. Bringing the numbers to the same denomina- 
tion is one of the steps that become superfluous, by the use of multiplica- 
tion and division in place of addition and subtraction. See p. 91. 

III. The object of all arithmetical opert^tions is to produce a balance* 
or, in technical language, to form an equation. Thus, both in integers 
and fractional quantities, 

Ift addition, we seek to find a number=the sum of the given numbers. 

Thus, given numbers 24+37+41=102 sum. 

In subtraction, a number that with the subtrahend will=the minuend. 

Thus, subtrahend 255+134 remainder=389 minuend. 

In multiplication, a numberssthe product of the two given Actors. 

Thus, product 864=36X24 footers. 

In division, a number whose product with Uie divisor=:the dividend. 

Thus, dividend 2482==divisor 19X128 quotient. 

In all the changes of fractional quantities we seek to place a fraction, 
without altering its value, in a more convenient or simple and intelligibly 
form. 
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In proportion, the sole object is to change the complete ratio into the 
same denomination with that of the imperfect ratio, so that the term want- 
ing in the latter may appear. In other words, to find a fraction of the 
denomination of the imperfect ratio=to the complete ratio. 

IV. When figures are written hori'zontally, or side by side, whether 
they be integers or decimal fractions, every figure is tenfold greater than 
the same figure immediately on its right, and tenfold less than the same 
figure immediately on its left. See p. 114. 

y. Every figure becomes tenfold greater by being removed one rank or 
place towards the left, tenfold less by being removed one rank or place 
towards the right, p. 115. 

VL Ten units of any one place make one unit of the next place to 
the left ; and one unit of any one place makes ten units of any one place 
to the right, p. 117. 

VII. When there is a separatrix, the unit's place is immediately on its 
left ; when there is none, the right hand figure occupies the unit's place, 
p. 119. When a separatrix is used, any number of fibres or ciphers can 
be placed to the right of a number, without changing the value of any 
of the figures in that number, p. 118, 1. 27. 

VIII. The cipher is superfluous unless it occupies the place of units, 
or intervenes between a significant figure and the place of units, p. 122. 

IX. If equal numbers be added to unequal numbers, their dlfierence 
remains unchanged, p. 189. 

X. 1. If the difference between two numbers be added to the smaller, 
it becomes equal to the greater ; 2. If taken from the greater, it becomes 
equal to the smaller, p. 140. 

XI. The first significant figure on the right of an arithmetical comple- 
ment is always greater by 1 than if it stood one or more ranks to the 
left, p. 148, 1. 6. 

XII. The difference between two numbers may be obtained by adding 
the complement of the smaller to the larger, and diminishing this sum 
by 1 of the next higher rank of figures than is contained in Uie smaller, 
p. 144. 

Xm. In multiplication, the number of decimal firactional places in the 
product is always equal to the number in both fiictors, and, consequently, 
as the dividend is the product of the divisor and quotient, there will al- 
ways be as many fractional places in the dividend as in the divisor and 
quotient ; and, conversely, as many in the divisor and quotient as in the 
dividend. In the same manner the number of ciphers at the right of a 
product is always equal to the number at the right of both factors, p. 164. 

XIV. An integer may have any number of decimal places annexed to 
it, by affixing a separatrix to show the place of units, and then adding 
as many ciphers as may be required. Thus, if 48 is to be divided by *4, 
by changing the dividend to 48*0, the quotient is the whole number 120, 
p. 118, 1. 27. 

XV. 1. The SQUARE of any number of tens and units=the squares of 
the tens and of the units taken separately, plus twice the product of the 
tens and units. 2. The cube of any number of tens and units=the 
cubes of the tens and of the units taken separately, plus three times the 

5uare of the tens multiplied by the units, and three times the square 
the units multiplied by the' tens, p. 166. 
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XVT: In common fractions, 

1. The numerator expresses the number, the denominator Its denomi- 
nation, or value, p. 67, 8. 

2. The denominator expresses the number of parts into which a unit 
is divided, the numerator the number of those parts which the fraction 
contains. — lb, 

8. The numerator is the dividend, the denominator the divisor, and 
both terms taken together the quotient. — lb. 

'• ^' ridg""^ \ *« — *-. the fraction is { ^St ^ 

6. By ^^|*JP^y"*« I both, the value of the fraction is unchanged, p. 82. 

7. By removing the denominator, the fraction is multiplied by a num- 
ber equal to the denominator. 

8. Any number, whether fractional or integral, may be represented in 
an infinite variety of forms, all difiering in character, yet &U exactly 
equal, p. 82. 

. 9. Any number whatever may be expressed by a common fraction, 
whose numerator (or whose denominator) shall consist of any specified 
number, whether whole or fractional, p. 211. 

1?: Any de^^ator } "^ay be used to express any number whatever. 

XVII. An integer or a decimal fhujtion is changed to a common frac- 
tion by expressing its secondary name under it in figures ; a common 
fraction is changed to a decimal fraction or to an integer by performing 
the division indicated, p. 193. 

XVIII. Circulating decimals with a simple repetend are chang^ to 
common fractions by using the repetend as numerator, and as many 98 
as there are figures in the repetend as denominator. 

XIX. Circulating decimals, with compound repetends, may be changed 
to common fractions, by chan^ng separately the repetends and the figures 
that precede them to common fractions, and then adding them together, 
p. 198, 1. 32. 

XX. In changing complex fractions of three terms to simple fractions, 
when the upper term is an integer, the upper and lower terms are fac- 
tors of the numerator, and the other term is the denominator ; but, 
when the lower term is the int^er, the upper term is the numerator, and 
the other two are factors of the denominator, p. 203. 

XXI. The form of a fraction can always be conveniently changed by 
multiplication ; but by division it frequently becomes more intricate, p. 
92, 1. 10, and p. 200, 1. 14. 

XXII. The same quotient will result, whether division is performed by 
a composite number, or by its factors separately, p. 86, 1. 24. 

XXIII. Addition or subtraction of common fractions is performed by 
exactly the same process as addition or subtraction of integers, p. 91. 

XXIV. Signs for discovering Factors of J)/\tmbers, 
1. Every even number is necessarily divisible by 2. For, in dividing 
the tens, the remainder must either be or 1. If it be nothing, the last 
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number to be divided will be 0, 2, 4, 6, or 8 ; if it be 1, the last num- 
ber must be 10, 12, 14, 16, or 18 ; and all of these are divisible by 2, 
p. 86. 

2. If the tioo right hand figures of a number are divisible by 4, or by 
26, the whole number is divisible by 4 or by 26. For both those numbers 
will divide one hundred, and consequently any number of hundreds 
without remainder. If the number of tens be even, we need not look 
Airther than the units to decide if the number be divisible by 4, p. 86. 

8. If the three right hand figures of a number are divisible by 8, or by 
126, the whole number is so cUvisible. For as one thousand is divisible 
l^ both those numbers, so, of course, is any number of thousands. If 
the number of hundreds be even, we need not look further than the tens 
to decide whether the whole number be divisible by 8. Therefore, when 
the hundreds are odd, we have only to render them even by taking one 
hundred with the tens and Units. Thus 963762 is divisible by 8 because 
152 is divisible by 8, every even number of hundreds being already 
known to be so divisible, p. 86. 

4. Every number terminated on the right by 0, or by 6, is divisible by 
5, because ten or any number of tens is divisible by 6, p. 86. 

6. If the sum of the significant figures of any number, added hori- 
zontally, he divisible by 8, or by 9, the whole number is divisible by 3 
or by 9. Thus, the number of 6273 is divisible by 9, because, since 1000 
consists of 999 and 1, it will leave a remainder of 1 when divided by 9, 
and consequently 6000 will leave a remainder of 6. For a like reason 
200 will leave a remainder of 2, 70 a remainder of 7, and 3 units a re- 
mainder of 3. Now, as the remainders in this division are its signifi- 
cant figures, this must evidently be so in any number whatever. If, 
therefore, the sum of the significant figures is divisible by 9, the whole 
number is so divisible. The same demonstration will answer for 3. There- 
fore, every nurnher, the sum of whose significant figures is divisible by 9 
or by 3, is itself divisible by 9 or by 3. It is obvious, also, that every 
number divisible by 9 is also divisible by 3, though the converse by no 
means always follows, namely, that every number divisible by 3 is also 
divisible by 9, p. 86. 

6. Every even number divisible by 3 is also divisible by 6. For 2 is a 
&.ctor in every even number, and 2X^=6 ; and it is evident that the 
products of factors of any number are also factors in that number. For 
the same reason, every even number divisible by 9 is also divisible by 
18, p. 86. 

7. Every number divisible by 3 and by 4 is also divisible by 12 ; every 
number dU visible by 3 and by 6 is also divisible by 16 ; every number 
divisible by 3 and by 8 is divisible by 24 ; and every number divisible by 
9 and by 26 is divisible by 226, p. 86. 

8. Table of the foregoing signs for the discovery of fiustors : 

Factors. Their signs. 

2 Even numbers. 

3 When sum of significant figures divisible. 

4 When 2 right hand figures divisible ; or one, if tens be even. 
6 When terminated by or by 6. 

6',£ven numbers divisible by 8. 
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8 When 8 right hand figures diylsible ; or 2, if hundreds be eyen. 

91 When sum of significant figures diTisible. 
10 1 When last figure a cipher. 
12 When divisible by 3 and by 4. 
15 When divisible by 8 and by 5. 
18 Even numbers divisible by 9. 



24 

26 

76 

125 

225 



When divisible by 8 and by 8. 
When two right hand figures divisible. 
When divisible by 8 and by 25. 
When 8 right hand figures divisible. 
When divisible by 9 and by 26. 



9. All the &ctors in an odd composite number must be odd ; since 
every number is even which contains an even &ctpr. 

10. Every prime number, except 2, is odd ; therefbre, all the prime 
&ctors, in any number, except the twos, are odd. 

XXY. In the multiplication of common fractions, the numerators are 
multiplied for a new numerator, and the denominators for a new denom- 
inator, p. 94, 6. When one or more &ctors can be found in either or 
both of the numerators, which can also be found in either or both de- 
nominators, they may be cast out of both before the multiplication, and 
thus leave the fractional product in its lowest denomination, p. 94, 9. 

XXVI. In the division of common fractions, reverse the divisor, and 
proceed as in multiplication* p. 95, 11. 

XXVII. In a progression by differences, every term in an increasing 
series consists of the jirzi term, added to the common difference^ taken 
once le ss th an the number of that term, p. 825. 

XXV 111. The sum of all the terms is equal to half the product of the 
number of terms by the sum of the first and last terms, p. 827. 

XXIX. In a progression by ratios, the sum of a series is equal to the 
last term multiplied by the ratio, diminished by the first term, and divided 
by the ratio less one, p. 882. 
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